PRELIMINARY REVIEW

.1 Cartesian Co-ordinates.

Let X'OX and Y' OY be two fixed straight lines intersecting at
= eint O. These lines are called co-ordinates axes and O is called the
“=z2in. The lines X'OX and Y'OY are respectively called the x-axis
== y-axis. The co-ordinate axes divide the plane into four quadrants.

"2 quadrants XOY, YO X' » X'OY' and Y'OX are respectively called
==L, second, third and forth quadrants. '

If the lines X'OX and )
T OY are mutuaily perpendicular, P(x,y)
7= co-ordinate axes are P ¥
“==2ngular otherwise oblique,

[n rectangular co-ordinate
2025, let PN be perpendicular from
© Smx-axis, the distance ON=x is
=% ‘ed abscissa or the x co-
“rZnate af the point P and the
< sance PN=y is called ordinate ¥
" ¥ co-ordinate of point P. Fig. 1
" icissa is -+ve when the distance ON s measured in right hand side
- “=ction to the y-axis and -ve when measured to the left. Ordinate is
= when distance NP is measured above x-axis and -ve when the
- sance is measured below, The ordered pair (x, y) are called
“==ngular co-ordinate of a point P for the rectangular system of axes. .

- = Distance between two given points.

Let P(x,,y ) and Q(x,.¥,) be the two given points. The distance
“==wzen P and Q is given by



PQ= \/(Xz ~x)? +(y2 =)
1.3 Co-ordinate of a point dividing in given ratie.

The co-ordinate of a point R dividing the line joining points.
P(x,, y,) and Q(x,, y,) internally or externally in the given ratio m:n is

mx, £ nx; my, tny,
m+n ~  mz*n

In particular if R is the mid point of PQ, then m = n and the
co-ordinate is given by

[X1+X2 y1+y2)
i b e 6

1.4 Straight lines.

We give below different forms of the straight lines.
() The equation of a straight line having gradient (slope) m and making
intercept of length ¢ from y-axis is
y=mXx+Cc,

(i) The equation of a straight line passing through (x|, y,) and gradient
m is
y-y,=m(x-x,).
(iii) The equation of straight line passing through two points (x,, ¥,)
and (x,, y,) is

=¥ = Y2 i (x—%p)
(iv) If the length of perpendicular from origin on the line is p and
perpendicular makes an angle o with +ve x-axis, the equation of

the straight line is é 2 ¢
X cosa + y sina=p. £

(v) Ifthe straight line makes intercept of length a and b from x andy
axes respectively, the equation is

X Yy :
—t+==1
el &l

N

[+

: L
(vi) A general first degree equation in x and y of the form
ax+by+c =0 |
always represents a straight line. !



1.5 Angle between two given straight line.
If m, and m, are gradients of the two straight lines, the angle 0
between them is given by g
m, —m,
l+mm,
In particular, these lines are.
(i)  Parallel if m =m,,
(i)  Perpendicular ifmm,=-1.
1.6 Length of perpendicular from a point.

The length of perpendicular from point (X,, y,) on the straight
“ne ax+by+c = 0 is given by '

tan 6 =

ax, +by, +c¢
qu_r_bz
1.7 Equation of the straight line bisecting the angles
between two given lines.
Let the given straight lines be
a,x+b,y+c, =0,
and a,Xx+by+c,=0

The equation of the straight Iinelbisec’cing the angle between
them is 2

\
a1 x+by+c, _ 4 X+boy+c,

Ja2+b? Va,® +b,>
1.8 Pair of straight lines.
The general equation of second degree

ax*+2hxy+by>+2gx+2fy+c=0 represents a pair of straight
nes if

L B =y =
O h {Q

a
A=| h = abc+2fgh —af? —bg? —~ch?2 =0
g - -

The angle between these lines is given by

E)=f:&m"'————2\‘}12“ab
. a+b . Y



These lines are .
(i) Parallel ifh®= ab, _
(ii)) Perpendicularifa + b = 0.

. 1.9 Change of axes.
Change of axes can be made in the following three ways :
(i) Change of origin. Let y Y

(%, y) be the co-ordinate of a point
P withOx and O dinat | San

with'Ox and Oy as co-ordinate X, Y)
axes and O is origin. I <

Let the origin be changed to o' e l "

the point O' whose co-ordinate (hk)[|
withrespectto Oxand Oy asaxes O = X
be (hk). Let O'X and O'Y be Fig.2

new coordinate axes which are parallel to Ox and Oy axes. Let (X, Y)

be the co-ordinate of the same point P with O' X and O'Y as axes.
Then x =X+ h,

y =Y +k
(ii) Rotation of axes y p
without change of origin. i ¢ .
Let the axes be rotated by (€]
angle 6 (as shown in figure) X
without changing the origin. ' - M
x =OL=0ON - SM 8
=Xcos6 — Ysind olLA® :
y =PL=PS+SL=PS+MN S R
=X sinB + Y cos®. Figs2
(iii) Change of erigin and
rotation of axes. Let Ox and Oy be J v
the original axes. Let origin be shifted '
to a point O' (h, k) and then axes be X
turned through an angle 6.
Let (X, y) and (X, Y) be the 0’ (h, k)
co-ordinate of a point P with respect X

to the two system of axes, then - Fig. 4



X=h+Xcos0—Ysin0
y=k+ X sin 0+ Ycos 6.
1.10 Invarlients.
If by a change of axes without change of origin, the expression

