(Chapter 1)

INTEGRATION OF IRRATIONAL ALGEBRAIC AND
TRANSCENDENTAL FUNCTIONS

1-1. Integration of 1/v(ax? + bx + c).
(a) When a is positive

dx i) d
\/(wcz + bx + ¢) ~ Va VI{® + (b/a)x + (c/a)}]
i dx
Ve Vi + 0r2a)) + {(c/a) - 62/AD)]]
1 dx

= i1
va Vi{x + (13/242)}2 s {(b2 = 4ac)/4a2}] H

Now two cases arise viz., b% = dac > 0 and b% — dgc < 0.

Case L b° > 4ac.
Then from (1) we get

2
2
f - =-\/1_a dt/\/[rz—{—ub _%C}J,

V(ax® + bx + ¢) 2a

where f =x + (b/2a)

2
=icosh_1 !:I/J——H I = dac }
va 2a
gy | g b)), V(b = 4ac)
—%'COS}I [(X‘f‘ 2&) / 2a J

1 -1 2ax + b
= \_f_ COSh _2*——‘—
a V(b — dac)
Case IL 5% < 4ac.
If b < 4ac, then b — 4dac is negative.

(9)
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<. from (1) we get |

f de 1 dx

V@R it re) Ve V[{x + (b/24)} + {(d4ac — b*)/4a°}]

dr -

Vo +a il

(which is of the form f

-t [+ 2) ;\/{4“‘-'—”2”

4“2

= ;,% sinh

1[_2ax+b

V(4ac - b%) |
In case of b> — dac = 0, vax® + bx + c is a rational function.
(b) When a is negative. Let a = — 4.

f dx _f dr

V(@ + bx + c) B V(c + ax — 4x°)

_1f dx
T VA4

V{(c/A) + (b/A)x — x*}

_1f dx
T VA

\/[{(bz/4A2) + (c/A)} — {x - (b/ZA)}Zj

1f dx
VA

VI{(® + 4ed) / 447} - {x — (b /24)}?

dx

-
-
—_—

2
a

(which is of the form f

L[ x—(@r24)
vA V{(0® + 4cA)/44%}

i [ 24x-b
Zh V(* + 4cd)
(& 1 SaTe _—Z2ax—b_
VED T Ve - da0)[
V(—a)isreal, " a<i
Example 1. Integrate 1/V(1 — x ——xz).

Sol. f L f &

=z =) ™ Wil — ¢ +2)]
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[__a ._1{<x+%>}
= = SIn
S _ 1 V(5/4
VE - @ +3)7] (3/4)

_ e -1 (2x+1
= sin —"/5 .

Example 2. Evaluate f ?—G—(%ET)}—

Sol. gt o f 225

Ve-2 U vid - -

Example 3. Integrate 1/V (J:2 +x +1).
dx . dx
VE@+x+1) Y Y+ D+ (v32)7

1
= sinh ! e
V3/2

= sinh "L [(2x + 1)/V3]
EXERCISE 1-1

Sol.

Integrate the following with respect to x :
L IV -2 2, 1/[2V{x (1 +x)}
3. W@E-x-2) 4. WG +x=2)
5. 1V@+x- 3% (GKP 2005) 6. VG + 2+ 5)

B
. . 1
72 1/V(4+3x-2‘c) 8. Ja: V(x—-a)(ﬂ—x)dl?

§ 1-2. Integration of V(ax? + bx + ¢)
(a) When a is positive

A/ (
.r\/'(crzzcz+I:u|r+c)d:r=w/a“J \/x2+£—x+§)dr

=«a:\/-i(x+2a)z + {E——b—Z”dx
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o 3 \&x 12 s \%Zzﬂ}dx

which as in § 1.1 is one of the two standard forms

f\f(x2+a2)dx, f\f(xz—az)dx

and hence can be integrated.
(b) When a is negative

Leta = — A4, Then
f\f(a:x2+bx+c)dx= f\/(c+bx—fbcz)dx

=~/Af\/(i+% |
| =«Af\/(£2~+§—(i’—] ]dx

x——x2) dax

\ 24
' [
b” + 44c b
_\/Af\/ 7—-( ——22)}515:

which is of the form f Va® 3 dx and hence can be integrated.
Example 1. Integrate v(2x* + 3x + 4).

sm.fv’(2x2+3x+4)dx=\/2f\f(x2+§x+2)dr.
=«2f{(x+%)2 +%§}dx

- V(e () ]

b dVle) ggmld]

2" 73 4 6] "2716" V(23/4)

-
=V2 é(4x+3) \/(x2+—;-x+2) -f-gB--sinh_1 (ﬂx—j——:&)

32 V23
o 2 23V2 . 1 (443
—-8(4.1""3)'\,(21? +3x+4)+-?§—smh ('_‘_—\/23 )

4
Example 2. Evaluate f V{(4 —x) (x - 3)} dx.
3 (Gorakhpur 2005, 104
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4 4 ’
Sol. [(4—x)(x=3)]dc= | V(x—x"—12)dx
3 3

4
. J; VG =~ =) ax

= Be-Hvidi - -+ 3G s

= (1/8) [z + 5 7] = /8.
Example 3. Integrate (x* + 1)/V(x* + 3).

% + 1) dx 2 +3)—2
Sol. = dr
? f\/(x2+3) V@ + 3)

-

\/(x2+3)

1 2 1 -1 . =1
=XV +3) +5.3.si0k G/V3) —2sinh ~ (x/V3)

=f\/(x2+3)dr——2

= % eV +3) — sink ™ @/V3)).

EXERCISE 1-2

r‘
1. Evaluate JV o + 3) dx.

[ )
.

Integrate V(x> — x + 1).

2
3.  Evaluate J, Vi(x—1) (2 —x)}ax.

2
4. L Vix — a) (B —x) dx.

§ 1-3. Integration of (px + q)/V(ax® + bx + c).

In this case we should break up the numerator (px + g) into two parts, one of

which is some multiple of the exact differential coefficient of (wc2 + bx + ¢) and the
other is free from x.
Hence we write

px+q=Agx—(ax2+bx+c)+B

=A (2ax+b) + B
comparing the coefficients of x and constant terms, we get

P p_ |- _pb
A_Za’B (q Za)
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So we have (zx + ) = £ (2x +b) + (q —?B)

J' Q)x+q)dx if (2ax + b) dx
ax’ +bx+c) X V(@ + bx + c)

o) oo

V(ax“ + bx + ¢)

= B L2 A
20.2\/(51:: +bx+c)+( Za] J(ax2+bx+c)

Integral on the right can be evaluated by the method of § 1.1.

co” +cix" 14+ +cCn—1x+cCn
V(ax? + bx + ¢) ‘ :
To integrate this function, we assume
J' e +ep T Hep_ ey
v’(m\:2 + bx + ¢)

= (Ax Lo il ™ 2 b+ Ay x4+ A, _q) Vi@t +bx+c)

n f 2
V(ax” + bx + ¢)
where Ag, A4, ..., A, — 1, A, are arbitrary constants.

