(Chapter 3)

DEFINITE INTEGRALS

§ 3-1. Definition

b
We know that J; f (x) dx = F(b) — F(a) where F(x) is the integral of f(x) is

said to be a definite integral. @ and b are called the lower and upper limits of the
integral and the interval (a, b) is called the range of integration. In this chapter we
are giving certain properties of definite integrals which are helpful in the speedy
evaluation of the integral.

§ 3-2. Properties of definite integrals.
For present purposes we shall suppose that

J f@)dc=F ().
Property 1. _L'b f(x)dx=_£b f(t)de
LHS = [F (x)]z = F(b) - F(a)

RHS. = [F (:)]: = F(b) - F(a)

Property 2. _[b f(x)dx = — _!:a f(x)dx
RHS. =— [F (x)]: = — [F(a) — F(b),

= [F(b) — F(a)] = LHS.
Thus if the limits are interchanged the value changes in sign.
b c b
Property 3. J(: f(x)dx = _[ f(x)dx + _[ f(x) dx
where ¢ is any point in the interval (g, b).
c b
RHS. = [F (x)]a + [F (x)]c

=F(c)—F(a) + F(b) = F (c)
= F (b) — F (@) = LHS.

(78)
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Remark. This property can be geeralised as ‘o

_L.bf(X)dl:=_£le(x)dx+chf(x)dr+....£:i{(x)a:x+Lbf(x)dx

Proof of this follows easily.
a a
Property 4. I f(x)dx = J}. f(a—x)dx

a
Proof. RHS. = l: fla—x)dx
Puttinga —x =¢; — dr = d

0 a
= — _[ f@)de= I f@)adt by property 2
= fx) dx (property 1)
= L.H.S.

Property 5, _[:f(x)dx=0 or2_£af(x)dx

according as f (x) is an odd or even function of x.
Odd or even function (definition). A function f (x) is said to be odd if
F0=—f@
and even if f(—=x)=f@).

For instance sinx is an odd function because
sin (= x) = — sinx where as x or cosx are examples of even functions

Proof. ‘[Zf(x)dr=lof(x)dr+_£af(x)dr by property 3

In the first integral on the right put x = — ¢, then
a

0 a
_[af(x)dx=— ) f(—f)dt+.£ f@)ax

=_£af(-t)dt+_£af(x)dx

Ny 0 [rea a8
Case L. If f (x) is odd then f(—x) = — f (x) then from (1), we have

S rwae=- [ rerace I r@a
=0

Case IL If f (x) i-s even f(—x) = f (x) then from (1), we get
.[Zf(x)dr= + ff(x)dw ff(x)dx

=2_£af(x)dr.
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Property 6.£Mf(x)¢=2£af(x)m iff(2a—x)=f()
or 0iff(2a—x)=—f(x

2a 5, a 2a
Proof. f(x)de= f (x) dx + f(x)dx by property =
In the second integral on R HS. putx=22 —¢

then jf(x)& _L.f(.c)dx+f —f(2a — 1) dt

_L‘f(x)dx-;-_g fa—x) ad R

by property 2 and 1.
Case L If f (2a — x) = f (x), then from (1), we get

J f(x)dx—,[f(x)m.[: f @y as

=2£ f&)adx

Case IL If f (2a — x) = — f (x), then from (1) again we have
.L f(x)dx—_g f@)adx - _£ f@)dc=0

Following examples will illustrate the application and usefulness of thess
properties.

e dx 3 l:*"‘/z sin 6 df
E““‘P'“wfx 4% CosG+sn’

(GKP 1998, PU. 2005,

Solutt~n. Let 1 l:a 2x
olut:~n. Let [ = BT e e

Putting x=acos6,
dx = —asinfdb

, szﬂ asinfdd
) %/2 acosB + Vaé — ag* cos? 8

/2 sin 8 _ -

=% Cxo+sme® -
/2 8

= [ ot @

cos + smb =

[by property (4)]
Adding (1)& (ii) we get

/2
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or

b 4 .
Example 2. Evaluate .L' ﬂ%_
(1 + cos“x) (Gorkhpur 85; Avadh 95)
T .
Solution. Let I= ﬂsiz_r_
(1 + cos®x) )

T (x —x)sin (X —x) dx
= by property 4
{1 + cos? (r —x)} o
T (r —x) sinxdx

(1 + cos?x) .(11)

I =

Adding (i) and (i), we get
* _msinxde _ l:”/z 7T sin x dx
(1 + cos?x) 1+ cos®x
by property of definite integral.