2X*+ 2hxy + by? becomes g/ X? +2h' XY + b Y2, the axes in both
the cases being rectangular, then
a+b=a+b,
ab—h®=a'b-h2. |

Proof. If the axes are rotated through an angle 0 at the same
origin, then

X =X cosB — Ysin®

y=Xsin® + Ycosf

Then ax?>+ 2hxy + by? transform to

a(XcosO - Ysin)?+ 2h(XcosO — YsinB) (Xsinb + Ycos6)

+ b (Xsinb + Ycos0)?

=X?*(a cos?0 + 2h sind cosd + bsin®6) + 2XY {h(cos?0 — sin’0)

+(b—a)sinb cosO} + Y%(asinZ0 — 2hsind cosO + bcos?0).
Since ax*+ 2hxy + by? transforms to 2" X2 + 2h' XY + b Y? Therefore

a” = acos?6+2hsinfcosO+bsin20

- —;:—[a(l +€0520) + 2h sin 20 + b(l — cos 26)]
;%[(a +b)+(a—b)cos26—2hsin 20],
Similarly
b'=%[(a+b)—(a—b)cos.’29—2hsin 20],
h'=(b-a)sinBcos®+ h(cos? O —sin> 9) .
= %[(b~a)sin 26+ 2h cos 20]
Then a’+b'=a+b
a'b'= i—[(a+ b)+{(a—b)cos 26+ 2hsin 20}]
[(a+b)—{(a—b)cos 26+ 2hsin 20}]

m——

[(a+b)? —{(a~b)cos 20 + 2h sin 26)7]

!

2
4



4(a'b—h'*) = (a+b)? —{(a—b)cos 26 + 2hsin 20}>
—{(b—a)sin 26 + 2h cos 26}>
=(a+b)? —(a—b)* —4h?
=4(ab-h?)
a’b-h'?=ab-h2.
Thus, we get a'+b'=a+b, a'b'?-h'2=ab—h?.
The expressions a + b and ab — h? are called invarrients.

The Cenics

Definition. The locus of a point which moves such that its distance
from a fixed point is in constant ratio to its distance from a fixed straight
line. The fixed point is called focus, the fixed line directrix and the
constant ratio, the eccentricity, usually denoted by ‘e’.

The given conic is an ellipce, a parabola or a hyperbola according
as € <1 =or>1. In particular when e = 0 conic is a circle.

1.11 Representation of the conic by a general equation of
secend degree.

Let ‘e’ be the eccentricity, (h, k) the coordinate of the focus and
ax+by+c=0 the equation of directrix, then by the defnition of conic

2
(x—h)? +(y—k)2 = BE[WJ

va? +b?
which on solving gives an equation of the form
Ax*+ 2Hxy + By*+ 2Gx + 2Fy + C = 0.
Above is a general equation of second degree

By suitable transformation of axes, above equation can be
reduced in the following standard equation of conics :

X} Hyt=2a (Circle)

y? = 4ax (Parabola)
2 2

Bl o

(Ellipse)




2 o2
X"y
= Hyperbola).
G (Hyp )
Below we give some important properties of the standard

=guation of conics (without proof).

1.12 The Circle.

Definition. Circle is the locus of a point which moves such that its
distance from the fixed point is constant. The fixed point is called the
zentre of the circle and the distance of the variable point from the
centre is called radius.

The equation of a circle with centre at (h, k) and radius a is

(e==hytly=dgt=a% L ' 0 0 S (D
In particular if the centre is origin, then the equation of the circle is
wEg yp= @k, BT SRR T e 2)

The general equation of the circle is
x2+ y2+ 2gx + 2fy + c=0, S (3)

whose centre is (— g, — f) and radius /g +f*> ¢ .

From equation (1), (2) and (3) we observe that above equations
=2 particular cases of the equation. '

ax?+ 2hxy + by*+ 2gx + 2fy + ¢ =0
Now we shall discuss some important properties of the circles
without proof).

1) Equatien ef tangent. Equation of tangent at (x,, y,) to the circle
x>+ y*+ 2ex-+28 +ic=0

: @
XX, +yy *gx+x)+f(y+y)+tc=0.
Equation of tangent at point (x , y,) to the circle
xZ a4 y2 —_ aZ
IS
xx,tyy,=a
2 Eguation of normal. Equation of normal at (x , y,) to the circle (3) is

-




(3) Condition of tangency. The line y=mx+ayl+m® always

touches the circle x?+ y?= a? and the co-ordinate of the point of
contact is |

am a ]
J 1+m? \J 1+m? )
(4) Pair of tangents. If the equation of the circle is
S=x2+y2+2gx +2fy+ ¢ =0.
Then equation of pair of tangents drawn from point (x,, y,) to the
circle (3) is SS,=T?,
where S =x2+y2+2gx +2fy+c
T =xx+yy,+ g(x +x,) + f(y +y,) +c.
(5) Chord of contact. Equation of the chord of contact of tangents
drawn to the circle (3) from (x,, y,) is
XX, tyy,+g(x +x,) +f(y +y,) + ¢ = 0.
{6) Polar.
Def. If through a point P (within ‘'or without a circle) there be
drawn any straight line to meet the circle in Q and R, the locus of

the point of intersection of tangents at Q and R is called the polar
of P; also P is called the pole of the polar.

