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=
28 Definition

Tangent : Let P (x, y) be any given pointona YA Q (x + 8x, y + dy)
ez and O (x + Ox, y+ 8y)any other point on it. As O
s o P, the straight line PQ tends, in general, to a N

== straight line (weather QO be taken on one side of
" e other). This straight line is called the tangent to 90° P(xy)

mmEve at P.
Normal : Normal at P is a line through P at right
Wy =s 1o the tangent at P. Thus PT is tangent and PN is
] at P 0 e > X
g r T
Equation of the Tangent

I£P (x, y)and Q (x + &x, y + 8y)be two points on the curve y = f(x)then equation of
i PO is

e AU O =W
s }_ral-?),r)—J(X x)

(where X and Y are current coordinates)

T Y—y=§(X—x).
Ox

Now as Q tends to P then ? becomes % and chord PQ becomes tangent to the cirve
= :

L " = ). Therefore equation of tangent at P(x, y)is
dy
Y-y=—(X-X).
u dx ( )

Note 1. The equation of tangent to the curve y = f(x)at the point (x; , }is

O A is
g [d"](xl,yo S,

where [Q] is the value of @ at (x;, ¥ )-
dx
(. »)
Note 2. If the curve is given in the parametric form say x = f(¢)and y ={(¢), then
dy _dvldt _ (1)
dc axddt  f'(t)
@ =zuation of tangent at any point 7’ is given by

Y@,
Y—¢(f)—f,(t) x—f(0)]

- Equation of the Normal

Normal being a straight line perpendicular to the tangent, its slope, m is given by _

(53)
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m@:—l
dx
dx
= mM=——-:
dy

Hence equation of normal to the curve y= f(x)at P (x, y)is
Y ——y=—£’E (X —x).
dy

Geometrical Meaning of —:—Y-
: X

The equation of tangent P7 to the curve at P (x, y)is
dy
Y — e R
== ( )
which can be re-written as

Y = L4 X +( y—xﬂjj
S dx dx
which is of the form
Y=mX+C
which represents a straight line whose gradient m is equal to tan y, where y is

angle which tangent at ” makes with the positive direction of x-axis. Here y is measured
anticlock wise direction.

Comparing (1) and (2), we get

dy
— =tan y,
dx ¥

dy

i.e. the differential coefficient % atthe point P (x, y)ofacurve y = f(x)is equal to tan .

Corollary : Tangents parallel to the co-ordinate axis.

Ifa tangent is parallel to the axis of x, then y = Oi.e. tan \ = 0and so we have dy/dx
at that point.

If a tangent is parallel to axis of y, then y =2 and tan y =tan W2 = . So we ha
dy/dx = o or dx/dy = 0 at that point.

Working Rule : In order to find the equations of tangent and normal to a given cur.\Y
ata given point, we may use the following method :

(i) Find Y from the given equation y = 7(x).
dx
(i1)Find the value of % at the given point P (x;, ;).

(iit) If [-ZJ is a non-zero finite number, then obtain the equatlonl
(1. )

of tangent and normal at (x; , y; ) by using the formulae

i . =(f§"j] (x—x; )and Al ="'{ﬁ] (x—x;),
dx (x1, %)

respectively. Otherwise go to step (iv).
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(iv) If (Ey—J =0, then the equations of the tangent and normal at (x;, ) are
(1, 1)

~1 =0andx —x; =0respectively. If(ﬁj =% oo, then the equations of the tangent
s 30
=<nomal at (x;, y; )are (x—x, )=0and y— y, = Oresp,

Polar Co-ordinates

Let O be a fixed point called the pole and OX, a fixed ¥
==ight line called the initial line. The position ofa point ‘7" s 1
“==mined relative to O if 0, the magnitude of the angle XOpP
w27, the length of OP are given. Then (7, 0 )are said to be polar
~+ordinates of P; r and 6 are called the radius vector and
==torial angle respectively. The angle 6, is considered to be 5
“usitive when measured in the anti clockwise direction and r is © M
w2 to be positive when measured away from O along the line bounding the vectorial angle.
" S co-ordinates (r, 0)of a point satisfy a given equation different positions of that point
= be found by assigning values to 0 and then calculating the corresponding values of 7,
“am locus is a curve of which the given equation is called the polar equation.

