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Differential Equations

! n:n
wwi%ﬂ

SINGULAR SOLUTION AND
SRTHEOGONAL TRAJECTORIES

I.  Geometrica] significance of solutions of first order
differentia] cquations.

This first order differential equation is

= d
f(x:y:‘)i):o ..... (])

dx
Its general solution involving one arbitrary constant is
g(x,y.c)=0 --=-(2)

Equation (2) Fepresents a curve in xy—plane for a given value of ¢. If we
reat ¢ as parameter and allow it to have al[ rea] values, equation (2) yields

d fami])/ Ofinﬂnfte]y many curves. These are called integral curves. Thus
the general solution of a first order differential equation (1) geometrically

represents an infinite set of curves in the xy-plane.

2. Singular solutions.
Let us take ¢ as parameter in the equation

. gXye)=0
which is the solution of first order differential equation.
with respect to parameter c. we get

sl )

Differentiating g(x.v,.c) =0 partially

cg T
2= 0 (2)
cc

Eliminating ¢ from equations (1) and (2), we get an equation mvelving

cular solution

only x and y in the form ¢(x.v) = 0 This solution is the sin

of the differential equation
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In differential calculus, we know that the ¢ — eliminant of the equation of
a family of curves given by g(x,v,¢) = 0 and its partial dérivative equation

%,
—lelx,y,c)|=0
dc L( = )]
represent a curve I' which touches every member of the family C of
curves represented by equation g(x,y,c) = 0. The curve T js called the
envelope of the family of curves C. Consequently. the singular solution of °
a differential equation

dy
fxp :._L_ :.
( ydx)

represents the envelope of the family of curves represented by the general
solution g(x,y,c) = 0 of the ditferential equation.

(i) e—discriminant. [t is obtained by eliminating ¢ between the equation

g(x,y,¢)=0 and @=O
dc .
Thus ¢ — discriminant js the locus of each point of which g(x,y,c) =0
has equal values of ¢, and this contains the envelope of the family
g(x,y,c)=0.
(i1) p—discriminant. It is obtained by eliminating p between the equation

of
f(x,y,p)=0and L=
op -
Thus p — discriminant is the locys of each point of which f(x,y.p) = 0 has
equal values of p, and this contains the envelope of f(x,y.p) = 0. where p
is treated as parameter.

Remark:
J ¢

S 1 dg .
The ¢ discriminant of g(x.y.c) = @and —=> =0 does not exist
oc

when —é-g Is iIndependent-of ¢, In this case singular solution does not

oc ] .
exist. The singular solution if itexists, represents the envelope ofthe -
family of integral curves of the given differential equation

It is noted that the locus obtained from ¢ — discriminant contains
the envelope as a factor once, the nodal-locus twice and the cusp-locus
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thrice whereas the locus obtained from p-discriminant contains the
envelope as a factor once, the cusp-locus once and tac-locus twice.

Thus the singular solution of the differential equation is obtained
by c—discriminant and p—discriminant.

2 2 2 ot
Exp. 1. Reduce xyp —(x +y — 1)p + xy =0 to Clairaut's form and find
its singular solution.

Sel.  Letus put u=x", v=y2, 3.0y b dv
xdx du

X dv
getiat p=—P wher d_ b T
y u

-

)

2. substituting these values in the given differential equation, we have

x*p? —(x2 +y2 —])P+'y2=0

-

or IIPZ—(LI+V—I)'P+V=O

Or v=yP +L
: P—-1

This 1s of Clairaut's form. Its solution is

vV=cu -+
c.—1
where ¢ is arbitrary constant. The general solution is

2 2 C
y- =cx” 4
c—1
or czx?’—c(x2+y2—])+y2:0
The ¢ —discriminant is

(5{ +y - 1)' =4\:2y2
or [x2~.~y2—I—2xy]x2+y2—l+2_xy]=0 b
or [(\ - }:)3 - ]][(x J.—y)2 - l}: 0

p —discriminant is also the same. Hence it is singular solution.

Exp. 2. Final the general and singular solutions of the differential
equation

Xp Fypx+y)+y =0



Singular Selution and Orthogonal Trajectories

4]

Sol. Letusput u=xy, v=y sothat x = u/v

du —
then dy =dv, dx= E—U—E—ﬁ‘i
V i ‘
2 2
/ | P d
Therefore, p= 0 =8 1 oY = , where — =P
dx wvdu—udv v-—uP du

The given equation is written as

(xp+y)* +y°p=0

or (—X—p+])+p=0
¥

Substituting the values of x,y. and p in the above equation we get

2
u VZP VZF
. +1| + =0
v> v—uP v —uP
uP+v—uP)2 v2P
or +
v—-uP

or v=ul?—l

which is in Clairaut's form. Its general solution is

!
V=G ——
c

1€ c?xy —cy—1=0.