Polar of the point (x, ¥,) with respect to circle (3) is
T=xx+tyy +g(x +x,) + f(y +y,) +¢ = 0.
(7) lChord with given middle point. Equation of the chord whose
== middle point is (x,, y,) for the circle (3) is
T=§.
(8) Parametric equation. The parametric equation of the circle
X+ y?=2a2is x =a cosh : y = asinb. where 8 is a parameter
(9} Orthogonal intersection of two circles. The two circles
X*+ y*+2gx +2fy + ¢ =0
and X“+ty*+2g x + 21,y + ¢,= 0 intersect orthogonally if
2gg + 2ff = c + Cpe



(10) Radical Axis. The locus of a point which moves such that the
length of tangents from it tc the circles are equal is called the
radical axis of the two circles.

The equations of radical axis of two circles

S =x2+ y2+ 2gx+2fy + ¢ =0

and = XA+ yr2g x+2f y + ¢, =0
is S-8§=0=2(g—g)x + 2(f—f)yte —c,.

The following properties hold for the radical axis.

(i) The radical axis of two circles is perpendicular to the line
joining their centres. _

(ii) The radical axis of three circles taken in pairs meet in a point.

(iii) If two circles cut a third circle orthogonally the radical axis
of two circle, passes through the centre of the third circle.

(iv) The radical axis of two circles bisects each of their common
tangents.

(v) Theradical centre of three circles described on the three side
of a triangle as diameter, is the orthocentre of the triangle.

(11) Equation of the circle through the point of intersection. Let
§=0, 5,=0 be two circles, Then S—AS,=0 is the equation of the
circle through the point of intersection, where A is a constant.

(12) Co-axial system of circles. A system of circles is said to be a co-axial
system, when every pair of the system has the same radical axis.
[f we consider the line of centre as x-axis and the common radical
axis as the y-axis then the equation to any member of the system
is x>+ y*+ 2gx + ¢ = () where g is variable and ¢ is fixed.

1.13 The Parabola M %

Definition. A parabola is /PGxy)
the locus of a point which ~ .
moves so that its distance X
from focus is equal to the 2C20) . A(0,0) S(a,0)

distance from the directrix.

The standard equation Fig. 5
of the parabola is y*= 4ax,

where vertex is at A:(0, 0) focus (a, 0) the axis of parabola is x-axis
(y = 0). Equation of tangent at the vertex A:(0, 0) is y-axis.



10

Length of latus rectum=4a, equation of the directrix is x=—a.
Here we shall give some important properties for the standard
equation of the parabola. :

(1) Tangent. (i) The equation of tangent at (x,, y,) to the parabola
y*=daxis Yy, =2a(x +x,).

(ii) The line y = mx + 2 isthe tangent to the parabola y?= 4ax
m

) - a 2a
for every m. The point of contact has co-ordinate [_i'* —-)
m- m

(iii) The parametric equation of the parabola y*=4ax is x = at?,
y = 2at, where t is parameter. The equation of tangent at (at?, 2at) is
ty = x + at?
(2) Normal. (i) The equation of normal to the parabola y?= 4ax at the
point (am?, — 2am) is,

Yy = mx —2am — am3, _
It is obvious that from a given point in general three normals
can be drawn of which one must be rea].
(ii) The equation of norma at (at?, —2at) to the parabola y*=4ax
is tx + y = 2at + at?.
(3) Chord of contact and polar. The equation of the chord of contact
of tangents drawn from (x,, ¥ ) to the parabola and also the polar of the
‘point (x,, y,) with respect to parabola is given by Yy, = 2a(x +x,).
(4) Pair of tangents. The equation of pair of tangents to the parabola
from (x,,y,) is _
('~ dax)(y *- 4ax,) =[yy,~ 2a(x + x,)]?
SS =T
where S = y2— 4ax, $,=y,>-4ax,
' T =yy, - 2a(x + X))
(5) Equation of chord with given middle point. Let (X, y,) be the
middle point of the chord of the parabola then it has equation
Yy~ 2a(xtx)) =y 2% - dax
or =8,

(6) Diameter. The diameter is the locus ofthe middle point of a system
of parallel chords.
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Let y = mx + ¢ be a given chord and let (x,, y,) be the middle
point of the chords drawn parallel to the given chord. Hence it has
equation

yy,=2a(x + x,).

2 ; ;
Therefore m =~ . Hence the locus of (x,, y,) i.e. the equation of
Yy

. . 2a
diameteris y=—.
m

(7) Some results based on tangent to the parabola.

(i) The tangent at any point of a parabola bisects the angle
between the focal distance of the point and perpendicular on
the directrix from the point.

