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AN INTRODUCTION TO INTEGRAL CALCULUS
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§ 0.1. Definition ‘
The process inverse to differentiation is defined as integration. Thus if

fx"F (x) = (x) , we say that f(x) is an integral of f ) ie.,

Jreoya=re |
The process of determining an integral of a function is called integration and
the function to be integrated is called integrand. -

§ 0.2. Constant of Integration
Since the differential coefficients of a constant 1s zero we find that

Sro+a=2Lyw)=ru

J F(x) dx = (x) + ¢, where ¢ is constant.

Here ¢ can be given any number of values and consequently the integral is
fnown as indefinite integral. The common practice is not to write the constant of
ategration. Thus we have following two classes of integrals.

(a) Indefinite Integrals,

(b) Definite Integrals.

We have already mentioned about indefinite integrals above. Now if F(x) is an
ategral of f(x) then the integral of f(x) between the limits @ and b is denoted by

_[bf(r)dr

a=d is delined as

b
b
l f@de= g[Fx)] =F () - F (a)
Wch is the difference of the values of F (x) at the upper limit and lower limit. If we
= the integral of f (x) as F(x) + ¢ where c is any constant, even then
b b
fx)de= [F(x) + c:l
a a
=1F() +c} — {F(a) + ¢}
= F(b) — F(a).
(1)
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Since the constant of integration is eliminated in this case, the integral
f : f (x) dx is known as definite integral. a is called the lower limit and b the upper
lifnit of the integral.

§ 0.3. Important Theorems

(1) The integral of the product of a constant and a function is equal to the
product of the constant and the integral of the function.
Thus if ¢ is a constant, then

faf(x)dx=aff(.x)dx

(2) The integral of a sum or difference of a finite number of functions is equal
to the sum or difference of the integrals of the functions i.e.,

f [£1(6) £ fo(6) * wounnee £ f, (0)] X

= ffl(x) dx + ffz @ dx = ... * ffn (x) dx

§ 0.4. Fundamental Formulae
From differential calculus we know that

LN e
[n+1] (n+1) -
Thus fx"dx— +1,(n¢—1)

In words the above formula may be stated as :

“To find the integral of X* w.rt. %, increase the index (power) of x by unity (one)
and then divide by the increased index”.
However if n = — 1 we have

-1 =f_l = .4 A
fx dx xdx logx [ dxlogx x]

§ 0.5 Standard Results

1. f[f&dax=¢

2, f d de = a ,a%1
log, a

3. [ sinxdr=—cosx

4. [ cosxdx=sinx

5. [ tanxdx = logsecx

6. [ cotxdx = logsinx

o

f secx dx = log (secx + tanx) or log tan [% = %J
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8.
9.

14.

16.

17.

18.

22
23.

[ cosecxdx = log tang- = log (cosecx — cotx)
[ sec?xdx = tanx
J cosec?xdx = — cotx
[ secxtanxdx = secx
J cosecxcotxdx = — cosecx
e L
ZL+a® @ a

f de=§m+%zsmh"l (ﬁ)
J V= amgv - L a2
J sinhxdx = coshx
[ coshxdx = sinhx

» 0.5 BExiended forms of Fundamental Formulae

@) f(ax+b)"dx=

a (@n+1) °

i 1 7t 1
(u)f(ax-l—b)"dr_a(n—l)(ax-{-b)""l’

(iii)

1
ac +b

dx -—-—-i—log(ax + b),



xX+q
(iv) feax"'bdx:leax"'b and fapx"'qu:-];ap ;
a p log.a

(v)fsin(ax+b)dx=—%cos(ax+b),
(vi)fcos(a:x+b)dx=%sin(ax+b-),
(Vii)fsecz(ax+b)dr=%tan(ax+b),
(Viii)‘rcose«c2 (ax+b)dr=-—%cot(ax+b),
(ix)fsec(a:r+b)tan(ax+b)dx=%sec(ax+b);

® f cosec (ax + b) cot (ax + b) dx = — %cosec (ax + b).

§ 0.7. Methods of Integration

There are four principal methods of integration :
(a) Integration by substitution,

(b) Integration by parts,

(c) Integration by decomposition into sum,

(d) Integration by successive reduction.

(a) Integration by substitution :

Method of substitution is very useful in the sense that it transforms the integre
into rather simpler forms.

If we have the integral of the form
J ¢ @} e @)ax

where ¢’(x) denotes the differential coefficient of @(x) with respect to x then in orde
to evaluate it we put

¢ () =1t &
so that @' (x)dx =dr

then the given integral reduces to f f (t) dt which can be evaluated in terms of ¢ a=¢

then the value of ¢ will be replaced in terms of x with the help of (i).
Note—In the problems to be solved the function [ f{¢ (x)} and ¢’ () s =

mixed up that the proper substitution becomes a guess work. At the initial stages the

students may find some difficulty but after a short period they develop the ability

such guess works. Following examples will make the process clear.
Example 1. Find the value of [tanx dx.