§ 1-4. Integration of

Differentiating both sides and multiplying by v (ax2 + bx + ¢), we get
el +epd T H ety

== DA I+ (n—2) A" P+ A, ;] (@ +bx+0)

+ A " A TR

2ax + b

4 J”_ﬁ'i‘An_l) +AJ'I

Comparing the coefficients of like powers of x from both sides we obtain the
constants Ag, A1, ..., Ap.

Ajso»ff 2 can be evaluted by the method as in § 1.1.
ax”"+bx+c

Example 1. Integrate x/V(x* +x + 1).
1 1
x dx  aki A
Sol. = 3 dx
Ve +x+ 1) Vi +x+ 1)

(2x + 1) dx —1f’ dx
Vet +x+1) 2Y Ve +x+1)
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dx
Vi + D+ (3/4))

=v’(x2+x+1)—-;—f

= V@ +x—1) = 2simn T {G + VDY
= V(@ +x+1) —2simn " {(2r +1)/V3}.

Example 2. Integrate (2x+3)/\/(xz+x+ 1).
SDLJ' i Bt +2
VE +x+1) Vi +x + 1)

gx--(xz+x+1)=2x+1
=J' (2 + 1) dx +2J' dx
Ve +x+1) VeE +x+1)
dx
Viee + 17 + (v3/2)

=2w/(x2+x+1)+2f

=2V +x+ 1)+ 2sinh T {(x +3)/(V3/D)}

=2V +x+ 1) +2sinh | {(2x+ 1)/V3}.
Example 3. Integrate V[(a + x)/x].

s J %) a - [laras

multiplying num. and denom. by V(a + x)

_ | etna _ L e e o Q)
V(ax +x7) V(ax + xz) V(ax + 1) (il
' +1a)
Now f f 1 dx; 2 = cosn” : 1 2*
V@ +) " ViE+39" -Gl G

= cosh ™ [(2x + a)/a] (i)
and f——-&"—=% (2x+a)_2adx,'.'-c—i-(ax+x2)=a+2x

¥ VYax+x) dx

(Qx+a)dx 1 dx

Y V@m+P) 2 Y Vax+r)
e -lz-fzu du _ 1, cosh™t (Zx £ a),
u 2 a

where u=ax+ x2 and from (ii)
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=u—Zacosh " {(2x +a)/a}

= V(ax + xz) - %a cosh”} {(2x + a)/a} -
Substituting values from (ii) and (iii) in (i) we get

f\/(“ a”) dr = a cosh ™! (2‘”:“)

+ V(ax +x2) — %a, cosh ' {(2x + a)/a}

= %a cosh™? {(2x + a)/a} + V(ax + x°)
A |

Example 4. Integrate

Vit —2x+ 2

3
Sol. Let f = dx = (onz +Awx + As) \/(x2 —{20%8 +2)

ViZ — 2 + 2
+A3IH_LH
2
X~ = 2x 42

Differentiating both sides with respect to x and multiplying by v (x2 — 2 £
we get

= Qe+ Ap) (% — 26 +2) + (Ao + Ape + A7) £ (26— 2) + 45
= 3:403(3 + (2.41 — 5:40)}.’2 + (4A0 = 3A1 +A2)x =t 2.{‘11 —4‘12 +A3
Comparing the coefficients of like powers of x, we get
3A0=1, 2A1—5A0=0, 4140—3A1+A2=0,2A.1—A2+A3=0

N L |
3:A1"‘6:A '_6:A3_' 2

f ( X+ x+ )Vx2—2r+2—-lf 5 L
Ve —2x+2) 2J Vot = 2 + 2)

dx
2+ e+ T) Ve — 2+ 2 ——f\/[(x ;e

(2x +5x+7)Vx2—2x+2——smh le—1)

which gives Ag =

1
6
o

6 +15x _7x+6dx

Example 5. Evaluate =
V(2x“ —2c + 1)

(Purvanchal 2005, 2008)
6x3+15x2—7x+6dx
VXt — 2 + 1)

—(Agx +A—1x+A2)\f(2x — 2+ 1) + A5 f

Sol. Let

dx
w/(?x 2% + 1)
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leferentzatmg both sides with respect to x and multiplying by
B2+ 1), we get
6 + 15° — Tr + 6 = (2gr + A7) (22 — 2c + 1)

+ (A + Ay + A7) S (4~ 2) + 43

= 6408 + (= SAg + 447) ¥ + (24g — 34,
+2A.2)X+A1 —Az +A3

Compairing the coefficients of ¥°, x? x and constant terms respectively from two

we get
649 =6, — 5dg + 44y = 15, 24( — 34, + 24, = — 7,
Ay — Ay + A3 = 6 which gives
A0_1A1 5 A;=3,A43=4

6 + 157 D s P ) VR

V(2 — 2¢ + 1) f
\/2 \/(x -—x+)
= (& + 5 +3) 2x—2x+1+2~f2f 3
=
- 2) 574
_1
3

= (x +5.x+3)vzac2 201+ 22 sinh™ 1~ v 7T

=@ +5+3) V2 20+ 1 +2v2sinh ™! (20— 1)
EXERCISE 1-3

Integrate the following with respect to x :

B —2)/ V(4 + 2t - 1) 2. & — 1V — 4P
(2x +3)/V(* + 1) (GKP 2013) 4. Vi(e - x)/x]
(6x + 5)/V(6 +x — 2% 6. (¢ + )V + 3x + 2)

G+ DVEE —x + 1)

& —x + DAV —x +2)
1+ ax+ 2P ax

0 V(?x—xz)

I T

Evaluate

x3+3

. Evaluate \/ 1
Vx: +1

(Purvanchal 2007; Gorakhpur 1991, 95, 97)
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§ 1-5. Integration of (px + q) V(dx2 +'bx + ¢).

We write px+g=A4 [— (:zx2 + bx + c)] + B and compare the coe

x and constant term to find 4 and B.