0
=—27:_[ d,z by putting cos x = ¢

= — 21 [tan_it]{; =2x [tan‘l r];

Remark. In order to evaluate the integrals of the type
a
.[: x f (x) dx, we apply property 4 provided f (¢ — x) = f (x) and adding this

with the given integral we can remove x and solve the integral.

a2
Example 3. Evaluate log sinx dx
(GKP 82, 2008, 12, 13; Purvanchal 89, 2003, 2005; Avadh 91, 96, Sid. 2017)

/2
Solution. Let 7= log sinx dx @)
/2 o
= log sin (E - ) dx by property 4
/2
Additing (i) and (ii) we get
/2
2l = (log sinx + log cos x) dx
/2
= log (sinx cosx) dx

/2 :
= J: log (smz?x) dx
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/2

l
&=

log sin 2% dr — log, 2 dx

Fi 3
J; log sin £ df — log, 2 [x:’ ':/2

(on putting 2x = ¢ in the first integral)

]
[ ST

/2 T

= log sin t dt — > log, 2 (property 6)
/2 I

= logsinxdx—ilogez

=] - %loge 2  On transposition we get
I=~- %Iog(= 2
/2 7
: logsinxdxm—--ilogel

Note— This result is useful in solving a good numbsr of problems. Students
are advised to go through the proof carefully and remember the result.

=7 log, 2

Example 4. Show that _1: log [x + %)

dx
(1 +x%)
(Gorakhpur 85, 96; Avadh 82)
Solution. Substituting x = tan 8 ; dx = sec? 6 df we have

o 1) dx Im sec? 0 df
I + = = log (tan 6 + cot ) ——=—
~£ o8 (x x) 1452 0 (tan i) sec? 9

/2 sin@ cosé@
_~£ log (cos&+ sin @ 4
£JI/2 1
Sy log (m) Z

/2 /2
=~ logsin 6 d6 — log cos 8 d6

n/2 n/2 a7
= - log sin 6 do — A log cos (— - ) dé property 4

2
n/2
=-2 log sin 8 dO
=-2 (_ % loge 2) =mlog. 2 Hence proved.
= dx 7T
Example 5. Show that 1: - ==
£ A+x)(1+x2) 4

Selution. Put x = tan6 ; dr = sec260.40
then the given integral which may be denoted by I is expressed as




Izl)‘m’z tan § sec? 0 O
(1 + tan6) (1 + tan?6)

/2 tanB
0 (1+ tan@)

Thus I=f"/2 sin 0 d6
o ~Enb+ ool ()

. (x
sin (2 —9) db

RS

2 2

by property of definite integral

Jﬂ"’/z cos O db
I= e T T o
cos@ + sin 6 .(11)

Adding (i) and (ii) we get

/2 {¢in @ + cos @ l;""/z
21_-[)! (sin9+c059 2 4@
= g™ 2 ==
27 [9]0 >
T
I‘4

i x dx 72
Example 6. Show that f Sy O W d
0 g%cosx + b*sinx 2ab (Gorakhpur 2006)

T xdx
Solution. Let I= _[ 3
a? cos?x + b2 sin®x (1)
o J; *_ (@-xydr_
a® cos?x + b2 sin’x ...(ii)
by property 4 of definite integrais.
Adding (i) and (ii) we get
o = % 7T ax
a? cos?x + b2 sin?x
wT/2

a® cos?x + b2 sin’x
by property 6 of definite integrals
- foz e MyE
a® + b2 tan’x
Putbtanx=t .. bsec’xdx =dl

_Zir‘gm ar 2t |1, 4t *
= — =— |—tan"'—
b a2+ b la a




ab |2
2
= Eﬂ . &
Example 7. Solve i 1+ cosxzfc F sin2r
Solution. Let I = -[ ™ 1+ cosx2ft+ sin 2x
Putting 2x =
-