Sol. ftanxdt=fsmxdx
COs X

Put cosx = ¢ so that — sinx dx = d, therefore
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ftanxdx=—f§—r=—logt

= — log cos x = log secx.
2
Example 2. Evaluate [ x ¢ dx.
Sol. Putting x* =t so that 2x dx = dt, we have

2 1
xex dx = 5 t‘;‘I dt

erz_il_.exz
¢ -

—

=

=) Integration by parts :
Let f (x) and f; (x) be any two functions of x, then

LHO LGN =AO S ) +HE L o)
Hence by definition

0,55 [fl 0L 1@ +H oL, (x)}} ax
Jroltnerar WL @} ar

e 4 @t a=h® H0 - | 1 @2 {f, @)} dr
)
Nowif 2 {f, (9} =F ()

JF@ dr=f(x) by definition
Then from (i) we get

Jnoroa=ro roa- [ H%fl (x)};{z_(n] & (i)

Thus the integral of a product of two functions f; (x) and F (x) termed respectively
‘2= first and second function may be stated as follows :
Int. of Product of two functions

= First function X Int. of second
— Int. of [Diff. Coeff. of first x Int. of second]

Note 1—Above formula provides the integral in parts and the process may be
ted if desired.
Note 2—While making a choice of first and second functions we should take
function as that function which is readily integrable and the first function
to a simpler function after differentiaion.
Note 3—If there is only one function, we can make use of this formula by taking
as the second function.
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Example 3. Evaluate [ x* ¢ dx.

Sol. Here x* should be taken as first function. Integrating by parts taking &
second function we have

[ de=x2 - [ & 2x)ax
=2 -2 [ xe’ dx.

Integral on the right is again a product of two functions. Repeating the
again with x as first function, we get

[Pfd=1> -2 [w"—f 1- e"’dx]

=xé - 2w+ 2
=02 -2x+2)¢.
Example 4. Evaluate [ sin” ' x dv.

Solution. Integrand in this case cantains only one function. Integrating th
by parts taking unity as:second function, we have

[ sin'xde= [ sin" x (1) dx

=xsin  x— L
V(1 - x°)
Putting 1 -=F
so that — 2vdx = 2 dt

I==xsin_'1.x+ ftTdt

,

=xsin lx+¢

or Jsin"lxde =xsin"lx + V(1 -5
(c) Integration by decomposition into a sum :

This process is generally used when the integrand is a rational algebraic
or a product of trigonometric functions. In the first case it can be resolved into
fractions and in the second case it can be decomposed into a sum by the
proper trigonometric identities.

1

Example 5. Evaluate f Wdr

Sol. We have f

5

1 ¢

L e

(€ — 1) € - 1)
[multiplying the Nr. and Dr. &

Lz, putting & = ¢ so that ¢ dx = dt.
t(t—1)
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or

Now ——-1-—-2- =4 # g = ¢ 5>  [on resolving into partial fractions]
t@—1)° t t—1 (-1
nl=A@E=1)>+Bt@—-1)+Ct (1)

To find A4, putting f = 0 on both sides of (1), we get 4 = 1.
To find C, put t =1 and we get C = 1.
Thus 1= (t— 1> +Bt(t— 1) + ¢
Comparing the cocfficients of £ on both sides, we get
0=1+B or B=-1
108 aF iy a Tl

t(t-—l)z_f_“'l (r—l)'

Hence f
t (f f b 1
= logt — log (e 1) —{1/¢ -1}
=logée* — log (¢ — 1) — {1/(¢* - 1)}
—log(¢f — 1) = {1/(¢" - 1)}.
Example 6. Evaluate [ ¢* cosx dx.
Sol. Integrating by parts taking e as first function, we have
[ e® cosxdx = e sinx — [ 26 . sinx dx
=" sinx — 2 {— e cosx — [ 2¢% (—cosx) dx}
(on repeating the process again)
o, % 2
=¢" sinx + 2~ cosx ~ 4 [e“ cosxdx
Transposing the last term on the right to the left, we get

; 2
5 ¢ cosxdx = ¢ sinx + 2> cosx

2x er
e“ cosxdx = 5 {sinx + 2 cosx}.

id) Integration by successive reduction :

Here we first integfate by parts and after making some suitable transformation

w=c connect the given integral with another integral whose integrand is of the same
oype but a simpler one. The process of reducing a given integral to a simpler integrai
of the same kind is known as the method of reduction and the relationship so obtained
= known as the reduction formula. Use of the formula may be repeated to evaluate
the integral.

EXERCISE 0.1

Evaluate the following :

L

f—-—-—ﬂ—--——- 4, fxcos x% . sinx? dx

44 3 — 24



secx xe"
& fmdx # f(x+1)2dx
S
5. fexﬁﬁ%s-dx 6. fex{1+\f1—?sm xj'dx
@ +=2 Vi =’
7. f = x dx 5 8. fxz tan™ L x dx
(x sinx + cosx)
9. x> tan L x dx 10. fx sin” Lxdx
11. f x% sin~Lx dx 12. f sinx log (secx + tanx) dx
1 1 (x—1)dx
13. f — dx 14. f :
[logx (logx)z] x=3)(x-2)
15. f — g 16. - d
+x—-6 f(xz—az)(xz-—-bz)
2 ; 4 2
17. f E’%&"de 18. fzxz ¥ dy
1 : 0

' fl"ﬁ sin” Ly dx

1
19, == FAr 20, f x (tan~ 1 x)? dx
T =gy i )