(if) The tangents at the extremities of a focal chord of a parabola
intersect at right anglesona diretrix

(iii) The portion of a tangent to a parabola cut off between the
directrix and the curve subtends a right angle at the focus.

1.14 The Ellipse.

Definition. Ellipse is the locus of a point which moves such that its
distance from the fixed point (focus) is e (<1) times its distance from a
fixed straight line (directrix). The standard equation of the ellipse is

2 y2

. S

?.12 b2 '
In ellipse major and minor axes are along x and y-axis.
Length of major axis = A A'=2a,
Length of minor axis = BB'=2b.

e Y

B(0,b) 1
/-—-'___'“‘\P(xsy)

C(0,0) w A Z X
a,0)
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e
a
Eccentricity e is given by b>= 241 —¢7), (@>b,e < 1).
It has two foci S and S” having coordinates (ae, 0) and (—a2.0)
respectivelv.

Length of Latus rectum =LL'=

; : : a
The equation of two directrices ZM; Z'M' are x =+—

e
Cor. : |
(i) 1fe=0,b2=a2(1—e?) givesa=b. Theellipse becomes circle
XE e yz o aZ.
(ii) If the origin is transferred at (- a, 0) the equation of the
ellipse becomes.

a2
(x 2a) P
a b
2 2
yz+b—2x2=22~x
a a

2
If a and b seperately tends to o such that =3 is a finite quantity

Then

2/
i % (b/a] o 0
Lim2 -Lim\7%/_LimZ=0
a—o az a—»w . a—w g

&

y*= 2Ax where il A
a

-

which is a parabola.
Thus a parabola is a limiting case of an ellipse whose axes are of
infinite length but the latus rectum is finite.

Some standard results for an ellipse,

3 2
iz— 12 1.
a® b
(1) Parametric co-ordinate of 2 point. Let the equation of the ellipse be
LB M

. =
a’ b?
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A circle with major Q
axis of the ellipse as
diameter is called B P
auxillary circle, Let P
be a point on the ellipse ¢

A' & A

and Q be the point
where the ordinate B
through P meets the
auxillary circle. Then
£ ACQ= Eccentric Fig. 7
angle of P and is denoted by ¢.

Then the co-ordinate of the P given by x = acos¢, y = bsing

x2 2

satisfy the equation of the ellipse = %2- =k,
a

Hence the parametric co-ordinate of any point P of the ellipse is
(acos¢, bsing) whege ¢ is the parameter (eccentric angle).

(2) Equation of the chord joining two points. The €quation of chord
joining two points on the ellipse having parametric co-ordinates (acos@,
bsin®) and (acosg, bsing) is '
icos'la+¢ +zsin Lei = SG—-d)'
a 2 b 2 2
If —> 6, then points becomes coincedent, the chord becomes

tangent to the ellipse at point (acos, bsing) having its ¢quation given by

i<:c>sl9 +—)—/sin8 =],
a b

(3) Equition of tangent. )
(i) Equation of tangent at (X, y)to the ellipse is
EI_ 8 —}_[Xl_ =]
a2 | p2

(ii) The chord Y = mx+c is tangent to the ellipse

2 2
X° y :
S t=5=1if 02=a2m2+b2.
a b

In otherwords, the chord y = mX ++/a’m? { 2 is tangent to
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the ellipse for every value of m and the co-ordinate of the point
of contact is

b a’m b2
Jazmz +b? ; 1!2121112 +b?
(4) Equation of normal. The equation of normal at (acos@, bsing)
to the ellipse is

ax sec¢—bycoseep=a2—b?

(5) Equation of chord of contact and polar. The equation of chord

of contact of tangents drawn from (x,, y,) to the ellipse and the polar
of (x,, y,) with respect to the ellipse is

X
—+5-=1
a’ b’
(6) Equation of pair of tangents. The equatic.> of pair of tangents to
the ellipse from (x,, y,) is

2 2 2 2
x2 +y2 1 x|2 +Y;2 *Jz[g;drw_;_]\
a- b a b ) a b )

SS =T
where symbols have their usual meaning.

(7) The equation of chord with given middle point. Equation of
chord of the ellipse with (x,, y,) as its middle point is

2 2

XX YN _X1 Y
2+ = 2+ 2

a b a b

or T=Sl

(8) Equation of the director circle.The locus of a point from which

pair of tangents drawn to the ellipse are at right angles, is a circle
called director circle.

As in (6) discussed abvoe, the equation of pair of tangents are

2 2 2 2 2
I N e =L_m_x+.,m_lj
a*. b a® B a® b

Pair of tangents are at right angles if sum of coefficient of x* and
y* is equal to zero.
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2 2
Lz 3%——1 +'—12 ﬁz—— =)
a“|l b b=l a

On solving, the equation of locus of (x,, y,) readily gives
XZ + y2: 32+ bZ

which is the equation of director circle.

1.15 Conjugate diameters.

Two diameters of an ellipse are said to be conjugate if each
bisects chord parallel to other.

