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CONFOCAL CONICS

3.1 Definition.

All those conics which have common foci are called confocal
conics. Since one axis of a central conic passes through its foci and
other is the perpendicular bisector of the line joining them so confocal
conics have common axes and common centre,

Let us consider the equation

T T ) : A (0 ]
Co-ordinates of its foci are
{i @+ 1)—(b2 :93,0}

)

These co-ordinates are free from A, so equation (1), in which ).
s a parameter represents a fami] y of conics having same foci and hence
confocal conics.

Cor. : Parabolas having common focus and common axis are
called confocal parabolas. If the common focus is taken as origin and
the common axis as axis of x, then the equation of confocal parabola
IS :
Y: = 4h(x+L).
3.2 Confecal cenics through a given point,
Theorem . Two confocal conics pass through a given point, out
of which one is a hyperbola and other is an ellipse.
[Purv., 97, 99; Avadh 77, 83: (GKP, 98,2003, 2008; Purv., 97,99; Avadh, 77, 83,
Let the confocal conics
X2 2
Bt

= T_,:’_..A.-.._.
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passes through the given point (o, B). Then

2 2
% AN
aZ+d b2+
or (l-i—az)(l-'rb2)~a2(3\.+b2)—[32(3.+a3)=0 ..... (D)

This being an equation of second degree in 4, gives two values
of A, corresponding to which we get two confocal conics passing
through (c, B). -

Let f(k)=(k+a2)(l+b2)—a2(7t+b2)-£32(l+a2) ..... 2)
and a>b.
Now f(-a?)=—a2(b>—a?) is pesitive,
f(—b?)=—B2(a%>-b?) is negative,
f(+o0)=+c0 is pesitive.

So one root of the equatian (1) lies between —a? and —b? and
- cther between —b? and +c0. Let the roots be A, and A, such that

—-azfcikI <-B? and —a’<—p2<), ;S0
e A+ta®>0, and A +a2>0,
A, +b%*<0 and A, Tb?>0,

Corresponding to these two roots confocal conics though
{a, B) are

X2 2 yz = |
a2+adl b2+?\'] : R (3)
2 2
X
and - 2 ks 2y =" 4)
a+A, b Fhae T R e

Equation (3) represents a hyperbola, whereas (4) represents an
ellipse.
3.3 Confocal conics cut orthogonally.

Theorem. Two cenfocal conics passing through a given point
intersect orthogonally. ' |

[GKP, 97, 2000, 2004; 2007) Ava.;_ih, 1980, 82, 96; Purv, 93, 2000]
Let two confocal conics passing through (o, B) be

2 2
X y .
+ =l TRl 1
a’+1;  bZ+a, M
2 2

x* y
+ SITSENGS Lt 2
a’+k, b2+x, 2)




2 2
Then —— 4 f = s S T 3)
a“+4i; b A,
CLZ B?.

and

LR T e, e @)

-+ —
Fo Aot bk A,
Subtracting (4) from (3) and then dividing by A\, we get

0!.2 2

+ : =
@ +1)@2+,) (b +A)(b% +1,)
The equation of tangent at (o, B) to conic (Dis
2ocx L 2By =)
a + )L] B+ ;\‘l
The equation of tangent at (ct, B) to conic (2)is
X By i
+ =]
a1, b2 +h, e e (7)
Tangents (6) and (7) will be mutual ly perpendicular if

G.2 2

+ —
@*+2)@2+14,) " (W24, )07 s n)
which is true from (5).
Hence conic (1) and (2) intersect o, hogona,
3.4 Propositions on confocals.

(1) Only one confocal conic touc.tes a given straight line.
: [GKP, 1985, 96, 2000]

O (3)

.(6)

Let the given straight line be

Y SHnx =c
2 2
X o
- i + =1
The conic 2T Py N
touches the line (1)
if ¢?= (a2+ A)m2+ o) e R 2)

Equation (2) being of first degree in A, gives one and only cne
value of A, corresponding to which we get only one confocal conic
touching the given line (D).

(ii) The point of intersection of two perpendicular tangents
one to each of two given confocals lies on a circle.

