POLAR EQUATIONS OF THE CONICS

4.1 Polar Coordinates.

[n order to consider the position of a point on a plane in polar
coordinate system, a fixed point of the plane is taken as pole or origin
and a line passing through it is
taken as initial line, o P

Let O be the pole and
OA be the initial line, P is any

point of the plane such that r
ZAGP = 0 (measured in 0
anti-clockwise)and OP =r. O A

8 is called the vectorial f‘ig. k
angle of P and r is called its radiys vector. In polar coordinate system
the point P (r, 8) can also be represented by following coordinates,

(r, 0+2m), (r, 0+ MG OEem T (1)
(., —2m), (r,0 - hales BS et E (2)
CEOET) . (o 3m), (-r, 0+ 5m) sl (31)
(-, 6-m), (-, 0— 3m), (—r, 60— 5% OGN, (4)

The radius vector is positive if it is measured along the line
bounding the vectoral angle, it is negative if it i measured from the
pole in opposite direction.

The vectoral angle is positive if it measured from the initial line in

anti-clockwise direction. it is negative if it is measured from the initial line
in clockwise direction. the polar co-ordinates of 2 POoInt is not unique,
the point P (r. 6) can be fepresented in infinite number ¢ fcoordinates.

4.2 To change the polar ceerdinates of g point into
rectangular Cartesiap coordinates and vice-versa,
Let O be the pole or OIIgin and x-awis be the inge 2l line.
Let (r, 8) be the polar coord UEic =82 fx. ¥) be Cartesian
coordinate of P. Then
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X ECOSIORNEI S () v
Y=rsin@ S (12)
Also r= 1#X2 e/ 3)

0=tan~!| X |
tan (}J ()

Any equation in X, ¥ can be
transformed into polar coordinates 0
with the help of (1) and (2) whereas :
€quations in polar coordinates are Fig. 2
transformed into Cartesjan coordinates with the help of (3) and (4).

4.3 Distance between two points

To find the distance Q
between two points.

P(r, 8,) and Q (ir5,79.)

Let OP= r 5
0Q=r2
ZAOP =9,
~and £A0Q =8, A .
In APOQ Fig. 3 ’

PQ? = 0p2 4 OQ? —20Ps OQcos(POQ)

2 2

5 —_—

o’ Ll oA
4.4 Area of the : R Q
triangle.

To find the area of
the triangle whose vertices
are
P(r, 0. Q (Ges 6,) and
R (r,, 6.)

Area of APQR :

= Area of AOPQ 0O

+ Area of AQQR
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— Area of AOPR

I . . i :
=%YITQSiU(32 —9])+;r2r35m(83 —8;) ——rgr3sin(®; —-0,)

3 _; [ﬁrzSi"(ez ~0,)+ 5,58in(8; —6,) + 1irsin(6, —6)]

4.5 To find the polar equation of a straight line joining
two points P (r, 6 ) and Q (r,, 0,)

Let R (p,9) be any point on the straight line PQ. Then
Area of APOQ=Area of APOR+Area of AROQ.

1 ; 1 :
So -;—T]I'E sin(@z —E}| )= 51‘1p51ﬂ(¢*91)+ Epr2 Slﬂ'(@z _qJ)

or nr; sin(0, —6,) = npsin(¢ -0, ) + pr, sin(6, — ¢).
Q(r,. 6,

P(r,,8)

Fig. 5
Hence locus of (p,9) is
Ty Sin(8—6, ) + rr;, sin(6, — 0) = n sin(0, -06,),
- which is the required equation of the straight line.

4.6 To find the polar equation of a straight line which
passes through the pole
and makes an angle § with
the initial line.

B

Let OB be the line passing
through the pole and makingan a

P with the initial line. Fiz. 6

‘| LN

i
[ 1]

=
=5
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Let R(p,$) be any point on it, then
¢*: B

so the locus of (p,9) is 6=

. which is the required equation of the straight line.

4.7 To find the polar equation of a straight line on which
the length of the perpendicular dropped from the pole
is p and this perpendicular makes an angle o with the
initial line.

Let MN be a straight line such as the length of the perpendicular
dropped from O on it is
=OL=pand ZAOL =q.
Let R (p,9) be any point on
the straight line MN.
' Now from the ALOR

P cos(a — ).
p

Hence the locus of (p,$) is

ey cos(c —0).
r

which is the required equation of the straight line.

4.8 To find the general equation 6fa suraight line in polar form.
Since ax + by = ¢ represents a straight line, so changing it into
polar form, we get

ar cos@ + brsinb = ¢

C : '
or —=acos8+bsinb,
r

which is the general equation of a straight line in polar form.
Note : The equation of a straight line perpendicular to the line

C o e : :
—=acosO+bsin 6 in polar coordinates is
r

S

=acos(6 4.-“}4— bsiﬁ(8+ a5y
r i 2

| . -
= J ,where A is an arbitrary constant

because any line perpendicular to ax + Dy = C i3
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bx —ay =2
Changing (i) into polar coordinates,
r(bcosb—-asinf)=x .