Lety=m, x and y=m X be two conjugate diameter of the ellipse

-

) 2
Ez—‘l‘ y—z‘ = 1 .
a“ b
Let (x,, y,) be the middle point of the chord parallel to y=m X
The equation of this chord is

2 2
XXp YW X Y
2 + DI & 2
a b a b

ble
hence m; =— 5
a%y
b2
Therefore locus of (x,, y)is y= —a—zm*x :
1

Since it is same as y=m,x. We have

n, = bz
i 2 —r
a’m,
b?.
mimz :—‘_2
a

which is required condition for the diameters y=m X, y=m_ X to be
comjugate diameters of the ellipse.
Properties.

(1) The eccentric angles of ends of conjugate diameters of an ellipse
differs by right angle.
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@

Let PCP' and DCD' be two conjugate diameters with 8 and ¢ as
eccentric angles of P and D.

Gradient of CP = bsimo ;
acosf
. D P
Gradientof CD = DI 4
acos¢ ,
Then , ¢
- bsin® bsing b’
acosP acos¢  a> P! D
cos(0—¢)=0
Fig. 8
s
O~b=—.
¢ 2

Therefore ends of conjugate diameters has co-ordinates (acos6,

'bsin®) and (— asin®, bcos0) respectively.

Equi-conjugate diameters.

Two diameters are said to be equiconjugate diameters if they are
equal in length.

The diameters PCP' and DCD' are equi conjugate if
CE2=CH?
a’cos?0+b?*sin’*0 = a%sin?0 + b%cos?0
(a*-b?)cos26 =0
cos20=0 (a>b, a®> — b2=0)

ﬁziorﬂ.
4 4

Then P has co-ordinate [acos—g,bsin %J The equation of CP

and CD are given by

b b
Y=k e
a a



1.16 The hyperbola

Definition. Hyperbola is
the locus of a point
which moves such that
its distance from a fixed
peint (focus) is e (e>1)
times its distance from a
fixed straight line
(directrix).

The standard

equation of the
hyperobla is '

17

X
—— 2 =1

’ Y
! M~ |-B(0,b)
BEY
\\ | “ Pl (xy)
: \A'l Z [
: ‘(y (-2,0) %a;(l)\A\ g
~B'(0,-b) L
Fig. 9

The transverse axis and conjugate axis are along x and Y axis

respectively.

The length of transverse axis= AA'=2a

The length of conjugate axis = BB'= 2b

bf!

The length of latus rectium = LL'=2-—

The eccentricity ‘e’ is given by b*= a?(e?— 1)(e>1)

a

Co-ordinates of the foci S and §' are respectively (ae, 0) and

(—ae, 0).

The equation of two directrices ZM and Z'M’ are x = +2

Some standard result for the hyperbola.

(1) Parametric co-ordinates. The co-ordinate of a point P(

the hyperboia

YZ
b2

2
X o
——2=11s
a

Xx=asecH;, y=btan0,
X = a cos ht; y = b sin ht.

€

X,y)on
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(2) Equation of tangent,
(i) The equation of tangent at (x,, y,) to the hyperbolza is

R O
2=l b
(ii) The straight line y =mx++/a’m? —b? is tangent to the
hyperbola for every value of m.
(iif) The equation of tangent at (asec@, btanf) to the hyperbola is

ZsecH—Ltan0=1 _

a

(3) Equation of normal.
(i) The normal at (x,, y,) to the hyperbola is
Ks X Yae V. v
Gl Y1
a’ b? :
(ii) The equation of normal at (asec6, btan®) to the hyperbola

is by cotB + axcosf = a2+ b2

(4) The equation of the chord whose middle point is known.
Let (x,, y,) be the middle point of the chord of the hyperbola.
then it has the equation

2 2
XX1. Y _ X% N

a2l b2 a2 b2
T=S;
(5) The equation of pair of tangents. The equation of pair of
tangents to the hyperbola from point (x,, y,) are

: 2
R | i R s {&_&_1}
a? b2 a’ b2 a’ b2 :

or 8§, = T2

(6) The equation of director circle. The director circle of the
hyperbola has the equation given by

x>+ y*=a%-b%
(7) Conjugate diameters. Diameters y = m x and y = m,X are

2

conjugate if mym; =—-,
a




+
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(8) Asymptotes. A tangentto a curve such that the point of contact of
the tangent lies at infinity, is called an asymptote of the curve

The equation of the hyperbola

Xy
alt "l pZaw
can be written as
X y\x vy ,
—+2 =2 o
s i
Let the Yine = + % =) meet (1) in point whose co-ordinates are
a .
given by
2y ) _
}“( __B—]—.I ..... (2)

Equation (1) is a second degree equation in y, equation (2) suggests
that one value of y is infinite and other value of y is also infinite
if. A=0. Hence the two values of y will become coincident at
infinity and the line.

i.g_!..:.o
a b

is tangent at infinity i.e. an asymptote. Hence i+—by'- =0 is an
a

asymptote of the hyperbola, similarly i —% =0 will be another
' a

asymf)tote. The combined equation of the asymptotes are

i.,.“l i_.y'_ =0
a bga b <

(9) Conjugate hyperbola. The hyperbola which has for its tranverse
and cfmjugate axis, the conjugate and transverse axis of the given
hyperbola is called the conjugate hyperbola.