[Avadh, 1979; GKP, 83, 96, 99; Purv.,; 89, 92,95]
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Let the two given confocals be,

2a = A =
X y
+ =]
af el AT G s (1)
2 2
X Y
== + — |
and a2+h2 b2+},2 S o (2)
Now, y—mx=q@’+a)m>+@®2+x,) 3)
1 2
and: | Y =X= (a‘_"+7t.2) [-—J +(b21-l-,)
m
Le. my+x= \/(a:" +A,)+(b% + VI e TRt 4)

are two perpendicular straight lines touching conics (1) and (2)
respectively for all values of m,

Let (x,, y,) be the point of intersection of (3) and (4)

Then y, ~mx, = J@E +Aq)m? +(b? T e s e (5)
and  my, +x, =\/(32+A2)+(b2+12)m2 ..... (6)

Squaring and adding (5) and (6) we get :
X, 2ty =attbith, +A,
Hence the Iocus of (x,, y,) is
X ty?= 2+I;r'=+kl+;4,2 ;
which is a circle,

(iii) The difference of the squares of the perpendiculars
-drawn from the centre, on any twe parallel tangents one to each of

two given confocals is constant, (GKP, 1983; Purv., 2002)
: 2 2
X by
! dur — 1
Let 7 G D LSRR L T T ()
xz Y _}_{f__ _— ]
T e T @)

be the two given confocal con; cs having a commeon centre (0, 0).

Now y-mx=q/(a? 4 )m? +®2+3,) 3)
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and  y—mx =+/(a? +A,)m> 2l | Rt (4)

are two parallel straight lines touching the conics (1) and (2) respectively
for all values of m. ’

So the difference of the squares of the perpendiculars drawn
from (0, 0) on (3)and (4) is

X (a2+A])m2+(b2+1E)_(a2412)m2+(b2+x2)

1+m? 2

i+m
= (A,—A), which is a constant.

(iv) The locus of the pole of a given straight line with respect
to a system of confocal conics is 2 straight line.

[GKP, 1984; Purv., 89, 91, 98]
Let X St (1)
be a given line and

2 2
X Yy
._+.____-_—]_
» AT R ) A (2)

be the equation of a conic of the given system of confocals.

Let (a., B) be the pole of the line (1) with respect to the confocal
conic (2).

Now, the polar of (e, B) with respect to (2)is
X By 5
+—a—=] .
TR T e e e e s o U e ()

So (1) and (3) must be identical, hence comparing these
equations we get :

= - B

1
(a% +A\)m i A c- e (4)
Eliminating A from these relations we get
GcmicimaZ=b2)=0 SN K R b Ly (5)
Hence the locus of {c, B) is
Cxrincyrm{at-h={, o B)

which is a straight line perpendicular to the given line (1)
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EXAMPLES
... Example 1. Prove that the equation of the confocal hyperbola
through the point on the ellipse
: 2N
-.X__ + —y_._ =]
a® b2

whose egcentric angle is q, is

(Purv., 92,94, 99, 2000; Avadh,

2 2
X

cos? g sin? g

1975, 78: GKEP, 1982, 2004)

Solution. The point on the ellipse
R
52““‘ Z;? =
a“ b
whose eccentric angle is o, be (a cos @, b sin o)
2 2

! x y

Let 1

be a conic confocal

b sin ).

a2 cos? o bzsinzoc
Then SRy - e L

-+ =
a?+) bZi3.

to the given ellipse and passing through (a cos o,

2 2 =1
a“+ A b+
or azcosza(b2+l)+bzs-in2a(a2+).)=(a2+5t)(b2+2.)
or .?Lz-!-l(a"'sinzoc*f-bzcoszcx)':ﬁ ..... (1)
Equation ( 1) gives

tangents to a SVST

Solution.

be a member of the g

: S o the noint aF~nsn £ le]
- oo otthe point of contact o paralle
I 0i caafocal conics i f=Cimaguiar hyperhola,

X~ W
3 -
e ——_——._.-—-—-:-—__—
LEL 2 T
a

-3 B i L NEEEEEEe (1)

Ve Swcte— _,._-___.‘:.____:‘ 5 — -
n.s-.‘.r:..,-»-ba_-..- - -

SeeSSEme X ¥, )beapointon
it at which a straight line of z ]

NS — e W = - -
= e ol —— —— - - -
- -
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Therefore (x,, y,) lies on (1),

2 2
X
1 + Y] __1

a’?+A b2 +I Pl o oy g o L e (2)
Tangent to (1) at (X, y,) is

xxl + yy} 1

S R e 3)
If m be its slope then

X b2+
Yi a’ + A
or myl(a2+l)+x](b2+l)=0,

=

R my;a’ +x,b?