}—: acos[E}Jrer + bsin[EHEJ
r 2 2%

The equation of any line perpendicular to a given line in polar

i
coordinates is obtained by replacing © in given equation by 6+ 5 and

: ! ]
changing coefficient of — to a new constant.
r

4.9 To find the polar €quation of a circle whose centre
is (r,, ©,) and |
radius is a

C (r,, 6,) is the
centre of the circle
and a is its radius.

Let R (P,9) be any
point on it. Then
from the AOCR

r]3 «f—p2 —-2hp cos(ti)ﬁﬂl):a3

So the locus of (p.9) is

b 3 -
F G -2mcos(8-8))=a® (1)
B R B ey T S P S £ 43 . ¥
which is required eguation of the circle.

Case L If pole lies on the cir ymier

>0 €quation oi the circle passing the ugh the pole is
F=Zacos(@-@) = =00 (2)
Case I If pole lies om the cire smreence of the circle 2nd initial

line passes throtigh s certre

In this case equation of the circls berens i




Case III. It pole is at the centre
of the circle then for any point

R:(p.¢) on it, we have
p =

61

'So the locus of (p, ¢) is
I AR s (4)

which is the €quation of a
circle whose centre is the pole,

4.10 Polar €quation of a conje.

To find the polar
€quation of a copje
Whose focus is the pole.
Let focus S of the conic
be the pole and its
principal axis SA be the
initial line, ZM is the
directrix of the conic

and LSL'=2¢

Fig. 19
is its latus Fectum, Then
according to the definition of the conic
LS
N (LS=L! 8= )
or l'=eLM.
LetP: (p.9) be any peint on the conic. Then
PS
PN
or P=¢ePN -or P=eQz
=e&(SZ-SQ) = e(LM - SQ)
= e” ~pcos¢>]: f—epcosg
e )
. 4
or Pll+ecosp)y=r¢ o Ezl-%-ecoscj),

Hence the locus of (P, 9)is

4
—=l+ecosh,
r

...... (2)
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which is the required equation of the conic.
4.11 Equation of the directrix.

Let P : (P,) be any point on the directrix ZM of the conic

Then i T b

pcose{;:SZ:LM:f—

4]

-=ecosB. ... (2) Fig. 11

which is required equation of the directrix which is nearer to focus or
pole.

Coroliary 1. If SA is the initial line such that the principal axis of the
conic SZ makes an angle o with it.

el £ ASZ = q.
Then in order to obtain the equation of the conic in this case

Let P : (p.9) be any point on it.

Then £ PSA=¢,PS=p.
and ZPSZ=¢-q.

According to the definition of the conic
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or 'P=e(SZ—SQ)

=e(LM-8Q) = e{f—pcos@ — oc)}

=l-ep cos(-a)
or Pil+ecos(d—o)} = ¢

or —€-=I+ecos(¢——cx)
p

so the locus of (p,¢) s

—{=I+ecos(e-—a),- ()
r

which is the required equation of the conjc. |

Corollary 2. It this case, in crder to obtain the equation of'the directrix

let us take a point P (p,4) on it. L M
Then pcos(h— o) =SZ mr )
=LM
¢ S 0 Z
e
or £ =ecos(p—a) \\_‘_"’JL. \A
P
So the locus of (p,9) is gizats
4
—=ecos(0—q
- PSR - L ()
This is the required equation of the direcirix.
Corollary 3. If o =T
Then equation of the conic becomes
’(;
et e 0 PR (3)
r

and equation of the dircetrix beam

F= Tl
FEstny

4
— =~—ec0s0
-
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4.12 To find the equation of that directrix of the conjc

.f =1+ecos6 which is corresponding to the focus other
than the pole.

Let focus S of the M| L L @
conic be pole, P o}

corresponding to ' h
which ZM is the : ’ = >
directrix. S' is the 2 ST S

other focus of the
conic corresponding

to which 7' M is the Fig. 14
directrix. '
Let P (p,4) be any pointon 7' .
Then LZSP = ¢,SP =p,
and LPSZ'=m—¢
Now, pcos(nt—¢) =SZ'=8S'+S' Z'
; .
i | (1)
(S’Z’: L'M’=£}
e

Since S §'=2ae where a is the length of semi-principal axis and

¢=a(l-e?)

o 2l
So BS'= ] o2

or = e
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Hence the locus of (p, §) is

; 2
_{:________e(l—e )cose
r (1+¢?)

Which is the required equation of the directrix Z'M' .

Note : Let P be any point on the -conic £ =1+ecos® whose
r
vVecorical angle isq.