Thus px+q=%(2ax+b)+( —g—z—)
|

f(pu:-i’-q)\/(ax2'+bx+c)dx=-2%f(2ax+b)\/(ax2+bx+c)dr '
+(q—&b) f\/(ax2+bx3—c)dx
-&fl/zdt-}-( ]fvf(ax + bx + ¢) d,

(putting ¢ = ax® + bx + ¢ in the 1st integral)
2 412 \ 372 b 2
“ =%.-_-3-‘(ar + bx +¢) +(q—-%) f\f(ax + bx 4 ¢)de:
The integral on the right can be evaluated by the method of § 1.2.
¢ Example 1. Integrate (2x —5) V(2 + 3x — xz). (Purvanchal

PBbL - (d/dx) (2 + 3x — xz) 3 — 2
writing (2¢ — 5) = = (3 — 20) —

P f(zx S)V(Zzi-.gx—x)dx
T(a 2%) V(2 + 3 — x°) dx — 2f\/(2+3x ) ax

{ B-2)VR2+3x—x)dr -2 f VI(17/4) — {x — (3/2)}}] dx
£/3)@+3 - 2 fx - GNVIAT/H - fx— 321
B — 22 (17/4)sin™ " [{x = (3/2)}/V(17/4)]
=" (2/3:) @+ 3 —xH)>? -2 -3)V2+3-x)
h — (17/4) sin” ! {(2¢ - 3) V(7))
Mple 2. wl‘eerate & +2) V(2x® - 6x + 5).
}; f(.ac+2)\/(:rx2 6x + 5) dr

~ f[(ékt 6)+14]\/(2x — 6x'+ 5) dr,
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a 52 _ e
@ 6+ 5) =4 =6

=%f(4x—6)\/(2xz—ax+5)dx+szvf(x -3+ ar

=%f2:2dt+ ( ]vzf«[(s:—) + (—;—)z]dt putting

s (4x — 6) dx = 2t dit
s0r v [fe-hvie-9+ 30 am (e 3)}]

32

=l -6+ 5+ 2 - Ve -3+ 5+ 2w (2x - 3
=1l -+ 5+ L -3) vl - 6+ 5) + Lsinn ™! (2x - 3).
1-6. Integration of 1/(Ax + B) V(Cx + D)

In such cases put Cx + D = £2, so that Cdx = 2t dt.
Also x = (¥ — D)/C

| dx _f (/) dt
(Ax + B) V(Cx + D) { D] &
4 + Bt

=gf Cadt
c

— DA + BC

__2
A 2Ly

or negative constant.

This reduces to one of the forms f or ftzi-z- hence can be integrated.
=g

2+

dx
@-3)Vax+1)

Example 1. Evaluate j;

35 dx 1 xar 2
Sol.J; (x-3)\f(x+1)_~£(t2 4)\/(t)wherex+1—r

4 dt ¢=2\1
=2 A [(2)10g (t+2)]

= %log [(2/6) x (5/1)] = 3 log (5/3).
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-

Example 2. Integrate (x + 1)/(x — 1) V(x + 2).

E+Dde (x—1)+2
Sol'f(x-l)\/(x+2)_ (x—l)\/(x+2)dr

dx
itz 2 G Ve

=2V(@x+2) +zf(t22r_d;)r

dt
“t) £ — (v3)?

1 t—V3
=2Vx+2)+4. 2\/310 {t+\’3}

- 2 Vr +2) — V3
i +ﬁl°g{v’(x+ 2) + \f3}

a—

, putting x + 2 = ¢

Exam, ..e 3. Integrate 1/(x — 3) V(x + 2).
Sol. Put x + 2 = £ so that dr = 2 dr.

[ & f 2t di

v E-)Ve+) J 2 g

:A.-.C_df_ﬂf_df__
"-r’—5 £ — (V5)?

o — V5
2»/5 8 t+\/5
= e Vix+2)—v5
V5 B\ Va+2) + V5[

EXERCISE 1-4

I~ _.ate the foh.wing functions :
s =) Vi + 2)).
X (x+3)Vix+ 1)
& DV +2))
v F2) VX = 1]
@ +2)Vix +3)]

W’S"PE“!‘*‘E“

1-7. nte ration of 'l/;\ax2 + bx + ¢) V(px + q).

In sm a cases put (px +q_)=!
soth (pdx=2drandx = (tz—q)/’p.
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f dx f _ (2¢/p) dt

5 x 2 2 2 |
(@ + bx + ¢) V(px + q) {(‘ ;f) +b(‘;‘?)+c}.r

=%af dt

@ + B + ¢y
This integrand can be splitted into partial fractions and thus is integrable.
Example. Integrate (x + 2)/ (.1:2 +3x+3)V(x+1).
Sol. Putx+1 = tz, so that dx = 2¢ at.

f (x + 2) dx _f & + 1) 2 ar

C+x+)VE+1) Y@ -1 +3F-1) +3)¢

_2f(r2+1)dr -—zf @ + 1) dt
- 4, 2 1. 2 2
£+ C+e+1)E—t+1)

St

E-t+1) @+e+1)
=f d +f dt

-+ T e+H+
2 @) 2. -9 OFEFT
B Tt s

2. [2ve+n=1] 2 i[2vE+1) +1
T [ V3 J"’x/sa“ { Tz N

Integration of 1/(px + q) V(ax? + bx + ¢).
In such a case put px + g = 1/¢.

t

B p—

.(px+q)\/(ax2+bx+c)
s (Up) (= /0% dt
=} _ .
1 a (1 b (1
V(s (-g) o2t-d)+
dt
V(Ar® + Bt + C)

1 1(1
so that pdx = — zdtandx—I—; (t --q)

reduces to the form

which can be integrated by the method
ji1
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1
o — k) V(ax® + bx + ¢)’

§ 1.9. Integration of

When x >k, putx—-k=%- so that

1_1+Kk
t t

dx = [-—%] dtandx =k +
4

B —
@ = k) V(ax® + bx + ¢)

-

(VI o+

a g
fv’[a(1+kt)2+bt(1+kt)+ct2]

=1
f\f[(ak2+bk+c)r2+(2ak+b)t+a]

f tr—l
- VIAP + Bt + (]
where ‘A=ak’+bk+c,B=2%k+b,C=a

If » = 1, this can be integrated by § 1.1 and if 7 > 1 and integer, we can integrate
it by the method of § 1.3 or § 1.4. When x <k, we put k —x =% and proceed as
above.

Example 1. Integrate 1/(x + 1) V(x* + 1).

Sol. Put x + 1 = 1/, 50 that dx = — (/) dt

f dx __ f /&) de
@+ 1)VEE+1) _ g
Vi) +f

=__f dt =_f dt

vid-9%+6) V(1 -2+ 2

gl dt .._=-1f dt
NG e Y -1
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1 -1 r(t'_%) 1. -1
= — gz s 1= = — s~ (2 - 1)
s 12
AL ey N D SR O P -
BT A 1)" T (1+x)'

Example 2. Integrate 1/[(x + 2) V(x* + 6x + 7)).
Sol. Put x + 2 = 1/¢, so that dx = (- l/tz) dt

4 ;

@+2)VEE+6c+7)

=f (-zl/rz)dt Sl 1-{2:
%—\/[(1';2’] +6 (1:2’) +7]
| dt

-2 e -2 + 7

_f dt

VA +2 -1
&

dt

| :
' VI(vV2)? - (¢ — 1)
V2.