I—lim t/2 dt
) 1+ cost + sint

-l‘L‘u/Z tdt
4 1+ cost+ sint

e § L 5-1

4 1+ cost+sint

[by property ¢
Adding (i) & (ii) we get

f =—x— °
Az 4 2 1+ cost+sinf

_1‘..[’[/2 dt
= ¢

2L st 2L _n?L 4 2sinfcost
0052+Sln2+(:082 sm2+25m20052

_zz_-(:r/‘;’ dt
=3 ”

2 cos > 25m2c052

z (=2 seczédt
+ tan
1 tan2

Putting t %=u..

1 t
2se:czzdlt—du

n 1 2du
16 1+u

= I
I--l'g[()g(l‘i'u)‘o

JT
1—1—610g2'
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EXERCISES 3-1

(Gorakhpur 81, 2017)

1+tanx 4

T2 il
. T S

sinx + cosx (Gorakhpur 2002; Avadh 92)
¥ xtanxde _ (% - : |
_[ Py U ( > 1) (Purvanchal 2008; Gorakhpur 86, 2016)
/2 i /2
(a) ogtanxdr =0, (b) log cotxdr =0 (Gorakhpur 2003)
te
J b/ 4 dx
8 sin® 0 do 8. l: £ a>1
'[" = 2 — costy
k4
Prove that 1: log (1 + cosx) dx = log (—;—) (Gorakhpur 20605)
Show that ‘I:I Sin e T
X Py (Gorakhpur 92, Avadh 90)

/4 T
Show that log (1 + tan6) db = 3 log, 2.
(Purvanchal 90, 2004; Gorakhpur 87, 92)

Show that _’;1 e tnde Ty i
1+x2 3 (Gorakhpur 2008, 04, 14; Avadh 94)
w2

n/2
Show that 1: @ (sin 2x) sinx dx = _[ ¢ (sin 2x) cosx dx

/2 eotxdy &
Sh°‘“ha‘-[ N Vooka 04

n/2
Prove that x2 cosec?x dx = 7 log, 2
[Hint : Integrate by parts twice]

2a | a
Pruvethatl; ¢(x)dr=_£ 19 (@) + ¢ (2a —x)} dx

N : 2 (1)
Prove that.l) x log (sinx) dx = = log [=

2 2 (Gorakhpur 98)
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e 4
18.  Prove that _£ log (1 — 2a cosx + a%) dx = 0 or 2 loga according

asa<landag>1 (Goralhpur
7l » T 1
19. Show that e log (sinx + cosx) dx = T log > (Purvanchal
T
20. Evaluate .L‘ x_dx____ ' (Gorakhpur
1+sinx e
7T
21. Exaluate !; sied ¥ (14 Loyl (L4 canxV dv (Gorakhpuy 2
/4 5
22,  Show that ———dx = (V2 - 1)

n/4 1+ sinx

< W | T
J; 1+x4dx_zﬁ

2 07
23. Evaluate _!: M, a>b>0.
a—Dbcos@

a
24.  Prove that ‘L. log (1 —2acosx + a®) dx =0

or 2rloga accordingasa<1anda> 1.

§ 3-3. Definite integral as the limit of a sum.

So far we have considered integration as the reverse of differentiation. %
We can sec that it is possible to express a definite integral and hence also an indess
integral (because an indefinite integral can be taken as the definite

X
A f(x) dx as the limit of a sum of the series when the number of terms tend

infinity while each term of the series tends to zero. Thus if S (X) is a conti
; ] b
function in the interval (2, ) and @ < b then we define the integral . fE)drs

fb _ Lim =0
), f@Wadr= " hlf@+f@+h)+fl@a+2n)+..+fla+n—2
where b — a = nh.