Then radius vector of P is and polar co-ordinate of

l1+ecosq

: J
————
(1 +ecosa
The point P is generally called the point ¢ on the conic.

point P is

EXAMPLES
Example 1. Show that in a conic the semi-latus rectum is the
harmonic mean between the segments of a focal chord. (Purv, 2003)

(GKP.92 94 98,2007
Solution. [ et £=I+ecosﬂ ‘ )
r

be the equation of the conic

and PSP' be its focal chord
such that ZASP = ¢

Then co-ordinate of P’ : S A
is (SP, o) and that of P' js
(SP', T+ o). B
Since P and P' lie on Fig. 15
the conic,
—f—- Shrecosa o) T SO R e e (1)
SP
and §;=1+ecos(n+a)=l-ecosa )
Adding (1) and (2), we get
v ¢

SN

—
SP Sp
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] 1

of e-SE- SP! sl USRI . (3)

7 /4

So l is the arithmatic mean of iy and _1_
¢ SP SP

or / is the harmonic mezfn of SP and S P',
Hence Proved.

Example 2. If PSP' and QS Q' are two perpendicular*ocal
chords of a conic, prove that

I 1
———
PSSP’ QSSQ!
[Purv., 93, 95, 2001; GKP, 1996, 98, 2000]
Solution. Let PS P' and QS Q' be two mutually perpendicular

focal chords of the conic

is constant.

/
— =]+ecosf and
r

Q

Z
Ql
P' L
Fig. 16

£ZSP =, Then P(SP PSP,z ~a
Q[SQ.2ze| amd @ [sgE-q
£ P Q" are poinis on the conic sc

—=liecms, ]

Sp (1)
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é’;-—-hecosa, A T Ry 1 2)
4 :
T e (3)
SQ )
¢ :
BN S oo e Lot af s (4)
SQ!
Multiplying (1) and (2), we get
' ¢2 :
— —=1-e2cos?q. ; e(5)
SP - Sp! &

Similarly, multiplying (3) and (4), we get

]

FL

— =l btonsii Dol & Tce gy 5 SRR SIS (6)
SQ-SQ’
Adding (5) and (6), we get
2 2
__g i ___L =2 _ @2
SP=SP' SQ- SQ!
L e S )
or SP+Sp SQ-SQ' 2 constant.
Hence proved.
Example 3. Show that the equations
¢ 4
—=l-ecosBand - =_ | —ecos f
- I I :
répresent the same conic. [Pury., 1997, 2000, 2004]
Solution. Let P(p, $) be any point on the conic
- =1 —ecos 6.
& ;
4
Then M=l e E0S () S sep(4)
r

P can be also represented by the coordinate (=P, T+ ¢) and it will lie
on the conic '
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14

if '__—5=~I—ecos(1r+¢)

14
or _—5=I—ecos¢ ...... (2)
This is true from (1) so P also lies on the conic

: _

— S—1'—eicas\0:

r

Thus we find that any point lying on the conic

=1 —e cos 9 also lies on the conic

- |

4
— =—1]1—ecosB.
r

Similarly, we can prove that any point lying on the conic.

¢ : el
— =—1 e cos 0 also lies on the conic — = 1 —ecos 0.
r r

Hence these two conics are identical.,

Example 4. A circle passing through the focus of a conic whose

latus rectum is 2 ¢ meets the conic in four points whose distances
from the focus are I}, T, I, and r, respectively. Prove that

l 1 1 ] 2

___|__.__{.+-+——=-——_ . [Avadh,gg]
s TR 4

r

Solution. Taking focus of the conic as pole let its equation be

¢
—=1+ecosH veee (1)
r

and

Equation of the circle passing through the focus (pole) of the
conic be

Eliminating 8 from
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Equation (3) is of fourth degree in r, gives four values of r,
corresponding to which we get radius vectors of four points of
intersection of (1) and (2). These are given as I, L, andr,.

Sor, I, I, and r, are roots of the equation (3).

2Irr. = Inn+rorr, + LI e,

1)k
8a2y¢ '
= e e 4
> @
4a%¢?
I\Lrr, = 2 e A U RS SENEE T s (5)

Dividing (4) by (5), we get
IO 1 1 (2]

S b= b =

r1r2r3l‘4 r] 1'2 1'3 I’4 o f

Hence proved.

Example 5. Prove that the locus of the middle points of focal
chords of a conic is a conic section of same kind.
[Luck., 85, Purv,, 98, 2000]

Solution. Let the equation of the conic be

f-tvecso T (1)
r g

Q
Fig. 17

Let PSQ be a chord of the conic inclined at an angle o to the
initial line SA, S being pole (focus). .
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Let M be the middle point of chord PQ whose polar coordinate
be (p, ). Then

SM = p, L MSA = .