(1)

s r- - - 2 r' * LR - - i -
Thus c—discriminant is y =—4 xy i.e . y(y + 4x) = 0 and p—digcriminant

1 2 2 212 o : - , i %
IS y(2x+y) =4xy e y(4x+y)=0.Hence the sigu' - solution is

y(y +4x) = 0.
PROBLEMS
Find the general and singular sclutiohs of

L (y=px)(p-1)=p
2

x*(y-px)=yp’ 4.9p7(2-y) =403 -y
5. (px - )")A = P2 —1 6. p= Iog(xp— y)

3.2 2 v .3
.X'p +xyp+a =0

(]

~J]

)

@yz — 2Xyp+ pz(_x2 = i) = az
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2 2 . ; 2
8. p~ cos” y + psin X COSXCOSY =Sinycos™ x
[Him‘; Put u=sinx, v=sin y].

ANSWERS
L(y=ex)c=N=c ; (y-x)*=2(x+y)+1=0
2.c2(1—x2)+2cxy+az-—y2=0 3 y2+azx2=a%
3. ¥ =ex +c2 4y2+>\4=0
4y (B-y)=(x+c)” ; y=3
5.(cx—y)2: i x? -yt <]

6. c=log(cx—y) ; y=x(logx—1)
7.¢” + CXy +a’x=0 ; (xy2 ~—4a3)x=0
8. siny=csinx+c’ : 4siny—six12x=0.

3. Trajectorics.

Trajectory is a curve which cuts every member of the family of
curves according to a given law. Mostly, we consider a system of curves
to be obtained intersecting a given system at a constant angle. In case this
angle is a right angle. the trajectory is called an Orthogonal trajectory,
‘otherwise it is called oblique.

4. Orthogonal trajectory for curves in Cartesian coordinates.
Suppose differential equation of a given family of curves be

s o
- f[x,_\u--i\--\:() o]}
dX
and differential equation of another family of curves be
Y
B Ry SRR s e poemeth ) (2)
A dx ]

The slope of the curves of two familjes be % and g;i and member of
. dx
family (1) cuts members of family (2) at an angle o, we have
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dy dy

-dX  dx

tano = Z
bt (dydx)[ yd.\')

Relation (3) gives

dy deX + tan o

-

dx ; (d‘g’d){) e 5 X, s Boge D oghl e T )

If a=90°, then from (3),
dY (dy] A

dX \ dx
gY =]

dX [dy/
7 dx
Rule. To find the different equation of orthogonal trajectorics, we replace

dyfdx by —1/(dy/dx) in the differential cquation of original family -of
curves.

Exp. 1. Find the orthogonal trajectories of the family of parabolas

2
VT X
Sol.  The given equation of family of curves is
2
Vi =OX ekl )

Differentiating (1). with respect to x, we get

E}fq} = I A o
dx
Climimating arbitrary constant ¢ from (1) and (2). we uet
dy y. )
GEUDSAY = ) - e i 1 S g

The family of orthogonal trawectories ol (1) i oinven by the differentiai
equation

dx v

dy 2%

or 2xdx +vdy = ()
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On integration, we have

Y —a o g 1S arbitrary constant

[55]
I

X \%
or ——w

(P ()

This is a family of ellipses as the orthogonal trajectories of
~ parabolas.

. Show that the family of ellipses

2 2
- X V
e W B St

the family of

> b= (GKP,2004)
a +A b+ A

(where a, b are constant and A is parameter) is sel

f orthogonal.
. Sol. Differentiating (1) with respect to x, we get
i : %
5 i s 4 y =0
a” +A b+ dx
d
, e yigeitty ol LY, Y )/dx
Ol :—2 = —'_’—-:——--— == —-"‘2———_,*.— ..... (2)
a” +% b7 4aldx a —=b

Eliminating % between (1) and (2), we have

4 [.\' J.—-yd%\() Y(-\‘“-L}"d%\;)
X SR — =1
b))
7] bz

i d}’ \’/" < | o
(B’d)( e SRR e 5)

which is the differential equation of the given family of ellipses. The

differential equation of the orthogonal trajectories is given by ‘
r
y dy Doy g2
N = == ‘x--y---‘—J*ai ghe= . e Wk (4)
L (dy dx) | dx

But. we observe that cquations (3) and (43

are identical.
Therefore. the equation of the family of orthogon

al trajectori¢s.is
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the same as that of the-given curves. Hence the given family of
ellipses is 'self orthogonal'.