.1 {1/ +2))-1 -1 (1= +2
g (e ]m [ﬁ%@z]
= sin" 1 [(x + 1)/{(x + 2) V2}].

Example 3. Integrate v(x + 1)/[(x + 2) V(x + 3)].
Vi + 1) dr =f (x + 1) de
@ +2)V(x +3) x+2) V[ +3) @+ 1))’
=ultiplying num. and denom. by V(x + 1)
x+2—-1)dx

G+2) Ve + 4 +3)
.

Ve +ax+3) Y @+2) V[P + +3)]

L f dv - f (= /) di

V[ +2)%=1] WOV - 2)/tY + 4 {1 = 2)/e} + 3]
By putting x + 2 = 1/¢ in the second integral)

} .
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=cosh‘1(x+2)+f 4 :
VI(L =20 + 4 (1 — 20) + 3]
-1 dt -1 . =1
=cosh " (x+2)+ =cosh " (x+2)+sin ¢
»/(1—:)
—-cosh (x+2)+sm {17(x + 2)}.
1
Example 4. Integrate "
@ -1)2va -2 (GKP 200
Seol. Here x < 1,sowcput1—x=%-and sodx=12dt andx=t—_;-—1
£
1
—Z'dt

f(x—l)‘;x\/l—x _f
M=)

=f t dt _ tdt
VI -@-1f J V-1
Again put?:-1=uzsothatdt=udu

f dx f%(&lz'!‘l) p
(x—l)zwfl-—x ¥ g

--f(u + 1) du
1[5+

-1 (2 —-1+3)

-1 [
o7

vY(1 +x) (2 —x)
(1 -x¥
EXERCISE 1.5

{ =
bJ

=
=

+
N/

W W= = (o NS Y

Q,;-:

il

Integrate 2/{(2x + 3) V2~ 4)}
Integrate 1/[(1 +x) V(1 +x — xz)]
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2

3.  Show that f i 2 = %

T ¢+ 1)V —1)
4 Evaluate f dx; x> 1

E-D)VE +x+1)
5.  Integrate 5 12

x—2)" Vi +2x—3)
|
(2 — 3) dx

& Evaluate f G- Vx+2) (Purvanchal 2004)

§ 1-10. Integration of 1/(Ax* + B) V(Cx? + D).
In such cases put x = 1/¢, so that dxr = — (1/t2) dt.
f dx A — WA a

(4x* + B) V(G + D A C
). > +B \/ =+ D

{ t

S Al A -

(A + Br)V(C + Dr)

Now put C + D =u*

Then 2Dt dt = 2udu or tdt = (1/D) u du
= from (1), we get

dx —_ f udu
@l +B)yvc*+p)y PY 4+ {(u2 — C)/D}u
3| f du . f
[(D — BC) + Bu?] “ g {(AD — BC)/BY
which can be easily integraicd as the intergrant is of the form

fdx fdx
3 . 2Ok i

X +a X —a

dx
A+xHVa -2
Sol. Put x = 1/, so that dx = — (1/¢°) dt

‘ f : _ f —2(1/r2)dr

A +x) V(I -2 {1+ W} vi{1 - W)

E+DVE -1 @ +2):z

Example 1. Evaluate f
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= — f £ - l:t uwli]
21 V2 V2
1, -1 w/gt -l 1. -1 \/gl—-x?‘}
———sVEtan { 72 ]’——-\Etan { V2 }
Example 2. Integrate 1/ (62 + 1) VeE - 1.
Sol. Put x = 1/, so that dx = — (1/1) dt

f 2 & 2 =f 2 _(I/tZ)dtz

o+ 1)V - 1) (/) + 1} v{/ed) - 1}

tdt —-zdz y S
= — = e ——-—2-—,where1—t=z
A+AVA-67) Q2-29.z2
_ dz____ 1 z—V2
TJ P2 22 Pz V2
_ 1 10g¢(1+:)2—¢2
22 " ya -0t +v2
1 Y -1 —xv2

= lo
W2 B2 _ 1) +xv2

Example 3. Integrate 1/[(:% + 1) V(1 + x)1.
Sol. Put x = 1/¢, so that dx = — (/%) dt

f 2 dx = J' 2 — (/P dt

@+ 1)VQA +5) (/) + 1} V{1 + )%}

=—f b = %‘i,puttmg£+t2=z2
(1+r7')\/(1+r) Z iz
__f__dz_1=
z (1+r)
X

T+ (1/x)"] V1 +2Y)
Example 4. Integrate x V(a® — x°)/(@® + x°).

Sol. fx \f(a — xz) Z S f 7] , putting P -P=r

(@ + %) a2¥ (@)
Zd 2a2
=—f(;f2—t72)=—f{—1+2a2_t2] ¥

~Ja-ut £

(2d° -r)
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(
. N _log a‘\;2+t)
2V(2a") \@v2-—t

= wf(az —xz) —%log-

r 2 5
av2+v@ —x9
av2 - V(@ —xz)}.

EXERCISE 1-6

dx
. Show that f
& + )Vt + b))

1 xV@-b)+avel+bY) 2
Y 72, P L
@ —b xV(@ = by —av@® + b9

=~ Show that

f dx el g [XYAD + V(@ 12)
@ +HVE -2 2V B,y — vl - 12)

& Integrate 1/[(3 + 4°) V(4 — 3:)].

& Integrate 1/[(r* + 4) V( + 9)].

# 1-11. Integration of x™ (a + bx™P, where m, n and p are not
necessarily integers.

The integration of the above function will be considered in the following three
mscs. -

Case 1. When p is a positive integer, expand (a + bx") by the binomial theorem
< cach term may then be integrated.

Case 2. When m:— L is an integer and p =£ when r and s are integers, put
= 5" = i’ With this substitution the given integral is reduced to the form

k
N
Ky Uu —a *+5—1
bnf[ b ] u e

1
where k=m+

=1 is an integer, It can be evaluated by expanding

- a)k by binomial theorem, if k is positive. If k is negative, the method of partial
son may be applied.

Cs.t..v,e3.Wl:uanp+m-’-1

n

is an integer, but p is not an integer. In this case we

put x = % With this substitution the given integral is reduced to the form

- ft"(’" YD b+ ol ar
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. . N =+ . .
Now of ﬁ—zﬂ-ﬂ 1s an integer i.e. if mn 1 + n 1s an integer, the abose

integral will become under the case 2, which has been discussed above.