Then a = ¢. The point P(SP, &) and Q(SQ, = + a) be on the
conic (1) Therefore,

gf—)-*-=1+ecosoc and .§%=1+ecos_(n+a)
PQ=SP+§Q=—* " ¢
(I+ecosa) (I-ecosa)
R 2¢

h (1-¢? cos® o)

4
(1-e*cos? ) *
s Jfl
(I+ecosa) i (JTe2 cosza')
efcosa  elcos¢

L = since o = ¢
I-e*cos? 1-e? cos? [0}

!
PMESME = P

SM =SP- PM =

SM =

Pl —e?cos> p)=—¢ev éoscb since SM = p.
Therefore locus of (p, ) is
(1 —e*cos?0)=—e ¢ cos 6.
Changing into Cartesian coordinates by putting

rcos 6 = x, rsinb=y

r* — er2 cos*0=—e/rcos @

Xty et =_apy

(1-€)C -y rerx=g

This isa second CEEITe equstion in x and ¥ “herefore represents
a conic. It will be zn ellinse 2 Paraboiz or 2 hvperbola according as
I —e is the positive z=rc OF Degative
If the conic is an ellinse = e - >0 Beace (2)is an ellipse.
If the conic is 2 paraboiz = = i —=0 bepee (P is 2 parabola.
If the conicisa Eypestodz = > e <@ hemes ) i z hyperbola.

Therefore locus 2 TEFFTSCRES £ Ctvwr of s

CE SRR sEme sl as the given
conic. -~
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EXAMPLES

Show that equations L I +ecos 6 and e — 1 +ecosB
r r

represent the same conic, , (GKP.2008) Purv. '2004]

In any conic prove that
(i) The sum ofthe reciprocals of the S€gments of any focal chord

is constant,
(ii) The sum ofthe reciprocals of two perpendicular focal chords
is constant. [Purv., 91; GKP, 96; 1AS, 87: Avadh. 97|

A circle of given radius passing through the focus s of a given
conic intersects it in A, B, C and D. Show that SA-SB-SC-SD is
constant, [Purva, 90]
A point moves so that the sum of its distance from two fixed

points S, S’ is constant and equal to 2a. Show that P lies on the
conic

a(l-e?
N(_TZ =] —ecosh

referred to S as pole and SS* as initial line, SS* being equal to 2 ze.

¢
QR isa chord of the conic .~ l=ecosH subtanding an angle 2¢.

atits focus S and SP. tie bisector of the angle QSR, meets QR in
P. Show that the focus of P is the conic, .

{ cosa
2 - =1-—-ecosacos8,

If I;’SQ and PHR be two chords of an ellipse through the foci §

and H. Show that £ g is independent of the position of P.

SQ HR
& [GKP, 99]

4.13 To find the equation of tangent at a point on the conic

£ =1+ecosh. [GKP, 88, 98: Purv., 96, 97]
r
Proof. Given the equation of the conic
-F—:I+ecosE}. ..... (1)
r

Let P and Q be two points on the conic whose vectorial angles are
o - Band o+ respectively then
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4
=0 ICecos(olP)MIEREE B & (2)

7
5_1 Hecos(ap@)iiii il e - o 3)

Q(a+B)
P(a—B)
S A
Fig. 18

Let the equation of the chord be
¢ = Acos(® —a) + Bcosh .
r

Since this chord passes through P and Q, then

-~

—el; = Acosp+Bcos(e-B) = ... (4)
and E‘,% = Acosp + Beos(a +B) .
Then by (2) and (4) we get
A cosB +Bcos(a - B) =1+ ecos(c. — B) +e(6)
Similarly by (3) and (5) we get
AcosB+Bceos(a+B)=1+ecos(a+B) ... (7)

|||||

2 B =10 5= chond PO becomes Smmpents 1 e conic at point 6
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= o Therefore, the equation of tangent at point 6 = ¢ is

4
—=C0s(6— ) + ecosl .
r

Note: Equation of chord joining points on the
conicl /r = l1+e cosg, whose vectorial angles
are a—p and @¢+p :

/r=secp cos (8-2) + ¢ cos g.

4.14To find the equation of the normal at g point on the conic

¢
—=1+ecosf. [Purv., 99,2000, 2003; GKP, 2004]

- - e -
Let P be a point on the CONnIC —=1+ecosd whose vectorial
E

angle is o i.e,
i
Ri - s 0L
1+ecosa

Let Cartesian coordinate of P be (X,, ¥,). Then

o {cosa
S ilre COSCe - e © % & oo™ e (D
Fs £sina 5
Tl GOS0 IR SR f, L B s (2)
Equation of the tangent at P is
¢
—=cos(6—-u)+e cos B b 2(3)

Changing (3) into Cartesian form, we get
£=x(cosa+e)+ ysing .
Slope of the tangent at P is

coso+e
sin o
S0 slope of the normal at P is

sin o
COSC + e
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Equation of the normal at P is

- sin o
Y Y e e (O corss()
cosa+e
Changing (4) into polar form, we get
: /sing sino fcos
r.Sin Q= N3 blng fcosObEsastanll |y (5)
l+ecosat  cosa+e - l+ecosa ).