Here n—=o > h->(,

It is worth while to mention here that integrals were primarily introducze
measure areas, volumes etc. by dividing them into enumerable sub-regions.
ultimately resulted in summing a series. The sign of integration [being the first 1
of the word sum also justifies it.

b
Example 8. Evaluate l: x? dx from the definition of the integral as the &

of a sum. (GKP
b .
Solution. Ja- Xdx = nan h [az +t@+hyP+..(a+n— II:)ZJ

- 00

where b —a=nh




et s— g
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= L e 4 2h {14243+ . + (= 1)}

_n—boo

+h2{12+22+... + (n—1)?}]

— Lim 24 ¢ ity n? - -

= h [}za 2ah 2(n 1)+ 3 =10 (@2n-1)(n)

e, 10 nha? + anh (nh—h)+--1 (nh = h) (2nh — h) nt
n—> 6 )( )'“

=b-a)a®+ab—aP+30b-a?

= -@-%Q{Bclz +3(—a)a+ (b—a)?}

=l -a)(@+ab+0) =1 - ).

Example 9. From the definition of a definite integral as the limit of a sum find

B
the value of A sin 8 df
Solution. Here f (f) = sin8
f(a) =sina; fle+ h)=sin{a + h) ctc.

(Purvanchal 2003; Gorakhpur 2002)

1 B, _ Lim - . :
- J, smﬁde—n o Nt[sina +sin (@ + k) +sin (@ + 24) + ...

-3

.t sin (@ + n — 1h)]

where hn = — .

h [sin {a + Ln;;ﬂ) sin %{J
Lim

=" o 7 (on summing the series)
sin

2

(See any book of Trigonometry)

) (st

T n—e>® sinh/2 2 2
=2ein (%ﬁ) iin (%)

= cos & — cos f.

§ 3:4. Summation of Series.
In the previous section we have seen that

Lb fe)dx = ,,I;imm hif @) +f(@+h)+..fla+7—Lh)]

where b —a =nh

Lim. 'Slhf(a +rh)
r=0

T ne®
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In particular if we put @ =0 and b = 1, we get

Llf(x)dr= o Z‘ f@rh)

- 00
r=0

S e

now nh=1-0=1 50 that h =
Lim Elfff-
-

mrzon (n]z.glfondx

Remark. In order to sum a series by this formula it must have the following
properties :

(1) A series can be expressed in the form of the integral as given above if it
is possible to write down the terms in the form

(6

(2) The number of terms in the series shail be #, but as each term tends to
zero the addition or omission of any finite number of terms will not change the limit
1.e.

Therefore

r=n+1
Lim 1La1r ¢

where k and/ are independent of x.

Working Rule. Find out the rth term of the series andfwrilc down it in the
Lim

L.AL7 . .
form - I al Then express the given series as s

1 _(r —
2 = f l”) assigning proper
values to r.
Lim
n-=> o

Now replace iby x, % by ax = by [ to get the corresponding definite

integral. Limits of this integral will be the values of ;:- as # > o corresponding to

lower and upper values of r. Example given below will help to understand the process.
Example 10. Prove that
Lim 1 1 1 |
n- o [(3;3+1)+ Gty +(3n+n)] = log 3.
L o 1
3n+r  n{3+ (/n)}
n
Lim 1
n>o . n{3+(r/n)}

Solution. rth term of the series =

Hence the given series =

Now for the corresponding definite integral

the lower limit = Lt 1 =
n-=>w p
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Lt n

and upper limit Bt sncs n=1
Therefore given seri J;l @
erefore given series = G+n)

1

= |logx+3

[log & +3)]

—log4 — log3 ='1og§ .
Example 11. Prove that

Lim 1 1 1 I
B et ¢ L1
n o [ {nz 2 +22) n2+(2n—2)2H 241

(Gorakhpur 86)

n
Solution. (r+ 1)th term = ————
: ) n? + ()%

: |

— n —
T {1+ @D} n {1+ (42/nd)}

Lim '5'3 1
n>o _o ni{l+ (42/n?)}

Hence required limit =

i

T 1+ 49
O
ol
_ X 13
—42[tan 2x]
el o —y Ll
=Z[tan™ 2 —tan ' 0] = S tan~ 12, Proved.
2 2

Example 12. Evaluate = 2 n’

KA L2 SHILAE v 01 TR

: z e Lim (1/n)
Solution. Given limit = 2‘1
| n=->c -ty {1+(r2/n2)}3/2

Now for the corresponding integral

lower limit = 1 =
n—-ow n
- Lt =n
upperhm:t=n¢m ;=1
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b ax | __
Given sum=_£ -(—1—_!_—;-:—2)—372— Putx=tan@ ; drx = sec>0do