Remark. If these cases fails, the method of successive reduction can be applicd
which will be discussed in the chapter 2, § 2.10.

Example 1. Integrate X2 1+ 7 4)3.
Sol. Expanding (1 +x”*)? by binomial theorem, we get

f W2 (1 2 e = f 214 23 4 330 2 a

1 f A2 43, g2 A

232, 494 3, 4 158
--3x +3'l‘; +X +15x

Example 2. Integrate x @2+ x4)2l %,

SOl.HerCm=3,n=4,p=-:-32—andm:1=3:1

So we put 2 +x* = 4% 5o that 4 dr = 3% qu.

4 5
3 4253 . _ 1 3u _3u
fx @+x)Par= | 2 g, =3

= 1 which is an integer.

_ _236 @+ J54)5/3

3.1/3
Example 3. Integrate _(x_%L.
X

3,133
Sel. I= IQL = fx_ %R (1 -—xz)mdx
x

=fx_11’3(1—x2)”3dx

11 1
H s ek =
ere m 3 2, p 3

m+1+p=—1whichisanii1tcgcr.

and

So, weputx=%anddr= -—lzdt
L

1/3
Then I = f (LS [1 - —jé-] [-— 12] dt
£ L

=-ft(r2—1)1’3dt
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Put t2 — 1=u3 so that rdt=%u2du

__[,.3.2 __zfs
I= fu 2wdu— > u du
4

—

S ool

_ _dr2 A3

4/3
3 (Al e
8 xZ 8 xZ

Solved Examples on Integration by Rationalising

1
Example 4. Integrate Vx + VA =91

(GKP 2016)

sal. | _ — V=) dr
TI Vr+va=0] Y Vx+VA-2][Vx —Vd-29]

Vx —VA-x)ldx _ | [Vx — V{1 —x) di]

x—(1-x) . (2x — 1)
_Vxdx V(- x!dx
(Zx—l) (Zx—1)
_f xdx _f (1 —x)dx
TJ (-1 Vx (2x— 1) V(1 —x)

_if@-1+Dax q [ x-1-Da
“2J - T 2d -V -a)

o e | ___dx
Ve T -

1 dx dx -l ‘
*3 [ vl -x) f(Zx— 1) V(1 —x)J (i)

Now fﬁ:fx‘l"zdple’z

Vx

dx __f__—l/z RO
fv'(1 5=Ja-9"Pa=-20-x

f ——, utting x = I
(2x — 1) 2 —1)vx Y P

=2f _f dt ST {_z—@/\/z)}
2

27— 1) @=5 T 2.AV2) B+ (1/V2)

_1, f(eve—1) 1, Vg1
=728 (r\/2+ 1] —V_Zlog{\/(lr)Jrl}
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dx _ —2dt . L2
Also f(i’x-l)\f(l-x) f{2(1-—-r2)-—1}.t’ putting 1 —x = ¢

=_2f dt2=2f 2dt =J.2dt(

1 -2 @-1n 2=

1. (ev2=1) 1. [viza-n}-1
=vz8 (r V2 + 1] log [\/{2 A-x}+ 1]

RZ
~. From (i), the given inegral

_1|aa2, 1 V(2x) —1 |
‘5[2‘ +\f210g{1/(2x)+1H |

+1 [—2(1 —-xz)m-llog{‘/{z Q==L 1}]

e —

_ 1 V2x) — 1
=vx + 2\/210g{w/(2x) = 1} - V(1 —x)
_ 1 [V2a-x}-1
2v2 BlVza -0} F1[
Example 5. Integrate 1/{V(x + a) + V(x + b)}.
dx _ | Yx+a)—V(x+b)
Sol'f{\/(x+a)+\/(x+b)}_ x+a)—(x+b) o
(by rationalising the denominatas
-5 = 5 f[\/(x +a) = V(x + b)] dx
= @ i ) [% (x+ a)s/z - % (b 4 b)3/2]
=3 (az_ oy [+ - @+ )"
Example 6. Integrate x/[V(x + a) + V(x + b)].
xdx | x{Va+ = V(x+b)}ax
Sol. J‘{\4’(x+a) + Y(x + b)} ﬂf {x+a)— (x+b)}

(by rationalising the denominatos
1

.
fo\f(x+a)dx— x\/(x-!-b)de

. “@-b)

1 f 2 f 2

=T ~55 (" —a).t. 2tdt (u b).u.?udu],

(by putting x + a = ¢ and (x+b)= u? in first and second integrals respectively)
~_2 [(%ts —%atB) _ (%us —l«bue')]

a—b>b 3

2 13,2 1 3 .2
— [Et (3¢ _5“)__175'“ (3u —Sb)]
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_—.15—(:'_—-!7-)— [(x+a)3"2{3(x+a) — 52}

3/2

—(x+Db) {3(x+b)--5b}}

2
BECED) [(”“)

Example 7. Integrate 1/[x + V(x* — 1)].
dx = ved - 1yax
Sol. -
3 f[x+\/(x2—1)] 2 =062 =1

(by rationalising the denominator)

f[x—-\/(x - 1)]dx = fxdx f\/(x — 1) dx

—Ex ——x\/(x -1 += log[x + \/(x - 1))
Example 8. Integrate \/H—l -

¥2 (3¢ — 2a) —(x+b)3/2(3x~2b)]

(GKP 2014)

1
Sol. I_fvri—-'l-“-\/}'dx

L f Vi+x +vx @ 1
Vi+x—vx Vi+x+Vx
f\/l +x + \/_
1+x—x
= f V1+xde+ f Vx dx
3/2 3/2
_ (1+x) g
3/2 3/2
-]
[(1 ¥ )3/2 3/2]
Solved Examples on Integration by Algebraic Substitutions
1/2 1/3

Example 9. Integrate x “/(1 —x " 7).
Sol. The L.C.M. of 2 and 3 i.e., of the denominator of the two fractional numbers
namely-;- and ?15- is 6. .. Put x = £5 so that dx = 6 dt.

,fxlfzdx e f3.6t5dr=6f £ dt
la e 1+7) (r2+1)

—6f[t —-r +t il i

dt, (by actual division)
t + 1



Integral Calcais

=6 [Tt — (1/5)F + 30— f+tan s, where ="

-1, 1/
= 6L _ _51_ /6 _ % P TC e Y S 5.

Example 10. Integrate 1/(.::1/ 2+ x1/3).
Sol. As in Example 1 above, put x = or t = /6

f(xyz f&d{ i f([f]_)dt

@+

_ 2 | A
=6 f ,:t t+1 @+ 1)] dt, (by actual division)
-6[t —l: + 1t~ log (¢ + 1)]

=22 23 4 a8 — 6 log (xl/é =31y,
Example 11. Integrate 1/xv(x? + 1).