Now, simplifying (5) we get the equation of normal at o is

.~ 3 Sinocos® Isino €osa,
r sin + = i

cosa-+ej l+ecosa cosa+e
. ) fesina
or r[sin(@ — &) + esin 8] = —
1+ecosa
1 esina
or —|T————|=sin(6 —a)+esing
]+ecosa

4.15. To find the equation of asymptotes of the conic

ST Alld. 74 GKP 72,75, 2003)
. :

Proof. The equation of the conic is
4
—=1+ecosH 2ei(ly)
I
s _
Let (r', &) be a point on (1) mgn

¢ _
5 - L reas o Y SR e (2)

The equation of tangent at the point a is

£
¥

(O=d)recasemeu cim | L getunet) | )

¥y

O

L]

-

np

S
f[i e 8
" -

{ J

-

Lad

) tends to become an asymptote of the

neent (

L Ft
—
-~
-

A

con%c.

47
o B

7

'S
Tt

| S -
| S

i i)Y
‘i -

¥+



The tangent (3) can be written as

¢ : :
—=c0s6(e + cosa) +sinf sin
.

== (e —1}:059 + /1 ——%sinﬂ

e e
or fi =——-—~—"(iﬁn[1/(ez H])CDS@iSfﬂB]-

These asymptotes are real ife2— | > @ or e>|,

4.16. Chord of contact.
To find the equation of the chord of contact of the point

P (r;,0,) with respect to the conic i =1+ecos@.
& (GKP 2003.
Let o and B be the vectorial angles of the points of contact A,Bof

the tangents drawn from P(r;,0,) to the given conic.

AB is the
chord ‘of contact
ofthe point P with
respect to the P(r;,8,)
conic. _
So from 4.13 4
equation of the
chord AB is
Fig. 19
£cs::s i a = cos[e — a-ig] + ecosﬁcosﬁlg
r ; 2 2
., S
or [— —eCcos BJcos oG % cos_(e - Efﬂ) e plL)]
r 2 \ 2
Equations of tangents at A and B are
—=cos®-o)+ecos6 (2)
r
/
and =cos(@—PB)+ecos6 (3)

r
These tangents pass through (r,6,)so
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£ =cos(6, —a) + €coso,;

..... (4)
iy
%
—=¢08(8, —B) +ecosb, e (O))
5
Comparing (4) and (5), we get
cos(B, —a) = cos(B, — |3_)-
o+
or 0~oms(e~p) or H=F (6)

Putting this value of 6, in (5), we get

[ﬁ—ecosej (‘”ﬂ -B]

= cod &P ‘
—cos[ s ] ...... (7

Again, putting the values of & ; B and COS[E—;—HJ in (1), we get

the equation of the chord AB as

- b
(-g—ecosew[f——ecos'&]J-—-cos(8~8]) (8

T PARLY)
This is the required equation of the chord of contact.
4.17. Polar.

To find the equation of the polar of the point P(r,,8,) with

-
respect to the conic —=1+ecosf. [GKP 2000; Avadh, 97]

-~ =2 - ¥ - -- - *
I'he polar of the point P(r, .8, )isthe chord of c

contact of tangents

£ =3 - ~
SR --u-ﬁ- 1% £ --— e el T =] — e
dl"a n L IO AC CORIC — = 1-—CC0S0D.
T
e e e, S BT

Proceeding in the same ways as 4.16, we get the equation of

3= i s
anHa3T G the nnias I = >
tl‘l\- pu..“..‘..' LS MG L . T >
3
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4.18. Director-circle.

To find the equation of the director - circle of the conic

£=I+eum9[Pwm&i9&2&EﬂASShAwﬁh8ﬁGKR?ﬂ
r

Definition. The director-circle is the locus of the point from which
tangents drawn to the conjc are

mutually perpendicular.
Proof. Let P be the point(p,0) —

or

cor

from which tangents drawn
tothe conic £ = 1+ecos P(p, ¢)
- ==
X
are mutually perpendicular
and these tangents touch
the conic at A, B whose
vectorial angles are o and Fig. 20
B respectively.
Now, from 4.16 (6) and 4.16 (7), we get
R e (1)
¢ 2
and («E-ecosd)}:cosi:g Ry N (2)
p J 2
Slopes of tangents at ¢ and B are
_Sosothe " COSIB*'E
sin o sinf3
Since these tangents are mutually perpendicular,
(cosa +e)(cosp + e) .
sinasin 8
cos(c—B) +e(coso + cosB)+e’ =0
2cos? 9?—2——;3—+2ecos Olglz’cosaz_ﬁ+(e2—-1)=0 ..... (3)

Substituting the values of a;B and cosg’-g—q in (3), we get

: ; L
2(£~ecos¢>] +2&cos$(£—-~.cos¢o [+(e" =1)=0
Lp Lp J
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p1 (1 —:—::")+2ta£.”'pcms¢)--2£2 —Q.

or
Hence the locus of (p;$) is
r2(1 —e?) +2elrcost - 202=0.
This is the required equation of the director-circle.
EXAMPLES
Example 1. If the tangent at any point P on a conic whose focus
is S, meets the directrix in K., show the angle PSK is 2 right angle.
Solution. Let the M
equation of the conic be
¢ _ P
* _1+ecos® and P be a
r
point on it whose vectorial K
angle 1s O S 7
Equation of the
tangent at P is