From the figure it is clear that AOPAM/ gives the relation between cartesian and polar
~-ordinates of a point P,

So, x=rcos 0, y=rsin

Conversely if x and y be given, we have

x*+3y? =% and tan 0 = y/x.
If the positive value of » be taken then the equation

P(r0)

—> X

X
cos 6==, sin 9=£
’ ¥

= one value of § between — 7 and 7 or between 0 and 2nt. The pairs of co-ordinates
L -2n+0),(—r,n+ 0),(-r,—n+0),...all represent the same point.

-

ILLUSTRATIVE EXAMPLES
Example 1. Find the tangent at (1, 2) to the curve y=x 1

Solution. The given curve is y=x>+1

dy

= =32
dx
and [QJ =31 =3,
& )2
Hence the required tangent is
y—2=3(x-1).
Example 2. Find the equation of the tangent at (x, ) to the ellipse
2 2

at b’
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Solutien. The equation of ellipse is
X2 2
—+ "T = 1
| a’ b
Differentiating with respect to x, we get
E &+ 2_{ Q =0
a®  b* dx

4y T 5|

& 42 y
The equation of the tangent at (x, y) is, therefore
2

bx
Y—J’=“T(X —x),
ay

or blz(y—y)Jra_’Z(X—x):o,-

; S
or __)ﬁc___‘_ﬁ_x +y_=1
a2

b2 o B2

Hence the tangent at (x, y) to x*/a” + y%/b% =1is

_Xx_z_ + —}:']21 =1

a b
Example 3. Find the equation of tangent and normal at 6 =72 to the cury
Xx=a (0 +sin 6), y=a (1 + cos 0).
Solution. The given curve is

x=a(0+sin 0), y=a(l+cos 6

Differentiating w.r.t. 6, we get

=a (l+cos 8),@=—asin 0.
do

a0
fk=% =~tan 6/2.
dx dx/do
Hence [Q] =—tan T L
B=n/2 4

Also for 8 =7/2, the point on the curve is { [ g + 1), a}
Then the equation of tangent at 6 = w2 is
y—a=(—l){x—a[E + 1}}
2
T

or x+y=al—+2

g (z )
'Equation of the normal at 6 = /2 is

(y—a)(—l)+x—a[7—;+l]=0

or x—y—-alc--
2
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Example 4. Find the equations of tangent and normal to the curve y* =3x2 +1

at (1, 2).
Solution. Given that
y: =3 +1 )
Now, difierentiating (i) with respect to x
dy
2y—=—=
>
&
& y
At(1,2), [a—:y] stk a3 ...(ii)

Thus, the slope of tangent = 3/2 and therefore the equation of tangent at the point (12)
is given by

3
—2="(x-1
y 2( )

= 3x-2y+1=0 ... (iii)
Again, the slope of normal =—2/ 3 and therefore, the equation of normal at the point
(1, 2) is given by
(y-2)=-2/3(x-1)
= 2x+3y-8=0 .. (iv)
Example 5. Show that the abscissae of the points on the curve y = x (x —2) (x — 4)
where the tangents are parallel to the axis of x are given by x=2 % (2/ NE) ).

Solution : The given curve is
y=x(x-2)(x-4)
=x> —6x? +8& sssl)
Differentiating (i) with respect to x

-@=3x2 —12x+ 8
T

The tangent to the given curve at the point (x, y)is parallel to the axis of x, if % =0

ie 3x> —12x+8=0

= x=(12+.144 —96)/ 6
=2+ (2/3)

g

Hence the abscissae of the required points are 2 + (;—%}

Example 6. Find the equation of the tangent to the curve .1c_y2 =4(4 — x) at the
point where it is cut by the straight line y = x.
Sol. The given equation of curve is
xy® =4(4 —x) ..(i)
Intersect to the straight line
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y=x ...(11)
From (i) & (ii)
%} =4(4 -x)
x> =16—4x
x> +4x-16=0
(x-2)(x* +2x+8)=0
x =2 & x =imaginary
For x =2 & equation (ii), we get
(ii) intersect (i) at (2, 2)
We have to find the tangent of (i) at (2, 2), For this differentiate (i) wr.tox

&y 2
— +y°=0-4
lxydx y

&
dx

g U dd

g,
dx |3, 2) 8

Then the tangent at (2, 2)
y=2=(-Dkx-2)
y—2==x+2
x+y—4=0

[EXERCISE 3.1

Find the equation of the tangent at the point (x, ¥) on each of the following curves :
() y* =4ax () (2 +y*) =a® & = »*).