Thus the hyperbola
P % o S (1)
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is conjugate to the hyperbola .

2N

XY

——=1 2
Equation (1) and (2) have the same asymptotes

2 2

X"y

—_ =0 . (3)

a’ b’

We infer that equation of asymptotes differs from that of the
hyperbola by a constant and the equation of conjugate hyperbola
differs from that of the asymptotes by the same constant.

10) Rectangular Hyperbola.
g
(i) The equation of the hyperbola is

2 2
%-2’_.2..21 (1)
a b

and the asymptotes are given by

X Y

2 2 b
=Qory=%t—x.
a’? b’ a
If a is the angle which either asymptotes makes with transverse
axis. Then the angle between the asymptotes is given by

200 =2tan"" [P—) .
a

If the asymptotes are at right angle then

“a_ The equation of the hyperbola is x2— y?= a2,

which is known as rectangular hyperbola (Here sum of the coeffs of
x?and y*= 0)
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The eccentricity of the rectangular hyperbola is given by

a’=a’(e?-1) [b% =a%(e® —1)]

e=+2

(i1) If the asymptotes are co-ordinate axes

7
Then o = 7
Rotating the axis by
7 we et
ponss
X +y
V2
Y +x
s Fig. 10
Putting this value in x> y?= a* and dropping suffix, we get
4xy = 2a? |
Xy = _ai
2

2 a’
Xy =c¢° where c¢? = =

The parametric co-ordinate of any point on the rectangular hyperbola

- C . .
Xy =c?is (ct, ?J where t is parameter and the equation of

tangent at (ct, E) is
t

&

§+q=k.

1.17. The general equation of second degree.
To prove that the general equation of the second degree

always represents a conic. [Purv., 92]
Let ax?+ 2hxy + by?+ 2gx +2fy +¢c = ( (1)
be the general equation of the second degree. . - S

o
!
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In order to remove the term Xy from (1) let us rotate the
rectangular axes through an angle 6 without changing the position of
the origin. Now the new equation becomes

a(xcos0 — ysinB)?+ 2h(xcosh — ysin®)(xsin6 + ycos6)

+ b(xsinb + ycos0)?+ 2g(xcosd — ysinB)

+ 2f(xsin® + ycos) + ¢ = 0. a2
Equating to zero the coefficient of Xy in (2), we get
Hz"(a-b)sinecosefzh(cosze—sinze)zo |
2h
a-b

or tan 26 =

Now, taking g — kY tan -1[ 2h J , let the changed equation is
5 -

a—b
Ax*® +By? +2Gx+2Fy+C=0- -(3)
Case L. Let neither A nor B be zero. The equation (3) can be
written as _
2 2
A[x +9J +B{y+£)
A B
2 2
W0E Bl (4)
A B
o - -G -F : !
Shifting the origin at e the equation of conic becomes
G: E2
AX?*+ BY?=K, where K= ==
A B
X5 N2
or F+E-—=1' ..(5)
A /B

Equation (5) represets an ellipse if % and -I;'— are both positive

r i

and a hyperbola if % and % are of opposite sign. If %and % are
both negative then represents an imaginary ellipse.
If K = 0 then (5) becomes
0 AX?*+ BY?= 0,

-
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which is homogeneous equation of second degree and hence represents
a pair of straight lines (real or imaginary).

Case II. Let either A or B be zero. For difinitness let A be zero
and B#0.

The equation (3) becomes

2 2
F F
Bly+—| =—=2Gx—-C
[Y BJ B A _ ..{6)

If G = 0 then (6) represents a pair of straight lines which are
real, coincident or imaginary according as

2
2 F——C >=<0,
B| B

If G= 0 then (6) can be written as

+Ez__ze iRt e
**B) T7B " "2BG 26 A7)
Shifting the origin at | B 7) b
Shifting the origin a 2BG 2G° B . (7) e?omes
225
B

which is the equation of a parabola.

Thus we find that the general equation of the second degree
always respresents a conic.

1.18. Centre of a conic.
Definition. The centre of a conic is a point such that all the chords of
the conic, which pass through it, are bisected there.

(i) To show that when the conic is of the form

ax?+ 2hxy + by’+ ¢ =0 ()
the origin is the centre.
Let (x,, y,) be any point on (1) then
ax,*+2hx y +by *+c=0
or a(=x,)*+2h(=x)(-y )+b(-y )*+c =0



24

which 1 shows .that (-X,,~y,) alsolieson (I} Thepoms (x.y)
and (-—x, —y,) lie on the same straight line through the oriz = zndareat
equal distance from the origin.

Therefore, the chord of the conic (1) which passes troush the
origin and any point (x,, y,) of the curve is bisected a1 the origin. The

origin is therefore the centre of the conic.

(i) When the conic is of the form
ax*+2hxy+by*+2gx+2fy+e=0 =~ . (1)

the origin is centre when both f=g = 0.