4 ig.
° —cos(f - o) +ecosf Fig 21 e (1)

:
Equation of thedirectrix of the conic is

L =ecost e ()
r
Let (r,, 8,) be the coordinate of the point of intersection K of
(1) and (2), then
4
— =cos(8, —o)+ecos®, e (3)
fy
=
and S ccosOyR e R e | e (4)
I
From (3) and (4), we get
cos(8, —a)=0
f°e--) Ql—a;i{r

L

Hence £ PSK is a right angle
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Example 2. Show that the locus of the point of intersection of

' ey :
two tangents to the parabola — =1+ cos which cut one another at a
r =

constant angle a., is the hyperbola £ =COSQ + COsH .
r

Solution. [et 0, and 8, be the vectorial angles of the points of
contact A, B of the tangents to the parabola

—€-=I+cose
r

which cut one another at P
such that ZAPB = g,

Let us assume that
(P, ¢) be the coordinate of P

Equations of tangents
at A and B are

_g_:cos(e—@l)-lﬁcose """ (1)
r

Ezcos(9—62)+cose. =.(2)

These tangents pass through P so

e cos(¢p—6,) +cosd ---I--(3)
p
and £=005(¢—92)+cos¢) ..... (4)
Compariﬁg (3) and (4), we get
005(‘13*91):005(‘?“‘92) or -6, =+(¢—9,)
or b= O ;9'2_ ..... (5)

Putting this value of ¢ in (4), we get

2 Cos = cos[gﬂ —GEJ
P 2
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o~

= COS{

3y —

-
-

o (6)
Changing (1) and (2) into Cartesian form_ we get
€=x(cos8; +1)+ysinB, ... (7)
£=x(cosB, +D)=ysinB,- .. (8)
Slopes of these tangents are
cos6; +1 cos8, +1
———f— and -——2_
sin 6, sin6,

cosB, +1 cos®; +1
sin@ sin@,
So, tana= = L
R . (c0s6, +1)(cosh, +1)
sin®, sin 6,

Sil’l(Bl _—92)+(Sin 9] —Sin 82)
cos(6; —6,) +(cos6, +cosh,)+1

2sin 9‘—5—%-[005 g, ;62 +cosg'—fez

2cos 9559 [cos B +cos?—ligg~

2
8, -0
=tan—_ 2,
Hence o= 9 -6, :
2 |
Now, putting this value in (6), we get
¢ :
—=—cCos¢=cosa oOr =—cosag< cosd.
p

p
So the locus of (p.d) in

= <O

[F3]

e
O+ Cost.

i | l'"'“1

Hence proved.
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Example 3. Show that the condition that the line

+=Ac059+Bsin9 may touch the conic =l+ecosf g
r

(A-e)2 4B 1. [Purv., 99,2000, 01; GKP, 84]
Solution. Let the given line touches the

given conic at a point
whose vectoria] angle is a. So the tangent at o

£=c05(9-a)+ecosﬂ (1)
r

and £=A0038+Bsin9 (2)
r

must be identical. ,
Changing (1) and (2) into Cartesian form the €quations become
=X(cosa +¢€)+ysing, ()
£=Ax+By oie(4)

Now, comparing (3) and (4), we get

1/=1205,90qe ¥ iSiniod

T B
Eliminating ¢ from these eg

(A—e)® +B2=].

uations we get the required condition as

o e
Example 4. Prove that the tWo conics —L=1+e cosO and
r

% =l+e; cos(0-q) willtoucheachotherifé’,z(l ~e,) + £3(1 - e’)
r
=2€,€2(_1—-elezcosa). _
' [Purv. 96, 2001: GKP, 84; Avadh, 86; Alld., 87]
Solution. Given conics are o

—L=1+¢, cos D
r ¥
¢,
and —==1+e,cos(0 - O - R e b (2) .
- r

Let(1)and (2) touch each other at a point whose vectorial angle
is B.

Equatfon of the tangent at B to the conic ( 1) is
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E'--=<:os((51'—B) T onsoe - UL e (3)
r
Equation of the tangent at [ to the conic (2) is
£ =cos(0-P)+e,cos(0—c) ... (4)
r

Straight lines (3) and (4) must be identical so changing these
equations into Cartesian form and comparmg, we get

€, cosB+e - sinP
£, cosf+e,cosa  sinB+e,sina

or (€3 —¢;)cosP = (e, coso—C,e;) ()
and (¢, —¢,)sinB="¢e,sina veeea(6)
Squaring and adding (5) and (6), we get the required condition
as
(»e “f )2=:€12822+922 12—Zf Eze E:-,COS(JL

Hence proved.
Example 5. Prove that the locus of the foot of the perpendicular

' e s ol
from the focus of the conic —=1+ecos® on a tangent to it, is
- :

r’(e? —1)—2fercosd + £2 = 0.
( [Avadh 86; GKP, 83 Purv., 91, 92, 93, 94]

4
Solution. Let A be a point on the conic —=1+ecos® whose
: r

vectorial angle is o and A
P be the foot of the
perpendicular dropped
from focus S on the
tangentat A.