5. Orthogonal trajectories in polar form.

Suppose @ and ¢ be the angles between the tangent and radius
vector of two family of curves, then

rdG

tan @ = G and tan¢ =
dR cir

If o is the angle between the tangents to the two family of curves, then
a=P~¢
and \
tan ® — tan ¢
l1+tanPtand
[ta=90°, Il+tanPtanp=0

Therefore, (Rg@-) (-@) =—] or B@: - 1/(rd8 /dr)
dR dr } - dR

Thus we see that the differential equation of the orthogonal trajectories is
obtained from the differential equation (polar form) of a given family of
curves by replacing

tang. =

D by Z1/(rde/dr)
dr
Exp. 1. Eind the orthogonal trajectories of the family of cardioids
. r=a(l +cos 06) fa e A)
where a is parameter. (GKP,2005)
Sol. Differentiating (1) with respect to 0, we have
dr
-ttt A R (R o C v 2)
do ( /
Eliminating a from (1) and (2). we have
1d0 1 —cos0 .
T o o Lo (3)
dr -s5in B

which is differential equation of the family of cardioids.

Now replacing (rd0/dr) by - 1/(rd0 / dr) in (3). we get



b Differential Equations

= . _1 + cosB

(rd6idr)  —sin@

of 6 sin6 P oL (4)

dr  1+cosf
which is the differential equation of the orthogonal trajectories. By
separating the variables, we have

dr (I+cos@)

r sinf
Integrating, we have

logr = log tan(%) + logsin@ + logc

or r=c¢ lan(%)[z sSin S—cos gJ =2csin? g‘-
or Eellercosh) s e et T s (5)

Equation (5) represents another family of cardioids.
Exp. 2. Find the orthogonal trajectories of system of curves

r"sinnB=2a" (GKP., 2006, 2009) (1)
where a is parameter.
Sol. Taking log of hoth sides

N - n
logr™ +logsinn® = loga

and differentiating with respect to 0, we have

1dr
or ] +ncotnf=0
rd0
dr :
or - - = - cotng
rd0
; . I
or ' = —c¢ot nb.
{rd0 dr)

For the orthogonal rajectories. we have
rd()

- - =cotnb
dr
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or EE = tan n6d0B
r

Integrating, we have

l
iogr =—logsecnd + logc

n
' n n
or r =c secnb
n n
or r cosnB=c .

which is the equation of the system of orthogonal trajectories:
PROBLEMS
1. Find the orthogonal trajectories of the family of semi - cubical parabolas

ay-2 = x°, where a is parameter. (GKP.,2007)

2. Find the orthogonal trajectories of the family of circles
2 2 3 (GKP., 2008)
(x - 1) +y~ =2ax, where a Is parameter.

L

. Show that the orthogonal trajectories of the system of parabolas

y” = 4a(x +a) belong to the system itself.

4. Find the orthogonal trajectories of the family of curves
2 P _
X y ‘.
+ =1, where A is a parameter.
2 2
a b™ + A

5. Find the orthogonal trajectories of the family of conies

yz —x" +4xy —2cx=0

6. A system of rectangular hyperbolas with centre on the origin, passes
through the fixed points (+a. 0). Show that its orthogonal trajectories
are given by

(xz +y?)2 =2a2(x2 —y2)+ ¢
[Hint. Equation of rect. hyperbolas with centre at origin is
bx* + 2AXy — b}_-‘z = l]
7. Find the orthogonal trajectories of
(a) r =a/(l + cos0) (b)r" =a" sinnd
(c) A= r* cosB - (d) r=c(cosH +sin0)
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8. Find the orthogonal trajectories of a family of circles w

given line at given point.

1. 2x° +3y3 =

4, x° +y2 —2a” logx=¢

1. (a)r=b/(1-—cos€’)
(c) B=rsin’ 0

htouch a

ANSWERS

5.y +4x" £3x y=0
(b)r” =c" cosnd
(d) r=a[cosB — sinB)

8. Circles with centres on the given line and passing through the gives

point.