or Tyt o, AR (4)
Substituting the value of from (4) in (2), we get
th YIZ
2 T 2 7 =1
a2 _My;a” +x;b b2 - My;a” +x,b
my; +x, my,; + X,

or Xl(m)’]+XI)_%(myl+xl)=az_b2

1
or x,z-y,2+(m———}<,y1 =a‘—b2,
m
Hence the locus of (X, y,)is
x> —y2+xy(m-——1—J=a2~b2,
m

which is the equation of'a rectanglar hyperbola. L

Example 3. Prove that the locus of the points lying on a s\stem
of confocal ellipses and having the same eccentric angle o, is a confocal
hyperbola whose asymptotes are inclined at an angle 2q.

2 y2 5

2 &5 =1
a“+A b 4+
be a member of the system of confocal ellipses and (x,,y,) bea poir}t
on it whose eccentric angle isa.

Solution. Let
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Then X; =va’ +A cosa DL (1)
and Yol beAlsino e b e )

Eliminating A from (1) and (2), we get

2 2
xl = YI ‘—_—(32 _b2)
cos® o sin” o

So the locus of (X, y,) is

2 2 g
Y _—@?-b?) @)

cos? o TR S e

This is a hyperbola confocal with the given system of ellipses
-and its asymptotes are

X y X o/

- =0 +- =0
cosa  sina and coso  sinq .
Slopes of these asymptotes are

m = tan o and m,= — tan o.

I£0 is the angle between these asymptotes then

tan/D et Ty 2t&n2<x
l+mm, [—tan2¢q
So 6 =2¢q.
Hence asymptotes of the hyperbola (3) are inclined at an
angle 2¢.

Example 4. If 1, 1 be the parameters of the confocals which
pass through points P and Q on a given ellipse respectively. Show that
if P and Q are extremities of conjugate diameters then ) + KL is constant,

= tan 2a.

_ 1 1
Show also that if the tangents at P and Q are at ri ght angle then X s

is constant. ; [GKP, 7? ]
Sclution. Let confocal conics be ;
2 2
Eene . 3 @
and :-22+§;=1 ..... (3)

is the given ellipse
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Case I.
Let P and Q be extremities of conjugate diameters of the
ellipse (3) So if ¢ is the eccentric angle of P then eccentric angle

yis
fOi o
01 Qis ¢ >
Conic (1) passes through P, so

azcosz¢+ b’sin? ¢ A

a’+A  b24)
or 7L2+?L(azsin2¢+bzcosz¢)=0
ie., either A=0,
or l=—(azsin2¢+b2cosz¢).
Since A=0, A= —-(azsin2¢+bzcosz¢).
Conic (2) passes through Q, so |
Either p=0
or M= *-{az sin2(¢+—§-]+ b? cosz[cb ks —;E]}
Since L0, u=—~(a2cosz¢+b2sin2¢lj).
|

Adding A and 1 we get ¥
).+u=—(azsin2¢+b'2cos2¢)-(azco’§2¢¢-b2sin2¢).
=—(a*+b?),
which is a constant.
Case I1.
Let P and Q be points on the ellipse (3) whose eccentric angles
are 0 and ¢. Tangents at P and Q are mutually perpendicular.

Equation of tangent at P on the ellipse (3) is

X cos6 " ysin® ®

a b e (4)
Equation of tangent at Q on the ellipse (3) is
X Yocian i
;cos¢+gsm¢-l ..... ()

since (4) and (5) are mutually perpendicular so

- cosBcos ¢ i s:inesindn “0
a2 b?

: b2 ’
or : tanﬁtantb:'—? ..... ®)

\
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Conic (1) passes through P. so
A=—(a’sin’6+b’cos?8).