Sol. Putting x* + 1 =, so that xdx = £ dr.

dx fltdt f__dtf %
X.f x

XVt +1) X (a <1)
=1 (L:l =110 Ve s ol
2k ‘“"]] 2% vV +1) +1

Example 12. Integrate 1/x V(2" + x™).
Sol. Put 4" + 1" —t so that md* ~ gy = 2t gr

f & _1[ 'l
V@ +4% # xn\/(an+x"),

(by multiplying -um. and denom. by nx’

1 [ za _gf dt
nd @y nd 2 @?

. | log g g A ok V@' +4" — 2
n n/2 an/z ; n/2 \/(an_'_xn)_'_dn/z

\/ (a +x°) + V"
Example 13. Integrate 1/x V. (x +1).
Sol. Put x6 + 1= tz, so that stdx 2tdt or 3 dy = tdr.

f3xdx 1f Lt
3

x\/(x +1 3V 5veb 4 @ =11

I"'I\

2

|
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=%fzd‘ =1 10 (r—_i) =1log [¢§x241}_1]
-1 - Vixr +1)+1
Example 14. Integrate 1/v(2¢" — 1). |
Sol. Put 2¢*° — 1 = £, so that 2¢° dx = 2 dt,
e 26" dx
ved -1 Y 2FVed -1y

(by multlplymg num. and denom. by 2¢")

f 2 _2f & tanlt=2tan " tv(2 — 1),
(t +1)¢ a3

3,1/3
Example 15, Putting x = 1/¢, show that f gx—dex 6
/3 P

Sol f(i_’is)_lfdx f[(l/t) (l/f)]m( /8 dt
s ant

(by putting x = 1/1)

]
|

!I
N% m%

1
2 L, aiifs
)

(=

0
(uza)l/3 SU du (byputtmgt —1=2"or 2dt = 3u° du)

tdt , on simplifying

NW

0 0 -
3 311 4 3 1 4
g ] du=‘—§[zu:|2=—-[""(2)]=6-

Henced Proved.

3 i 3/2 28y
: Example 16. Evaluate f [x + ;) 5| dx.
1

3 1 3/2 LA ecoy 3 1 3/2 -
sm.f (x-i--—) : dx=f (x+—) [1——1;]@:
1 X x X =

1

10/3 T 3™
= .L‘ 2 dt, (by putting x + xl ={, so that [1 - —12-] dx = dt)
X

10/3 s SaiS/2 ;
A 12 573 _21(10 a2
-, -3(6) -
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Solved Examples on Integration by Trigonometric Substitution

® dx
Example 17. Evaluate f 2 /2"
a x (a + X )

f 5 f e a sec2 6 dé
2172~ i 4 4

a 5 (a %] 7/4 q tan O .asecf

(by putting x = ¢ tan &,

1504 cos"6df 1 “/2(1 — sin’ 0) cos 6 d6
a*“a/4 st a* /4 sin*
1 2
st u, (by putting sin@ =)
1/V2 ;4 ;
1 1
=-% ¢ t'z)dr=—13 -%z'3+z'1]
a 12 a 1/V2

=-13[ lr1+2va- VZ]——[——-—w/Z] @ —v2)/3d*,

Example 18. Evaluate f \/[a Gz ]

Sol. Put x* = 4° cos 26, so that 2x dc = ~ 24° sin 26 d6
Alsowhenx=0,cos2ﬂ=ﬂor26-—-%::01'9:%::
and whenx=a,cos20=10r20=00r6=0

f '\/[" —x]dx—-a f\/(l_c‘”‘”) sin 26 do

/4

0 - 2 0
=—a2f\/ 25l 9)25i118c059d8=—a2f 25in” 6 df

7/4 |2 cos?d /4

2 s 2 /4
=a f (1-cos20) =a (9——%sin29) 4!
0 0

Example 19. Integrate 1/x° V(x* — a?). - (GKP 2016)
Sol. Put x = g sec, so that dr = asecOtan@do

f dx f asecetanedﬂ
? a’)

.rv'(x @’ sec Gwl(a sec’ 9 — a)

_1 dt___f WAL L (<) 5y
2 seco cosﬂtﬁ-azsma-azwf(l cos” 6)
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o [1m_a_2]__£_j.\{x2“a

2 P 2
x ax

Example 20. Integrate 1/(2ax + x )3/2
Sol. 2ax + 3% = (x + a)® — &%

Put x + a = a sec B, so that dxhaSGCBtaana

and 2ax + x° = (x + a) 2 _?=da’sec?0 — a* = a’ tan® 6.

f dx fasecﬂttanﬁdfi’:fasecﬁtanﬂdﬁ
(2ax + x )3/2 (az tan’ 9)3/2 @ tan’ 6

cos & 1 1
- f dG- 2 sinf @2 V(@ - cos” )
_ 1 . xta |
EVi-{d/a+a)?)] @ V(ax +x7
Exanjfle 21. Integrate log [x + V/ (Jt:2 + az)] with respect to x.

Sol. } log {x + V(2 + a)} dx

1432067 +a)7 2

= [log {x + m’(x2 + a_'z‘)}]- X~ f : =2 w/(xz' L az) .x dx,

integrating by parts taking 1 as 2nd function.
=xlog {x + v (x2 + az)} - f —-xi-é—r—z)-, on simplifying
+a

--xlog,{x+w/(x +a )} f——-— where x* +a° = £

=xlog {x + \/(x + az)} —t, where ¢t = \/(.nr2 + az)

=xlog {x + \/(x2 + GZ)} - V‘(xz + “2)~
(=<}
Example 22. Prove that d’: s 2n
0 k+V +1DI" n -1

(n>1).

(Gorakhpur 2007, 09)

Sol. Let x + V(x* + 1) = ¢ (1)
so that [1+-Tx-—-]dr=dt
Vi +1)
2
L Vi(x -Iz- 1) X @
vir“+ 1)
or — St =drorar=ve+ D& (2)

\/(x + 1)
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1
Also ?
1

or

Integral Calcais

Therefore from (2) we have

or

1 A VO + 1) —
x+ \/(xz +1) (1/"(Jr2 + 1) +x) (o + 1) —x)
=V - 1) —x =
Hence from (1) and (3), we have
r+%=2«£—1)
_ 1, 1
22
dr = -I;_ldt
2

when x = 0,

=)
I—"*I
0

Il Il
o=

] =

b =

NIH

Example 23.