/4 sec2@d0
(1+ tan2 )72

cos O db (after simplifi

.rz/4__sin3r
] 4

g
Ln/«t
[

Example 13. Find tke limit as n - o of the product

1 22 2 H
(o2 2 e o) _
n n n (Gorakhpur

Solution. Let us suppose that the given limit is 4

Lim |{. 1 22 n? .
Thus A=n—>oo{ 1+;!—2—) (14—-—-] Sa (1-!-—-2"]}

\ n
Lim 1 1) 22 n®
logA = e 5 [log (1 +n2) + log (1 + nz) + ...+ log {1-}-;—5”
: n
= Lim zllog(u—’f}
n-—hoor=1n 322
1
=_£ log (1 +x%) dx

{xlog 1 +x3} L ((“_ 12))

(on integration by parts taking unity as second function)

'@ +x2—1Dax
1+x2

1 1
=1°g2“2[-£ ‘i"'-L. foJ

1
log2 -2 g [x tan x] log2 —2 (1 4J

=log2-2

: =[Z_q1)2=%—4
.+ logA I()g2--(4 1)2— >

A = 2(m—4)/2
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Example 14. Apply the definition of a definite integral as the limit of a sum to
evaluate

n—-> o n

Li Lh Vn
im (_) (Gorakhpur 2006)
n

Solution. Let us suppose that the limit is 4

1/n
3 |
LE. A= Lim [—’-’——)

n->0 |un

i (12.3 n) Va

=n—a-oo n

-2 G 6-6F
ot =, 5% L (1) g [2) .o 2]

3 n
_ Lm leog L4
n—’mr=1n n

1
= L logx dx

1

1
= (x logx) — f (1) xdx  (on integration by parts)
0 0 \x

=0 - [x];=—1.
A=el1=1/e.

. EXERCISE 3-2
From the definition of a definite integral as the limit of a sum evaluate :

b /2
1, J‘: xdx 2. _[; sin @ d6

b
o [

a
.[1 1 J‘b 1

4., (a) T&-dx (b) : Fdx (Gorakhpur 2003)

B

5. J‘ cos 6 dé
(74

Find the limit when n - « of the following series :




10,

11.

12.

14.

15.

16.

17.

Integral Cualculus

+ Tt .+ —
Cte) @) " Gam

(Avadh 93, Gorakhpur 2010)

1 22 72 1 }

E n n n
L+ + + ot
nt P+ 2+ 22 a2+ (n + 1)2

~-Esec2—2+—25'se —%+%sec22+ +lsec21
i4 n n n n n

n
Lim 231 1
Evaluate e °°r§0 Vit =7
Lim 2 r
Evaluate 2l
> o ((r‘t - n")]

-~

Lim |1 1. 1
(a)Showthat"Qw[ +—I_1+ Zn] log 2

(b) Show that the limit of the sum

1 1 1 1
+ Gyt Tt m
when n = o is log 3. (Gorakhpur 2007; Avadh 95)
Find by integration the limit to which the sum
172 172 1/2 172
n3/2 e 7t Z v e 5 372
n (n + 3) (n +6) {n+3(n—1)}

tends when # is indefinitely increased
Find the limit when 2 - « of the product

1 2 3 n it
{ ( L ;;] (1 * ;) (1 £ ;) """" (1 + ;)} (Gorakhpur 87, 2003)
Evaluate
Lim sin - sin o sin L sin 2% 1/"
maa o SIS ST o
Show by means of integration that
el B E ﬂl/n—l
n->w |[Apytang tany e tanzr =

Find the limit when » tends to infinity of the product

b8 3 (3

[Hint : Take the limit as 4, then
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fl 1 2 2 '
log4 = . ;10g(1+:c)dx= x—-;-ﬁ-;—- ....... )
on expanding log (1 +x) and integrating term by term

- from trigonomet

=1 gonometry.
18.  Evaluate

Lim 1 1 1 1

5 e 10 [n+n+1+n+2+'"+2n—1] (Gorakhpur 2002)

§ 3.5. Differentiation under integral sign.