Conic (2) passes through Q,

S0 p=—(a’sin%¢+b*cos2d).

il 1 1
——=— +
Now 5 ™ Lz sin® 0 +b*cos?0 a’sin2 ¢+ b2 cos? ¢:[

= 1+tan? 0 " 1+tan2¢
b*+a%tan?0 b2+a2tan2¢

_ | 2b®+(@® +b%)(tan® 0 + tan® §) +2a2 tan2 Btan> ¢
b* +2°b%(tan” 0+ tan’ §) +a* tan2 Otan’ ¢
Putting the value of tan 0 tan ¢ from (6) we get

’ 4
2b% +(a” + b?)(tan? O + tan> ¢)+2—b2—r
a

—

u b* +a’b?(tan® 6 + tan? ¢) + b*

. a’+b?
a?b?
which is a constant.
Example 5. Prove that the two conics

ax*+2hxy+by?=1 and a'x? +2h'xy +b'y? =1
can be placed so as to be confocal, if
(a—b)* +4h?  (a'-b')? +4h"
(@-h%)2  (a'b—h> )
[Luck., 82, 86; Avadh, 78, GKP, 97, Purv., 97, 2000]

Solution. Let us rotate the axes (keeping the axes rectangular)
through such an angle that equation of conics

ax*+ 2hxy + by?=1 and a™x®+ 2h’xy + by?=14

became "
ax®+By*=1 and o x2+By>=1
respectively. If these conics are placed so as 10 be confocal then
1L a-B o-F
—_————= '——' = _' or = - _ ..... ( 1)
e B e (0433 af
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Now by the principle of invariants we have -
C+B=a+p : af =ab—ph?
a|+B|=ar+bu . a.B.za.b-__hrz

S0, a-B=ifas b)? ~4@b-h’) = /@ ~b)? + 4p2
and au__Bu__: }(ar_'__b;)z ___4(a|br__h¢2) = ’(ar___br)Z :i-4h'2
Substimting these values in (1), we get

(a,_b.)z + 4hr2
a'b'-h 12

.
—_

@=b)° +4h2  (aipn2, 4102
- = -—_—-—_—-—-_-—__'_"'—
@b-h")? " g2z
. Example ¢, Show that the ends of €qual conjugate diameters of
a series of confoca] ellipses are op 5 confocal feClangular hyperbola
[Pury,, 39; GKP, 99]
Solution, [ et One member of the series of bonchal ellipses be
S y? it
a2y 67+
Let (%,, y.) be the end of ope of;zse.fezz(caajugate diameterg
Ther
xzi\/azi-lcosg- ..... (1)
i TR e @)
Ehmmatmg A from (1) and (2), we get
2 2
21!(;2 =2y;" =a?_} or x —-ylz =(E——5—P—_J
So the locus of (x,, Y,)is

T (az_sz =
X% =y . an

lichisa rectangular hyperbola confoca] with the given s;ystem ofellipses

;,/ F
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EXERCISE 3
Find the conics confocal with x2 + 2y*= 2 which pass through
the point (1, 1) (Purv., 90, 95, 2004; GKP, 97)

(Ans.3x* —y* £/5(x> —y2)=2)
Prove that the locus of the pcints of contact of tangents drawn

from a given point on the major axis to a system of confocals is a
circle.

R
If two conics confocal to the ellipse x—2+~§7=1 and passing
a
through (%,,y,) are
2 2 2 2
X X
2 & zy — and 2 2y =
a”+i; b+ a“+d, b +A,

then show that

2 2
: SelE e e MA,
W pehsl=-tn2
a b® . a‘b
(ii)’ x12 +y12 —~'a2 _b2 =ll +l2
Prove that the locus of the points of contact of the tangents drawn
from a given point to a system of conics confocal with
2 -3

X : ;

—5 t—5 =1is a cubic curve

a~'b

o a?—p?

y-B x-a | ay-Bx’
which passes through (c, B)and through the foci of the confocals.
f 1.1980; Purv,, 99)
Show that points of contact of the t=ngents of the confocals .

— e s -—
—

“"r:.*

lie on a straight line. GKP, 1996)
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Show that only one member of a given system of confocals can
have a given straight line as a normal.

[fthe product of the perpendiculars let fall on a straj ghtline from
its pole with respect to the e'ipse

X2 }"2
“5-"!'——‘2,—:1
a b

and from the centre of the ellipse is a constant quantity A then
prove that the straight line is a tangent to the confoeal

2 2
X Y
+ =1.
a’+d b24)
An ellipse and g hyperbola are confocal and the asymptotes of

the hyperbola lje alongthe €quiconjugate diameters of the ellipse.

pass through the ends of the axes of the ellipse.
Prove that the confocal hyperbola through the point on the ellipse

2 2
a b

whose ecentric angle is 45°is 2 (x2— y2) = g2_ 2 ~ (GKP. 86)
(GKP, 2009)