(iii) y =a logsin x

Find the equation of the tangent at the point t on each of the following curves :

|
o
%’\;’

At (2,2)

Il

=
=

()x=a(t+sint), y=a(l-cost)
(i) x=asin® ¢, y=bcos> ¢
Find the points at which the tangent to each of the following curves is (a) parallel to
and (b) perpendicular to the axis of x :
(@) y=x"* x+a)", (i) ax? + 2hxy + by* =1
Show that the condition that the curves

ax? +by2 =land & x* +l’3’y2 5] (GKP 2016)
should intersect orthogonally is that

1 1T 1 1

a b d ¥ (SU 2016)
In the curve x” y" =a™" ,prove that the portion of the tangent intercepted between

the axes, is divided at its point of contact into segments which are in a constant ratio.
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!:ft

lﬂ

.
(]

L]
:

Prove that the curve x/a + 3/b =1touches the curve y = be™? at the point where the

curve crosses the axis of y.

Prove that the curve (¥'a)" + (3/b)" =2 touches the straight line x/a + /b =2at the

point (a, b), whatever be the value of x.

Find the equations of the tangent and normal to the curve
yx-2)(x-3)-x+7=0

at the point where it cuts the axis of x.

Ifthe normal to the curve x%/3 + »*? = a*? makes an angle ¢with the axes of x,show

that its equation is
ycos p—xsin ¢=acos 2 . (GKP 2016, SU 2016, SID 2017)
In the catenary y =acos k4 (xa), prove that the length of the portion of the normal

intercepted between the curve and the axis of x is /a.

If xcos ¢ + ysin o = p touches the curve b2x2 + @’ y? =a’b? then show that

a® cos? o + b2 sin? o=p?

Show that for the curve y =x%?  the tangent at the origin is x = 0 although % does not

" exist.

Show that the normal at the point 6=n/2 on the curve x=3cos 8 —cos? 6
y=3sin 6 —sin’ B passes throu gh the origin.

ey g 5§ 2K ANSWERS e 1 1 1 S ———

|4

n

@) yY =2a (X +x);

@) 2y ¢° +y")+ a® Y + @r (P + y2) - X =a? (% - p?);
(iii) Y — y=acot x (X —x).

DY =(X —at)tan 1/2;

(i) X/asin £+ Y/bcos t =1

() (a)at (—2a/3,4"> @/3); (b) at (0, 0), (- a, 0)
(i) (a) where ax + hy =0 intersects the curve:

(b) where by + Ax = 0intersects the curve.
20y —x+7=0, y+20x —140=0.

B Angle of intersection of two Cartesian curve

The angle of intersection of two curves is defined as 0
= angle between their tangents at their point of intersection. £, )
Let the equation of the two curves be p\-¢ (@, ¥)
S, y)=0 oo (D)
and ¢(x,y)=0 ...(ii) 0,
Let (dy/ dx), stand for the dy/ dx of the curve (i) and /)( B2
& dx), for the dy/ dx of the curve (ii). T |O v
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Suppose (x;, y; ) is a point of intersectior of (i) and (ii). Let »; and m, be the
gradients (or slopes) of the tangents at the point (x,, ; ) to curves (i) and (ii) respectively.
Then,

my =(dy/ dx), at the point (x;, ¥; )
and my =(dy/ dx), at the point (x;, y, )
Suppose 0 is the angle of intersection of (i) and (ii) at the point (1, »)

1| ™ —my

then B=tan"

1+ mym,
Case 1 : If m; = m,, the angle of intersection 8 is 0°. In this case the two curves have
the same tangent at the point (x; , 3; ) and thus the two curves touch each-other at the point
(1, 1)
Case2 : I[fm=oo,my =0orifm, =0,m, =oo,the nthe angle of intersection 6 is 90°.
Case 3 : If m; m, =—1, again the angle of intersection is 90°.