Let us assume
that the coordinate of P
be (p.¢). Equation of
the tangentat A is

"
»
;}

f§
!
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-g—zcos(e—a)+ecose ..... (1)
r
P(p.9) is a point on (1) so

Lo cos(d— o) + ecos¢
P

or ' é—ec03¢=008(¢—a). ..... (2)

cosa +e
sin o

Slope of the tangent (1) is = —

Slope of the perpendicular SP is = tan ¢.

Hence, tan ¢ — cos:a+e =—
sin o
or —sin¢cosa—esin $p = —cosdsin o
or —esin ¢ =sin(¢— o) )

Squarring and adding (2) and (3), we get

2 ;
%+e2 _ 2lecosd -

p p
- or (e® =1)p? —2fepcosd + £2 =0 . s (4)
So the locus of (p,9) is '
(e* -nr? - 2¢ercos® +¢2 =

Hence Proved.

Example 6. Two equal ellipses of eccentricity e are placed with
their axes at right angles and have a common focus S. If PQ be a
common tangent to the two ellipses, show that the angle PSQ is

2sin7! =
) _

[1AS, 82; Agra, 82; Luck., 81] :
Solution. Let the equation of the given two equal ellipses be

_£=1+ecosl3 D)
r
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£=1+ecos[9—§J ..... (2)

r

Let P (a) be any point on ellipse (1) and Q (B) be any point on
the ellipse (2) and PQ be the common tangent, then the equations:

i =c0s(0@—a)+ecosO
5

Lo cos(B0—B) + ecos(e —EJ
r 2
are identical. These equations can be written as

¢ : .
—=(cosa+e)cosO+sinBsin o
r

L cosBcosB + (sinB +e)sin® .
r

Comparing the coefficients, we get

1= c0sa+e  sina
cosf3 sinB+e

or cosa+e=cosf ie. cosB—cosa=e . (4)
sinB+e=sinq sma-sinf=e . (5)
From (4),
e=25ina+BsinahB.
Do 2
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From (35),
€=2cos S sin a-;ﬁ
Squarring and adding :
2e* =4sin2 2= B
2
. 0—B ¢
sin =R
2

o e
£PSQ=2sin7!| £_|
' (JEJ

Example 7. P,XQ, R are three points on the conjc g
r

nd SR meet the tangent at Q in M and
= €. Prove that PR touches the curve

=1+ecosO
the focus S being the pole; SP »

N so that SM = SN

—€=1+2ecosﬂ.
r

Solution. Let the vecto

rial angles of points P,Q,R be a, B,y
respectively. "
UM, o)
P Q(B)
N(¢, )
S

Fig. 25
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The equation of chord PR is

£=sec(y_0' cos 9—Y+Q]+ecgse
r 2 2

(y—a
—sec—(’}' a)cos-——(*y+a)cosﬁ+sect > ]

sinzlz-(y +a)sin@+ecos® , (1)
Equation of tangent at Q whose vectorial angle is B, is

éz cos(e- B)+ ecos0 .
This tangent passes through M (£, ) and N ( ¢, v), therefere
cos(c —B)+ecosor =1
cos(y—B)+ ecosy =1
or cosa(cos[3+e)+sin asinp=1 ' semi2)
cosy(cosﬁ+e)+sinysin[3=1 —=3)
Solving (2) and (3) we get

: : 2 cos 1.11-:—{:—{—5'&[‘1 1—-(y—cx)
_ siny—sima 2 2
cosf+e=— = 1 1
sin(y - o) 2sin—(y—a)cos—(y—a)
2 2
= secl(? = 0t‘)cOSl(Y + )
2 2
2sin " Fsin - (y—q)
SinB=cosa—cosy= 2 2
Sln(:\" = ﬂ-) 2sin _}T{-; — o) CGS i {:,' - a)
I ]
:sec—(:f—cr)sm :(?'T—G
Substituting these values in the egastion of chord PR, we 8'3t

Va2 - -
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It is the equation of tangent at point § = B to the conic

-éi =1+2ecosf
r
Example 8. Find the locus of the poles of the chords of the

conic Ll I+ecos6 which subtends a constant angle 2a at the focus.
I
[GKP, 98, 99; Purv., 97; Kan., 77]

Solution. Let the chord ol
P Q subtends an angle 2¢ at the Q(BHo) .caa=" :
focus S of the conijc. The
vectorial angles of P and Qare .
f-aand B+ q respectively.

ZQSP = (B + a)-(B-a)=2a.

The equation of tan gents
P and Q to the conic are

Ezcos{e—(ﬁ—a)}arecose ..... (1)
r
¢
T SOSOS(Bra)hecosEl SRR (2)
r
The point of intersection of the fan_onis at P and Q will be
ootained by climinating B froi (Dana . i rom (1) and (2) we get

cos {0—(B—-w)} =cos {08+ a)}
9-B-a) =£{6- (B )} «
Positive sign gives a = 0 which is not admissble, Negative sign
gives ‘
B—(B-a) =—{(0-(B + )
0 =B. - -
Substituting this value in (1) or (2), we get

4
—=c0sa+ecosb
r

fseco
r

which is a conic having its focus S and its semi-latus rectum = ¢ sec o
and eccentricity = e sec q.