If origin is the centre of conic (1), then corresponding 1o each
point (X,, y,) on (1), there must be a point (=x,,—y,) lying on the curve.
Hence

ax,*+ 2hx y, +by 2+ 2gx +2fy +c¢=0 .. (2)

ax,*+ 2hx y + by *—2gx —2fy, +c=0 ... (3)
Substracting (3) from (2) we get

gx+fy =0

The relation is true for all points (x,, y,) on (1) only when
g=f=0
Hence tl:|e proposition.
(iii) To find the co-ordinate of the centre of the conic
ax?+ 2hxy + by?+ 2gx + 2fy + ¢ = 0. veene(1)
Let the co-ordinate of the centre of the conic (1) be x> ¥,)s
shifting the origin at (x, y,) and keeping the axes parallel to their old
directions the new equation of the conic (1) becomes
a(x+x, Y+ 2h(x + X )y +¥,) + by +y, P+ 28(x +x,) + 28y + y) + ¢ =0
or  ax®+2hxy + by?+ 2x(ax,h+ hy, +g) + 2y(hx,+ by, + ) + ax,>?

+2hx )y + by, >+ 2gx, + 2ty +c=0. . ceee(2)
The point (x,, y,) the new origin will be centre of (1) if
ARG Ry o = O .. (3)
DOEERbye S OMEE SRR B8 4)

Solving (3) and (4) we get the co-ordinate of the centre of the
conic (1) as




25

"hf —bg gh—af]_
\ab—h? ab—h?

[Equations (3) and (4) can also be obtained by differentiating

the equation of conic (1) partially with respect to x and y respectively.]

If ab—h?=0 and hf-bg 0, gh—-af=0 then equation (1)
respresents a parabola which has no centre. On the other hand if

ab —h*= 0, hf — bg = 0 and gh —af =0,
Then 2_h_g
h b f _
In this case equations (3) and (4) reduce to only one equation
and equation of the conic ( 1) can be written as
(ax + hy)*+ 2g(ax + hy) +ac =0
or (ax +hy + g)?=g?—ac. (5)
Equation (5) represents a pair of straight lines which are parallel,
coincident or imaginary according as
g’—ac>=<(.
Now, equation (2) can be written as

ax? + 2hxy + by2+ ¢' =0,
where

¢ =ax 2+ 2hxy, + by 2+ 2gx, +2fy +¢
= (ax, + hy, +g)x + (hx, + by, + fy + (gx, + fy, +¢)
Making use of (3) and (4), we get
C =gx+fy +c_
Again, substituting the values of X, and y, we find that

, hf—ng (ghuaf)
C=g ——= |+ +¢c
g(ab—hz ab—h?

_ abe+2fgh—af? —bhg? —ch? yo O
ab—h? ab—h* " .

- Where A = abc + 2fgh — af?— bg®- ch?.
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-

Hence shifting the origin at the centre of &

: 2 12
equation becomes ax” +2hxy +by” +

ab—h-
Note : Let the conic be
f(x, y) = ax*+ 2hxy + by*+2gx + 2fy =c =1(
Centre is obtained by solving
of of

S (et S
ox 0y
1.19 To find the equation of asymptotes of the conic.
ax?+2hxy+by?+2gx+2fy+c=0. w13
Since equation of a conic and the combined eguation of its
asymptotes differ only by a constant, let us assume that eguation of
asymptotes of (1) be
ax*+2hxy+by?+2gx+2fy+c+A=0. {2}
Equation (2) should now represent a pair of straight lines, so
ab(c+A)+2fgh—-af2-bg?—(c+A)h*=0
or (abct+2fgh—af*-bg*-ch?)+A(ab—h*)=0

ab—h> ab—h?
Substituting this value of A in (2) we get the equation of
asymptotes of the conic (1) as

. e R :
. 1=_abc-.—2fgh af” —bg" —ch” _ A

J

2 2
ax“ +2hxy + by +20x + 2fv+¢c— =1
y + DYy g y 12

1.20 Nature of the conic.
Let the equation of the conic be
ax?+ 2hxy + by?+ 2gx + 2fy + ¢=0 (1)
Case I. Equation (1) represents a pair of straight lines if
A = abc + 2fgh — af’— bg?— ch?>=0
In this case if 8 is the angle between the lines then

2_.
tan 6 :g—h- ab

a+b
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(i) h*— ab > 0 lines are real and different.
(i) h’—ab=90 lines are parallel or coincident.
(iii) h2—ab<g lines are imaginary.
Again, if
(iv) h2—ab>0 and a + b = 0 then lines are real and mutually
perpendicular,
Case II,
Let abc+ 2fgh —af?’—bg2 _ch2 .
then equation ( 1) does not represent a pair of straight lines. In
this case equation

ax® + 2hxy + by? = 0 M bt 4 i (2)
represents two lines which are parallel to the asymptotes of the conic (1).
If 8 is the angle between the asymptotes then

tan @ = g—lf—_—zi}i :
a+b
()h*—ab> g asymptotes of conic (1) are real so conic (1) is a
hyperbola,
(i)h*~ab>0anda+ b= 0 then asymptotes are rea] and mutually
perpendicular so conic (1) is a rectangular hyperbola.
(ii1) h*-ab=0 then second degree terms of equation (1) form a
perfect square and hence conic (1) is a parabola.
(iv) h*-ab<0 then asymptotes of the conic (1) are imaginary so
conic (1) is an ellipse. ‘
1.21 To find the equation of the tangent at any poeint on the conic
ax*+ 2hxy + by*+2gx + 2fy + ¢ = ¢ (1)
: [GKP, 72; Kan.,86]
Let (X, ¥,) be a point on the conic (‘I) then
ax 2+ 2hxy, + by *+ 2gx, + 2fy +c=0 -2)
Differentiating (1), we get :
dy __a&+hy+g
E; Ty hx+by+f '