Orthogonal Families of Curves

Letu=u(x, y)and v=v (x, y) be the functions of xand y such that
u+iv=f(x+1iy) ...
i =\/—_1
Then, the curves u (x, y) = constant and v (x, y) = constant from two families of

curves such that each member of one family intersects each member of the other family
orthogonally.

Differentiating (i) partially w.r.t. x and y, we get

%H-z_::f' G 5) ...}
Ou ov

and —+i—=f"(x+1) ‘ ... (1)
o oy

Putting the value of £’ (x + iy) from (ii) we have

ou .0Ov .[61: .6vJ .0u ©Ov :
— 4 i—=i—+i— =] — - O\ |
oy Oy ox  0Ox Ox OoOx
Equating real and imaginary parts from (iv)
we get
ou_dv
o B u (x, ¥) = constant
and . & (V)
ox oy v (x, ¥) = constant
Now, for the curve u (x, y) = constant »
The gradient is given by
Ou [ou -
m=——/— e (V!}
Ox/ Oy
and for the curve v (x, y) =constant, the gradient is given by
Ov [ou

. (viil

Ox/ Oy
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From (vi), & (vii)

o _[_oujou)(_ov jov)_dudv jovov
P ) o)\ ) o) oxex/ ayoy

Using (v), we get
mymy = @(—Qﬂ neer . o ..(8)

w\ ) woy

Hence the two families of curves u (x, y) =constant and v (x, y) =constant intersect
orthogonally.

Cartesian Subtangent and Sub normal

Let the tangent and normal and any point P on a curve meet the x-axis in 7 and N

zespectively. Let PM be ordinate of P. Then TM is called subtangent and MN is called the
subnormal.

X

O

If the angle which the tangent makes with the x-axis be y then we have tan y = dy/dx
and MP = y.

afv) dx
Thus, Subtangent=7M = ycot y=y/| = |= y—-
us g ¥ W=y [[ Yy 5

Subnormal = MN = PM tan y = y%.

Length of tangent = PT = PM cosec \y = y /1 + cot? U}

1+ tan? v

tan y

_ _1/1+ (dyldx)* !
Y (@ldn)

Length of the normal = PN = PM sec y

=y1}1+tan2 Y

=y-
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m (a) Differential coefficient of the Length of Arc : (Cartesian Form)

Suppose that 4 be a fixed point on the curve and P(x, ¥)be an erbitrary point on the
curve such that arc 4P =s. LetQ (x + 8x, y + 8y)be another point on the curve such that are

AQ =5+ §s.
When O — P, 8x — 0and
lim chord PQ=1
5x—0 arc PQ
s
i M,ﬁ:]
x>0  Ox Ox
or lim ____*chord PQ: lim 5
&x =0 ox dr—>0 dy
. Aox? &% ds
or lim =—— =~ -2
dx—0 ox dx
or o 1+ EIXT
& | &)

In case of paramerric curve x = J@), y=g(1)

, ds ds dv 1+[i‘?’-J2 L
dx dat

) dtde di
ds_ (&) (ay)
(%) 55

4 a

9] — X

B (b) Differential Cogfiicjent of the Length of Arc (Polar Form)

Let P (r, O)and QR‘(r + or, 0 + 138) be two neighbouring points on the curve = f(0).
Let the length of the arc. AP, measured from the fixed point 4, be s.

Then AQ =5+ §s,
oA arc PO = 6s.
Let Sc denote the len gth of the chord PQ.
perpendicular PM from P on 00.
Now PM = rsin 80 and OM = rcos §6.
Again MQO =00 -0M
=r+8r-rcos 0.
Now from the right angled triangle PMQ
PO* =PM? + MO?
or (82)” =(rsin 58)2 + (r+ 6r—rcos 50)?

(@]

=r?sin? 80+ r2 + (5r) + r2 cos? 86 + 2r 8r — 2% cos 80

-~ 2r drcos 80.