The functions which are not easily integrable can be integrated by diffcrentiating
the integrand of the definite integral with respect to a quentity which is independent
of the limits as well as the variable with respect to which integration is performed.
The following examples will illustrate the method.

®tan~ lax
Example 15. Evaluate — gy, (Gorakhpur 2067, 2010)
x (1 +x%)
®tan~ lax
Sol. Let I = _[ —_— i
x (1 + %) @

g{_i“’ 1 ) x .dx_foo dx
da x(1+:c2) 1+ a?c2 0 (1+x2)(1 +d?:r2)
= 2
- ~£ 1 ___],L a2 [1 : 2 1 +a azxzjl dx (by purtial fraction)

s s -1, _ 15=1%
—1_az[tan x —atan " ax],

-1 |z_axi &
L 1=g2|2. 2| T 2@ +®)

. o 1 T
& I—f2(1+a)da+c
=-§log 1+a)+c (1)

But, when @ = 0, 7 = 0 from (i)
Hence from (i1), we get ¢ = 0.

I=%Iog(1+a)

Example 16. Evaluate I l°gl'(i :2:?2 D (Gorakhpur 2002)
*log (1 + a%%) :

Sol. Let I = ‘ dr
- 1+ b&2 ®

ﬂ_v[ao 2&!2 -
da B (1+a%2) (1+ b2
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2a f 1 1 " .
= - dx (b tial fraction
B — g2 [1+a2x2 1+bzxz:l (b pactial f )

= %Iog (@+b)+c : (i)

But when @ = 0, I = 0 from (i), Hence from @) c=—- -'g-log b.

11 T T a+b
I—Elog(a+b)—3—10gb—--glog ( b )

72 .
Example 17. Evaluate _£ log (e cos? 8 + B2 sin 6) df.

w2
Sol. Let I = log (& cos?6 + % sin?6) dB

ar _ | ™2 2acos?6dp
de a? cos? 6 + B2 sin2 @

72 ae
e
a? + 2 tan? @

Put tan 6 = ¢, so that sec20d0 = dt i.e.

ar k dt - dt
sec2@ 1+ tan28 1+ 2

db =

P |
da @+ 6% (1 + 3)
2a =] 2 1 - e

2z [B -18 i1
———-—atan a—tan 4

I

P -a? | 0

=ik Zees [ Bioie o alian @ik

_ﬁZ—aZ_a 2 2| a+p
I=faﬁﬁda+c=srlog(a+ﬁ)+c (2
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72 b7
But when a = §, I=J; log &2 df = 2loga - )
=nloga
- from (1), we get
wloga=nlog (a+a)+c
=z log2a + ¢
=nlog2+xloga +¢
¢c=—mlog2
Putting this value of ¢ in (i) we get
I=nlog(a+p) —nlog2

ra(e5?

®e™ X gin by

Example 18. Prove that _L‘ >

-

stiubde_:gr_.
4 X 2
®,—ax .
Sol. LctI=‘£ E——f—“i’?—fdr
d[_l:”e“’xcosbx_
db X P

o e e — —

. db g2 4 p2

Integrating with respect to b, we get

1 b
dx = tan 1-(;. Hence deduce that

(GKP 2009)
(D)
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szazf_bzdb +e=a %tan_lg-i-c
or I=tan‘1%+c .
But when b = 0, I = 0 from (i). Hence from (ii) we get ¢ = 0.

I=tan—12

® - ax :
Deduction. Putting ¢ = 0 in _l: f"--*---J-cﬂl—bic-th: = tan~ ! -3, we get

I”sinbx wi i1
= tan 0 = —,
X 2

Example 19. Prove that
l:’”'zlog (+cosacosx) , 1 (_Jﬁ _ az]