Sol. Let

t=1and whenx = o, t = o,
d J%1§+1
> = — 3 ar

E+Ve+0" 1 £ o2

J“ 1 1

=4 dt

——n+1 -n—1 T

¢ L

-—n+1 —n—-lL

-1 o

r—-1t! (n+1)t"+1J1

[ -1 1 1] n

0—0;{ - J=
n-—1 n+1f n2-1

Evaluate f \/1 Ll a’x

(GKP 201:
1+x

Sy

Multiplying the numerator and denominator by V1 + x we get

Now

fx 1+x
\fl—x
xdx x dx
=f\/1—x2+f\fl-—x2
B P Er e L Lo ;
Y(1 - x) V1-x
=2 2dt

J

2

¥ 4

v1-—
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where 1—x2=12
—Zfdr 2
=2V - x)

1—x
wy OBt [ [

B . 154
xV1 xz-{-—sm X — sin 1.1:

xV1—4 - —%sin 1y .. (3i1)

= N

then from (i), (ii) & (iii)
I —%xh iF +%Sin“1x

EXERCISE 1-7
L Integrate 1\7\«' x+2) +vEx+ DL
2. Integrate LE%) g
3 Integrate V[{(5 —x)/(2 —5)}].
4 Integrate X 1+ x2)1/3‘
¢ xdx

%  Showthat | ————=ua.

0 v‘(a — %)

, (x Z)dx 1[ .—1(.1')]

%  Show that S 1xV(3—x) +sin |
7. Evaluate (d— ) &

(1+x ) vVl +x )
L Integrate (1 + ¥2)/[(1 — ) V(i — 3% + 7).
% Integrate (1 —x)/[(1 +x) V(x +x° + ).
3. Integrate i 1+ xm)s.
1. Integrate P 1+x )
2. Integrate x (1 + xz) -
3. Integrate x (1 +x )
4 Integrate X a+ xz)m

B
5. Evaluate | V(x—a) (B —x)ax
5. Evaluate f 2

Vix—a) (x —b)




17.

18.

19.

20.

dx

Evaluate L Ve -~

-B

dx
Evaluate f(x—-ﬁ)\/(x—a)(ﬂ—x)'

Evaluate f a -
a +x
Evaluate the integral dr.
1 +.Jclf3

§ 1-12. Integration of 1/(a + b cos x).

Integral

(Gorakhpur 2006, |

We wrote
2x 2X " .izx
a+bcosx—-a[co 2+sm 2] +b(cos 5 sin’ 2)
=(a+b)cosz£,l+(a—-b]sin23,c—z
_ dx _ dx
“J a4+ beosx 2% . 2
(a + b) cos 5+(a—b)sm >
2Xx
_ sec 2dr
(a+b)+(a—b)tan2§
=2 ) where ¢ = tan >
@+b)+@-b)7 2
2 dt
a—-b a+b+tz

a—>b
Now three cases arise.

a+b. A
Case 1. When a > b, 2 — p 18 positive.

Vit

b
In this case

=__2__m {

[e54) 3]
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Case 2. When x < b, 22

is negative.
b g

a
In this case
reZ f d
a-b>b [2_b+a
b—a
b+a
-2 1y/(e=a) " V=g
T b-a2 ' \bta) b+ g
b=k
b—a
______'-_1___10 Vo —a) =V +a)
T V-2 C\tV(b~a) + Vb +a)
£ _
“1 v‘(ls---—a)tan2 V(b +a)

= log
\’(bz-az) J(b-a)tan%-!-\f(b + a)

x
y w/(b-—a)tan-z--l-\/(b-l-a)

2
{0 —02) Vb - a) tan%-—\/(b-l—a)
Case 3. When ¢ = b, the intergral

mfote if & _wf &
at+acosx av 1l+cosx 2a 2X
COSE

=1 2x 1. x
=g J SE€€ gdx—atanz.
¥ 1-13. Integration of 1/(a + b sin x).

We write

o, ) 2, .2X . X B
a+bsm.x-—a(cosz+s 2)+2bsu:|2cco$2

= ool X X 2x
= COS 2(a+2btan2+atan 2)
2.%
E d adl
Fhean ¢+ 2btanZ + g tan’ =
2 2
=2 dt where ¢ = tan >

a+2bt+tz 2

39
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F+Zrt1
_gf dt
_a ] 2
o2 12
@ a

2 -_
b a —-b"
(: + ) e
Now three cases arise.

Case 1. Whena > b, a° — b is positive. In this case
b

1=2. ————-—az tan” t+;
a a2 — b2 \/ [az_bz]
: 2
a
X
2l 12 oadadb) 2l aldgs b

Case 2. When a < b, & -b’is negative. In this case

2f dt
I=%

a 2 2 el
(H_Q) _b=a

2
a a

t+2 —\/(bz_az\
2 a a2
=z-_]_'_-¢( a ]log - \ <
a 2 2_ 2 2_ 2
-2 (t+§)+\/b x
; APt | o
1 . at+b—-\/(b2—a2)
=7 log 2 . 2
VT -a) T at+b+ V- dD)
/
1 I_atan%-l—b—\/(bz-—az)]
T i e
V6 -a") latanZ+p+VpP-dd|
\ 2

Case 3. When a = b, a° — b2 = 0. In this case

1=-2-f & _L-p
a (t+1)2 a(t+1)
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_ 2
¥
a (1 + tan 2)
Example 1. Prove that :
a
do = cosec « log (sec a)
o cosa +cosf g
a
dg
ik, 4= J(: cosa + cos @
1 do
- [Z] . 26 20 . 20
0 23 L i
cosa (cos 5 + sin 2) T (cos > sin 2)

_f"‘ d8
| 7

(1+ cosa) coszi- (1 —cosa) sinzg-

2
7,
|17 a secz?z-da
- 20
0 (1+COSC!)—(]_—cosa)tan E
8=a
W f dt 4
T 1-cosavYg=g m_tz (byputtlngt—tan
1—cosa
-2 b= %
T aan2&E V=0 za
2 sin 5 2 cos 2
SIIT
2 sin’ >
_ 1 f9=a dt
T &Yoo of P
S 5 cot > f
cot < + ¢ o=
S S N
2 2 ¢ 2 it
. S
a 6
1 g gty
s I =
sin ¢ COt%—tanE
L y 930
F [
cotE 4+ tan
__1 J6g 2 B _1ogl
: B ot == tan =