=pd i@ (87)% + 285 — 24 €0s 60 — 2r &rcos 50
=2r% (1-cos 80)+ 2 5 (I —cos 80) + (6r)°
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=22 2gin? 5159 +2r-5r,2sin? % + (5r)2.
=42 gin? §+ 4r.8r.sin? -5’2—9 +(8r)>. (1)

Dividing both sides of equation (1) by (80)?, we get

(&:J _ 42 Sin (59/2) sin? (80/2) [ ]2
_— et ANET T r.a e Tk
86 (60)? (50)> 50

i ( J ( s )’ 242 ( sin (58/2_)J [ sin (69/2) [ 2
ds) \ 80 56/2 502

Proceeding to the limit as Q — P, i.e. as 50 — 0, we have
Sc &s _ ds sin (86/2) or dr
—> L > ———— 5 land— =
ds 80 db

(86/2) 50 do
Therefore (2) becomes

2
(E!—g»] =r. 1+ r.0. 1+(dr] .
do a0
a [é]z {ﬁ]z
40 49
ds 7 (er’
or — = lr® +| —
do do

Similarly dividing each term of equation (1) by 8#* and proceeding of the limit as

QO — P. We can have
ds ‘/{ [ dGTJ
—=_ 1+ r—
dr dr

%11 Other Formulae

IJ

S

We know that

i.e. cos p=—-
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tan ¢

Again sin =
(1+tan” ¢)

r (do/dr)

) J A+ r doldr)?

_r[(do/dr) (drfd®)]

20

[from § 39]

" dsdd

Le., sin ¢=r —-
ds

Pedal Equation
A relation between p and r for a given curve is called its pedal equation.

()NBTJ

To find the pedal equation from Cartesian equation : Let the equation of the curve
be y = f(x). The tangent to the curve at (x, y) is
dy
Y—y=(X -x)= =l
_‘ =i )ﬁ (1)
Thus the length p of the perpendicular on it fron. .i.gin (X =0,Y =0)is given by
«(2)

X=—— =y

_dax .
1+[Q]2
dx |

Also P =x? 4 2.
After eliminating x and y from the equation (1), (2) and (3) we get the required pedal

equation.
' ILLUSTRATIVE EXAMPLE

Example 7. Calculate ds/d0 for the curve r = log sin 30.
(1)

Solution. Here  r=log sin 30.

p:
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Differentiating, we get

o =3 cot 30,
w . 5
2
Now i = | 2 +(£J s:(2)
do do
=/ +(3cot 36)7] = V(* +9cot? 39) [from (2)]
Example 8. For the curve r = ge®cot« , prove that > =constant, s being measured
r
the origin.
Solution. Here r=gqedote, (1)
Differentiating ( 1), we get
— =ae%'% oot o =rcot o .(2)
do
ds a0’
Now, —= {1+ [r —~—)
ar [ dr
2
rcot o
=+/(1+ tan? o) =séc @
ie. ds=sec o.dr
Integrating, we get
L. S=rseca+ec +.(3)
tnitially at the origin »=0and s = 0, we get
0=0+c¢ from (3)
or c=0
B s=rsecq . by (3)
s
or — =SeC o =constant.
r
Example 9. Prove that
. 2
sin? ¢:@ + r-‘!—r =0.
o gs?
Solution. We know that
o =cos ¢
&
d°r - d
e sl q;--ég-
dp d*r
. sin Q— +—=0
¢ Py
dp dd  d*r

o rsind. = 4,59 (multiplying by )
¢ = E
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2
or sin? ¢@+ri—f=0. [ sin p=r—
o ds?
Example 10. Find the pedal equation of the parabola y2 =4q (x+ a).
Solution. Here y2 =4a(x+ a).
Differentiating (1), we §et
Ly
2y =~ =4
A 4 I a
O‘r @ — E -
d y

Hence the tangent at (x, y)is
Y —y=[£) (X —x).
¥

Therefore p= xQay)-y _  2ax -y
Jl1+4a%/3*] (* +4a%)
2ax—4a(x+ a)

) J@ax+4a> + 4a%)
_ —2a (x+2a)(x+ 2a)
{da (x+2a)}

=—./{a (x+2a)}

Also, r? =x? + y?

=x’ +4a (x+a)=(x+ 2(.1)2

Therefore p? = ar.by (1) and (2),

which is the required pedal equation.

Example 11. For the cycloid x =a (1 —cos £), y = a (¢ + sin ¢), find ds/dt, ds/dx
ds/dy.