G [9;) __ax +hy +g
dx Gayy R by €
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Hence equation of tangent at (X,. ¥,) to the can e z

ax; +hy, +g
— V= (X —x
FE hx; +by; +1

or (a\( +hy +g)x +(hx, + by +Hy=ax*+2hxy - by “=gx +fy
or (ax,+hy, + g)x + (hx, + by, + f)y+wg:x__— fy —c
or axx, + h(xy +yx) +byy, +gx+x)=fiy ~y )¢
1.22 Polar.

Equation of the polar in the case of every conic is of the same
form as the equation of the tangent. So equation of the polar of the
point (x,,y,) with respect to the conic.

ax2+ 2hxy + by>+ 2gx + 2fy +c =0 is

axx, + hixy, +tyx ) +byy, +gx +x )+ fy +y,) ~c=0.
1.23 To find the equation of the chord of the conic.
ax*+ 2hxy + by*+ 2gx + 2fy + ¢ = 0 whose middle point is (x,;y ).

Let the chord of middie point (x,, y,) cuts the given conic at
(o, B,) and (e, B.) then its slope is

By =h
Oy —Oly
Equation-of the chord can be written as

By — B,

Gy — Oy

Yo = (=0 R R S - (1)

since (x,, y,) is the middle point,

X =9 7% ang Vi =¥2— ..... 2)
o, B and (e, , Bz) are points on the conic so
ac,® +2ho B, +bB," +2g0; +2fB; +c=0 e (3)
and act,” +2ho,B, +bB,° + 280, +2B5 +c=0 ... 4)

Subtracting (3) from (4), we get
aot,® —0ty”) +2h(a,By — 0By )+ b(Bf -8:%)
+2g(y —aq) +2£(B; —P;)=0
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or
By —B, __a( +a,)+h(, +8,)+2¢g

——

Gp =0y h(a;+0,)+b( +B,) +2f - ®)
Now putting the value of o, ta,and B, +8, from (2) in (5), we get

B =B _ _ &, +hy +g

N (6)

Oy — 0ty hx; +by, +£- ..

Substituting this valie in (1), required equation of the chord
becomes '

_ax; +hy +g

hx; + by, 4+ f

Y=Y = (x=xp)

or axxl+h(xy]+yxl)+byy1+g();+x1)+f(y+y1)+c
= (ax,” + 2hx,y, + by,? + 2¢x, + 2fy, +c.
This equation is fo the form
=S
where T =axx, + h(xy, + ¥YX;) +byy, +g(x + X+ Hy+y)+c
and 8, = (ax,” + 2hx,y; + by, + 2gx; + 21y, +¢).
Conjugate Diameters

Definition. Two diameters of the conics ar= said to be conjugate if
each bisects chord parallel to each other.

1.24 To find the condition that ma 1d m, are slopes of the
conjugate diameter of conic
ax*+ 2hxy + by?+ 2gx + 2fy +c =0, ()
Let (x, y,)be the co-ordinate of the middle point of one of the
system of parallel chords of slope m of the conic ( 1)
Then equation of the chord is

axx; +h(xy, +yx;) + byy, +g(x +x,)) + fly + V) £e=0.,
Hence,

—_———

or (ax, +hy, +g)+m(hx1+byl+f)=,0
50 the locus of the middle point (x,y)is

ax+hy+g+m(hx+by+f)=0_,
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| (a+mh)x+(h+bm)y+(g-mf =1 I 7
which is a straight line.
The line (2) passes through the middie poms oF 2 system of
parallel chords of the conic (1) so it is a diameter of 1o comic
[f m, is the slope of (2) then
Ty = a + mh
h+bm -
or a+h(m+m,)+bmm,=0. . 3)

(3) is the condition that a diameter of slope m_af the conic (1)
passes through the mlddle points of a system of pz_...; il chords of
slope m of the conic.

If m and m, are interchanged even then (3) remains unchanged
showing that if m_ is the slope of a diameter of the conic (1) passing
through the mlddle points of a system of parallel chords of slope m of
the conic then there exists a diameter of slope m which passes through
the middle points of a system of parallel chords of «:Ic**e m, of the

conic. Hence m and m, are slopes of the conjugate diameters of the
conic (1).

'I‘herefore (3) is the required condition,

Cor. : Diameters y = mx and y = m,x will be conjugate
diameters of ellipse

x> y )
— =] if m,m, =———
a’l b° b
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