=1+ (eseca)cosd
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Example 9. If the normals at the three points of the parabola

6 . .
r=acosec’— whose vectorial angles are o, 3, ¥ meet in a point whose

vectorial angle is ¢, prove that
a+B+y—n=2¢.

Solution. The equation of the parabola is

0
r=acosec® —
or 2—a=1—c059‘, ..... (1)
=
The equation of normal at a point § to the parabola is
sl 5)
(1—cosd)r L
2asind 1

ff_—a)_ =sin®(1 - cosd) +cos0sind
—CO0S r

It passes through (p,4), then

2O sin¢(l —cosd)+cosPsind. .. (2)
1—-cosd p
2tan§— 1 —tan? §—
Putting sind = Z cosd = %
I-tan? = l+tan25

in (2) and solving, we get

psin ptan’ -62-+(;:Jr.:ost‘i:»—a)mn2 —{-S-—a:O-

This is a cubic equation in tang giving three values of tan 9
b ]

) o
Let three values are tan—, tan B

> tan % then by the theory of equation

oL a—pco
S, Etan3+tan~§—+tanl=—p—s-?

2 psind
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B B o

S, = tan > tan +t Y L =
2 = ~ tlan—-tan—+ tan—tan — =
2 2 2 2 2 2

[0}
S; =tan = tan Etan e

2 2 2 psing

tan[E+E+l]=S‘“S3

a-pcos¢g a
psin¢ psin g
1-0
=—cot¢
' T
=1tan| —+
5+ |
a+B+y=n+2¢
29=a+B+y-=.
EXERCISE 4.
PSP’ is a focal chord of a conic. Prove that the angle between the
tangentsatPand P* is tan™ 2: Sm_ = where a. is the angle between
the chord and the major axis. (GKP2007)

[GKP, 84, 2004: Avadh., 85; Alld., 86; Agra, 88; Purv., 99]

IfPQ is the chord of contact of the tangents drawn from a point T
to a conic whose focus is S, prove that

- (1) ST?>=SP - SQ if the conic is a parabola ; and

(ii) if the conic is-central and b is its semi-minor axis, then

et 12 =1 2 1?30}.

SP«SQ ST? ¢2 2y
If S is the focus and P and Q two points on a conic such that the
angle PSQ is constant and equal to 25 , prove that

(1) The locus of the intersection of tangents at P and Q is a conic
section whose foucs is S.
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4.

5

(i) The line PQ always touches a conic whose focus is S.

_ [UPSC, 88; Luck., 85]
A conic is described having the same focus and eccentri city as the

conic —=1+ecosf and the two conics touch at a point 6 = q,
r

prove that the length of its latus rectum is

20(1 —e?)
e? +20coso+1

[Agra, 86; IAS, 83]

* Ifthe normal at L, one of the extremities of the latus rectum of the

conic —=1+ecos® meets the curve again at Q, show that
i E)

_0(1+3e? +¢e%)
l+e? —¢t

SQ

[fthe normals at o, 3,y on £ =1+ecos8 meet in the point (p, ).
r

show that 2¢ =a+B+y . [Purv., 96, 2002]
[f the normals at the points  , 8., 0., 6, on the conic

-€=1+ecose
T

meet in the point (p,9), show that

10.

6, +8, +0; +0, =(2n+ ) +2¢

[Kan., 80; Purv., 200 1]
1f SM and SN are perpendiculars from the focus S on the tangent
and normal at any point on the conic and SL is perpendicular to
MN, obtain in polar coordinates the locus of L. '

Two conics have a common focus and directrix. If any tangent to
one intersects the other in P and Q, show that

4

L M : : -
sec | ?PSQ] = %—;e,e, being their eccentricities. [IES, 87]

b e BT ?Lp—? HHHHHHH 4 &

B -
IOVC Hi2! N eguation of a pair of taneent 5o 2 o

£1 4 QL U3 e Lo AU A ru:nt(rl, e')to

= { . - e
VR VINATL -y ~ LT



21

l

vt fiem] ]

="{?€—ecose](r£—ecosel)~cos(8——9,):’ [GKP, 75]
|

I1. OPQ is a conic one of whose foci is S.and PQ passes through a
fixed point O, show that the product

PSO . QSO

tan tan 1s constant, [Luck., 75]

12. Show that the two conics
3 +Ccos 9)

and f«/-ﬁr[\ﬁﬂzos 6+ — ]

touch where g :% [Luck., 88]

I3. ifa chord PQ of a conic whose eccentricity is e and semi-latus
rectum is ¢, sutends a right angle at the focus S, prove that

2 2 2
(.,1__1) il _I_—l} S [GKP, 2004]