41
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2 . 2a

COS — -+ s —

. | log 2 2
" sina 3¢ .20
COS — — s’ —

2 2

= cosec & log
cos &

= cosec o log sec a.
Example 2. Prove that :

f 4 dx iy or —Z |
0 1—2acosx+a’ 1-a° az——l
according as a < or > 1. (Purvanchal

JT
Sol.LctI-—:f dx 3
0 1—2zcosx+a

= dx

. 2 2Xx 24 2x 2xi
0 LN 0.5 (S X gt X
1+a") (cos 2+sm 2) Za(cos 5 s

[ dx
- X

9 (1+a2—-2a)cosz-;—+(1+a2+2a)sin2—

2
_ p1s seczg—dx
6 (I—a)2+(1+a)2tan2§
[=»]
=2f 5 dt 22wheretan—';-=t
0 (1-a) +(1+a)t

zf‘”d:
0

B (1 +a)2

1—a
Ifa<1, then1+a

o0
[=_ 2 1+atan_1(§1+a!t)

is positive, therefore

(1+a)21—a 1—3 0
- zz(tan_loo—tan"IO)= 22%
1-a 1—a
_ =
1—02
1—a. L la=T, e
If ¢ > 1 then is negative i.e. Is positive

1+a a+ 1l
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Je
(1+.:2:)2“'—1

_ 22 o
a —1

2 a+1{ —1a+1r}°°
tan
a—1 6

Lo

o — tan

i 3
E le 3. 1 f :
mthple. X Exaloole 0 cosx+2sinx+3

[ort
Sl bepd = 0 cosx+ 2sinx + 3

.y % 2X . 2
COs 5 sin 2+4sm2(:052+3 cos 2+sm >

dx
2%

0 2X P 2
4w52+4sm2c052+25m2

Ja
Then 1=f -
o " TEEE Moy ( x)

JT

2X
T sec de

0 X 2x
2+2tan—2 + tan —2

4 5 where tan£2-=t
2+ 2+t

/2
Example 4. Evaluate Vsecx + 1dx.

0
7f2 /2
Sol. Iz‘g V(secx + 1) dx = ! de

/2 \/20052% /2 \/Zcos%
-4 v “-]
.Z_x_
(1 2 sin 2)

v dx
2 X
(1 2 sin 2)
i X . V2 x

Put JZsmz—tsothat > coszdx—dt

or ¢Zcos%dx=2dt
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- Whenx=0,¢t=0 and whenx=2 t=1

2’
1 2dt -1 .41
I= 5 =[2sin "],
0 vy1—¢ '
=2[sin_ '1—sin" 10]
“ZE“H
=25 =m

a+bedsx+csinx

-14. ti of ——
§ 1-14. Integration f+mcecosx+nsinx

We express the numerator of the integrand as
a+bcosx+csinx

=A({ +mcosx +nsinx) +B[-msinx +ncosx] + C
where coefficient of B is the differential coefficient of denominator.
Comparing the coefficients of sinx, cosx and constant term, we obtain the value

of A, B and C. Then the given integral can be splited into the sum of three integrals
as

fa+bcosx+csinx
I+ mcosx +nsinx

— msinx + % cosx dx
— + B ——dxr + f =
Afdx I+mcosx+nsnx ¢ I+ mcosx 4+ nsinx

ax
[+ mcosx+nsinx

The last integral can be evaluated as explained in the solved example 3 of §
113

=Ax+BIog(l+mcosx+nsinx)+Cf

pcosx + qsinx
acosx+ bsinx”

§ 1-15. Integration of

In this case we express the numerator of the integral as

pceosx +gsinx =AM [acosx + bsinx] + B (d.cof Dr.)

where A and B are constants to be determined by comparing the coefficients
of sinx and cosx. Thus the given integral is

Bcosx+gsTnxdx=Afdx+B Lﬂasmx-l-bcc-}sx)dx
acosx + bsinx acosx + bsinx

= Ax + B log (a cosx + b sinx)
Example 5. Prove that :

3+4sinx+2cosx
34+ 2sinx 4+ cosx

dr=2c—3tan" ! (1+tan§)
Sol. Let

3+4sinx +2cosx =4 (3 + 2sinx + cosx)
+ B (2cosx — sinx) + C
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Comparing the coefficients of sinx, cosx and constant term, we get
2A—B=4,A+28=2,34+C=3

which gives A =2, B=0,C= —3

Therefore the given integral is

f3+4sinx+2cosx
3+ 2sinx + cosx

ax
— 2 —_ f - -
f =3 3+ 2sinx 4+ cosx

dx

=2t—3
2X X ol A X 22X . X
3 P e +4 = _— I e =
(COS 5 s 2) sm2c052 4+ CaSs 2 Sll’i2

=2x——3f 2
7

2Xx s X - X
4 — : fed — -
cos 2+4511:12c:|0s.2+Zs,111 5

2X
sec” —dx

2
2+ 2tan> + tan’ =
2 2

=27c—3_[—dL—2vs.rhf:r'sl‘=?;an:£
2+ 2%+t B

_ dt
RPRECY . x X

1+(@¢+1)
=2r—3tan "(1+1)
=2¢r—3tan ’ (1+tan’—£)

2sinx +3cosx

Example 6. Evaluate f

Sol. Here we put
2sinx + 3cosx=A (3sinx + 4cosx) + B (3cosx — 4sinx).
Comparing the coefficients of sinx, cosx, from the two sides, we have
2=34 —4B and 3 =44 + 3B

18 1

2sinx + 3 cosx f f3 cosx —4sinx
f35inx+4cosx dx+25 3sinx+4cosxdx
18

1 .
=X+ 2—510g (3sinx + 4 cosx)

45

3sinx +4cosx (GKP 2013, 17)
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Example 7. : f -——S-'E-‘E———dx

sin (x — a) (GKP 2007, Sid. 2017
Sol. Let I= f —0X__ g (1
sin (x — «)
Lett=x—a:
Differentiating above, we get
dt = dx

Now from equation (1)

I=fsm!t+a2dt

sin f

~ | (sintcosa + cost-sin @)
= sin¢
[sin (4 + B) = sinA4 cos B + cos A -sinB]

dt

Now, I'= | (cosa+ cottsin a) dt

=fcosadt+fcottsinadt
=cos:zfdt+sinafcotrdt

I'=cosa‘t+sing log sin¢ «(2)
Now putting the value of ¢ in equation, we get
I=(x-a)cosa + sina log sin (x — «)

EXERCISE 1-8

f ™ &
Evaluat e -
vatnate 0 4+ 35sinx (Purvanchal 2005)

sinx + cosx
Vsin 2x

T2
dx
Evaluate .]; m

T2
Evaluate f 2 2 & 2.2
0 @ cos“x + b”sin“x
sin 2x dr
(sinx + cc)sx)2
e Snxdx
Evalualu J m

2+ 3cosx + 4siny

Integrate

Fvaluate

1 :
Evalugie 1+ 2cosx + 3sinx
dx
Evaluate
(@ sinx + b cos x)2 (Purvanchal 2004)
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