Solution. Here x=a(l1-cost), y=a(t+sint)

Differentiating, we get

dy

& =asin t,—=a(l+cos ).
dt dt

Therefore, Sl \/ I:(ﬁ)z + (QT:’
at dt dt

=a{sin®t+1+2cos ¢t cos? ¢})/?
=q {2+ (1+cos a‘)}”2
=a.[4cos? (¢/2)]'?

=2cas (1/2)

%;éi =2acos (1/2Yasin t

at dx
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=cosec (#/2),
and .f.!ﬁ = _d_.-i‘ : ﬂ
dy dt dy
=2acos (#/2)2acos? (t/2)
=sec (#/2)

Example 12. Find the angle of intersection of the curves
y=4-x*and y=x3.
Solution. The given curves are ;
y=4-x* (1)
and y =x? -.(2)
Subtracting equation (2) from equation (1) we find that abscissa of the point of
intersection is given by

4-2x%* =0

or x:«/ﬁ

From (1), fb}-=—2x=—2«/§,atx=\/§
dx

from (2), %=b=2ﬁ,atx=«/§.

Hence, if 0 is the required angle of intersection, then
2424242 442

1-4.2 7

Therefore 0 =tan " {4—;/5]

EXERCISE 3.2

1.  For the ellipse x=acos ¢, y = bsin ¢, prove that

tan 6 =—

L =1(1-¢? cos? ¢)"?
2. Inthe curve y=alog sec (x/a), prove that
d'x 1 a2
— =——sin —-
ds? 2a a
3.  For the parabola y* =4ax, prove that
1/2
dx X

4. Calculate ds/df for the following curves :
(Dx=t?,y=t=1,
(i)x=asect,y=btan ¢
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10.

11.

12.

13.

14.

135.

16.

17.

18.

Differential Calculus

Calculate ds/db for the curve : r =—; sec? 6.

Show that the pedal equation of the ellipse x*/a? + ¥ 6% =1is

1 P

1 1
—_— = 4 .
p2 a2 b?. azbz

Show that the pedal equation of the ellipse = =1+ ecos 8 is

In the curve y =a log sec {x/a), prove that
d’x 1 . [Zx)
—=——sin| = |-
dt*  2a a

In the curve r™ =a™ cos m8, prove that

(m-1}/m

ds
— =asec mb,
do

Show that for any pedal curve p= 7(r), S =" .
dr ‘/E,.z — %)

Find the points of intersection and the angle of intersection of the curves x> — y* =a
and x? + yi =22z

Find % for the following curves :

(i) y* =4ax (i) y=alog sec (x/ a)

Find % for the parametric curves x =%, y=¢ ~1

Find the pedal equation of the following curves

(i) y* =dax (i) x* — y? =47

(iii) x2/3 + y2/3 =a2f3 (iV) 02 (x2 + yz )=x2y2

Find the length of subtangent and sub-normal at any point ‘0’ on curve
x=acos? 0, y=asin? 6.

Show that for the curve x™*" = 4" 3% the mth power of subtangent varies as the
nth power of sub-normal.

Prove that in the ellipsex” / a* + y? / b? = Ithe length of the normal varies inversely
as the perpendicular from the origin on the tangent.

2
For any curve show that Subnormal _ [ Length of normal)

Subtangent { Length of tang=nt
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Ty g ANSWERS hnu“

4 ()(1+4e2y;

(ii) (@ sin? £ + b2)1/2 gec? 4.

~- 51(1+4tan2 0)"2 sec? g,

1. (i-«\/—i- VW2 +1 i-ﬁ 1f(«/i-l));

2. (01+a/x, (i) sec (x/ a)
13. \1+4¢2, J2a¢'

M. @) p°p* (7 +42%)(p* +4a%)=a? (p? —r2)?

s
4

() pr=a® @) =a®-3p7 ()L sl
P ¥

£%t] Angle Between Radius Vector and Tangent

Let P (r,0) be any point of the curve »= f(8).
Take any other point Q(r+ 57,0 + 68) in the
=eighbourhood of P on the curve. Produce OPto § Let
ST'be the tangent at P and let ZSPT' = .

Let Z5PQ = o 50 that ZSPT" = ¢is the limit of ¢
=0 P.