COSX 214
/2
Sol. Let [ = L log (1 + cos & cos x) " o
COoS X
7f2 gt
Then dar . .[ SIN & COSX
da (1 + cosa cosx) cosx

| .‘:m e
= —Ssma
1+ cose cosx

! /2 dx
= —sina

2 2 2 2

: mi2 dx
= —sina =
(1 + cos @) cos?Z + (1 — cos ) sin? >

; X . oax
cos?Z + sin? % + cosa [c:os2 =~ — sin? —}

2 2
- seczitz-dx
=—sina1:
(1 + cosa) (1 — cosa) tanzg
x x
we put tan> = 50 that seczidx=2dt
L .‘:1 2dt
— = —sina
do (1+ cosa) + (1 — cosa) 2
_ _ _2sina 1 dt
1-cosa 1+cosa+t2
1—cosa

: 1
__2sina 1—cosa —1tVl—cosa
1—cosa = 1+cosa V1 + cosa 3
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__2sina _1-\/1 cosa
T V1-costa 1+cosa
o i -1 &
= — 2tan (tanz)
d e
s
Integrating with respect to o we get
2
a
== +C
when a = E’ I = 0 from (i). Hence from (ii)
2 2
=—%+corc=n—
e gt 1|2k Ty
syt g2

§ 3.6. Integration under the sign of integration.
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Some functions which are not easily integrable can be integrated by integrating
the integrand of the definite integral with respect to a quantity which is independent
of the limits as well as the variable with respect to which the integration is performed.

The following examples will illustrate the method.

la—1_ .b—1
Example 20. Evaluate . 2 dx
logx
Sol. We know that

1
len—ldx=l:ij‘ =l
n 0 n

Integrating both sides with respect to z, between the llimits b and a, we get

£1|: a 1 } ﬂl
b.l‘.‘" dn| dn = b;dn

.£1 xn__l n=a .
or _ [logx]nzbdx_[bgn]b
1,4a—1_ ,b—-1
or ‘L‘x" log;b dr =loga — logh
=l

Example 21. Prove that

(I).L‘ —azxzdx__

(Gorakhpur 2000)
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] (172
Sol. (i) Put a%%=tie.x=—

so that e =

= 2—2-[‘(-%) (see § 4.1 of chapter 4)
vV ¢  Leow (1) U0
% -4

(if) Let 1=-.J; e~ 9 cos bx dy

Differentiating it with respect to b, we get

%= - L e‘“?xzxsinbxdx

et —a?xz oo )
= = {-i-—si.nbx} —-2*2—2_]0‘ (—e_azr)cosbxdr

2a2
0
(Integration by part, taking sin bx as first function).
dl b y -
b= 2a21 (Integrand part being zero on both the limits)
dr b
or TE= Z_QEdb
dl f bdb .
f Tk &l oo + logc (c is constant)
b2
logl = — @-i- logc
[ = ce—bHa® (1)
when b=0 I=fme_“¥=-\-/ir—
1 0 2a
(by first part of this question)
. From (1) L
 Fro { g =€
Hence we have
Vo &
I=2Z¢ a2
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10.

EXERCISE 3-3

Prove that f 1—“;Z.ﬂe'_"‘dx =%10g (1+y%)
0

7] :
Prove that f og (aksin Fiegs) dx=rm
0 CcOosx

Provethatif—-1<a<1and-—-g-<sin_la<—;£

1

f‘”" log (1 + a cosx)

de=msin” ‘g
0 COSX
e dx 7 (a® + b2
Pro"“hatf s 2 o ( 33 ) '
0 (a”sin“x + b” cos“x) 4a3p e

/2 '
Prove that jo‘ tosit +y sinx) 7, V(1 + y) #1y>1

sin? x
72  (a+bsinf) do .- b
Provethatj; log (a-—bsin&‘ sing = TsinT e

| g
Prove that ‘L mdx = log (n + 1)

1,1/a _ ,—1/a 3 .
Prove Lhatf x__gc___dx=10ga+1 :
0 log x 5 i 1 :

o0
From the integral f er Filr = iﬁ,
.0

o, —ax _ ,—bx
prove that J. e—-—-e—dr=log%

0 X
Prove that
w,—ax _ ,— bx
f £ S Sinmrds 1= _tan~1—
0 X
sin mx b
and hence deduce that f dx = >
o m
[Hint : Integrate e~ @ sinmxdr = ——— w.r. to « between the
0 a? + m?

limit ¢ and b]
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