Wehave ZQPO=7-aq,
~POO0 = LSPQ —~ LOOP =, - 86,

Now by the applications of sine formula to the AQPO we get

OQ sin ZOPQ
OP sin ZPQO
3 r+o6r sin(n—a) _ sina
r sin (0 —80) sin (o —386)
or sin o
- l+4—=——T
r  sin (a0 —30)
or sin o
o _—

-1
r sin (a-80)
_Sin & —sin (e —80)

sin (. —880)
2cos {————(za L 89)} sin ol
2 2

sin (o —86)
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or 1 8r _cos (o.—56/2) sin (56/2)
r80 sin(a-80) 802

AsQ— P,then 86 —» 0,8r > 0and o — ¢

1dr _cos ¢.1
rdd sing
do
tan ¢g=r —-
¢ dr

Remark : For a point P of the curve r= f(8), ¢ is defined to be the angle throu

which the positive direction of the radius vector lias to rotate to coincide with the direct;
of the tangent in which 6 increases. The direction of the tangent for which 0 increases
taken as the positive direction cf+he tangent.

m Angle of intersection of two polar curves
Let the two curve r = f(8)and = f(0)intersect at P & let the value of ¢at the poin

for the two curves be ¢ and ¢, respectively. Then the angle of intersection of the two cun
at P (i.e.,the angle between the tangents to the curves at P) is evidently equalto | ¢ — ¢,

&~
If « is the acute angle of intersection of two curves at P, we have
=~
tan o= tan (4 — 4, |=|-2h ~tan b |
II +tan ¢ tan th
1| tan ¢ —tan ¢,

o=tan"

1+ tan ¢ tan ¢,
In particular, the two curves cut orthogonally if tan ¢ tan ¢, =—1 or

cot ¢ cot ¢, =—1

m Length of The Perpendicular From Pole to the Tangent

Let 7= f(0)be a curve. If p be the length of the perpendicular OT from the pole O
the tangent at any point P on the curve, then, from the figure, in AOPT, we have
P

~—=sin ¢
r
or p=rsin & P(r,0)
If we want the result in terms of » and 8, we have L~ ¢
only to substitute forsin ¢from the equation tan ¢=r % P )
11 s
Thus, T cosec? P s
P ¥ T
1
=— (cot® o+1)
r
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Sometimes u is used to denote 1/r and thus the above formula becomes

1 2 (dll ]2
-..._.i- =HU 4+ —_— .
D a9
Lengths of Polar Subtangent and Polar Subnormal

Let P (r,0)be any pointonacurve r= f(0)and let \/

=2 tangent and normai at P meet the straight line I} P (r.0)
arough the pole at right angles to the radius vector OP r ¢

= T and R respectively. 0

Then OT and OR are respectively called the polar
sabtangent and polar subnormal at P.

T
In AOPT,we have
OF _tan &, or OT =OP tan p=r" L
OP .
Hence
do du
olar subtangent =72 — =—"—
; . dr  do’
Since u=1r.

In AOPR,we have
OR =OP tan ZOPN =rcot ¢

_ldr_d
rdo do
Therefore
Polar subnormal = T eE. [ u=Vr]
do6 ul do

Note. Sometimes the lengths PT and PR are called the length of the polar tangent and
solar normal.

So we have

Polar tangent = PT =OP sec ¢p=r+/(1+ tan? ¢)
2
=7 1+(rd—e] .
dr

Polar normal = PR =OP cosec ¢=r+/(1 + cot? )

Let f(r,0)=0 ..(1)
be the given polar equation of curve we have
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P(r, 0)
r
] W
0 P
P
M
P=rsin ¢ |
1 dr
and cot p=— — vorll
B r dé {

Eliminating 6 and ¢pbetween (i), (.*) and (iii) we get the required pedal equation ofl
curve,

Note : Sometimes we do not get the value of ¢ from equation (iii) in a conveni
form. Then instead of using the relation (ii) & (iii) we can use the single relation

el [zJ {
P 2 S \db
Now eliminating 6 between (1) & (iv) we get the required pedal equation.

ILLUSTRATIVE EXAMPLES

Example 14. Find the angle between the radius vector and the tangent at 1
point on the cardioid r = a (1 - cos 0).

Solution. Here r=a(l-cos 6)
2 =asin 0
do
- B rdB a(l-cos 6)
ar asin 9

_1-1+2sin? 92 oram
2sin 6/2cos 6/2 0|
Hence b= 0/2.
Example 15. Find the angle at which the radius vector cuts the cur
=1+ ecos 6.

r
Solution, The curve is£ =1+ecosH.
r
Differentiating logarithmically, we get
1 i _ esin®B
rdé 1+ecosB
db I+ ecos B
or r—=tan g=————
dr esin 9 |
1 1+ ecos 8‘
esin 0

$¢=tan
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Example 16. Prove that the spirals #” =4” cos #0 and r” =b" sin 10 intersect

orthogonally.
Solution. Here
" =a" cos nd
r" =b" sin nb
Differentiating (1) logarithmically,

i =—ntan n 0
r do
or r—dgztan ¢, =—cot nb.
dr
Differentiating (2) logarithmically,
e ncot nd
¥
or rﬁztan(bz =tan »0.
dr
From (3) and (4)

tan ¢ tan ¢, =—~cot nBtan nO=—1
Hence the curves cut orthogonally.
Example 17. Find the angle ¢ for the curve
(r* —a*) —acos™ (ar).
Solution. Here

ad=+/(r* —a?) —acos™" (ar).

Differentiating (1) with respect to r, we get

"9 r~— el
a--—-.._..."
ar 2.(r [1—(a/r)
or dﬁ
dr \/(r —a?) r\/(r ~-a*)
rr=q®
Al (# az)
@d_1 53
rdr . (r° =a®)
2 =
or tan ¢= )
a
cos p=—
.
or d=cos™" (alr).

(1)
o)

)

-(4)

(1)

Example 18. If ¢ be the angle between the tangent to a curve and the radius

vector from the origin of co-ordinates to the point of contact, prove that

tan ¢ = {té{——y}/{x+y%}
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Solution. From the figure
Y =06+0,

=tan 0

and

&8 ¥ I

=tan y

s =y -9
and tan ¢=tan (y - 0)
_ tany —tan 9
-1+tan Y tan 9

_ (@lds)= (o)
1+ (é‘z} (¥/x)

X
tan §= X (/&) -y
X+ y(dydx)
Hence the result is proved.

Differential Ca

Example 19. Show that the locus of extremity of polar subnormal of the cu

r=f@)isr=f (0-w2).

Solution. The equation of the curve ig = f(8).If polar coordinate of the extremit

of polar sub-normal be (# , 8, ), then OR =4 ,4ZROA =9,.

Also LROA = 2 ROP + LPOA.
0, S,
2

or 0=0, —m2.
In AROP,OR = H =OPcot ¢

ar
=r——-=1"(0).
bl ()
from given equation we get
dr
— = £7(0).
r S (9)

Therefore i =)= (6, —m2).
.. Locus of R is r=f"(6 -w?2).

Example 20. Find the angle of intersection between the pair of curves r = 6 cos |

and r =2(1+ cos 0).

Solution : The given curves are
r=6cos 6
and F=2(1+cos 8)
From (1) on taking logarithm, we get
log r=log 6+ log cos 6
1l dr _Sin®

cot @) =— — =
& r db cos 6

=-1tan 6

e
..Q2)
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=cot [é T+ ¢}

1
= =—mn+0
4 2
Again from (2) on taking logarithm, we get
log r=1log 2 + log (1+ cos 0)

-Zs.ingcos9
l1dr —sin® 9 -
CQtdb:—-d—e-z = 5
r 1+cos © 20052 2
3] (7{ 9}
=~fan — =cot| — +—
2 2 2
1 1
= =—n+—-0
b 2 2

Now the angle of intersection of (1) & (2)

&~ =[én+9)-[%1t+—92—]

0

2
where 0 s the vectorial angle of the point of intersection of (1) & (2). Now to get 8 for
%e point of intersection of (1) & (2), we have on eliminating rbetween (1) & (2)
6cos =2 (l+cos 0)

= 2cos 0 =1
= cos 6=1/2
= 0=mn/3
; : . " HomYyrn
. The required angle of intersection 5 [-3-] = =

Example 21. Find the pedal equation of the curve
r"cosmB=a"
Solution : The given curve is r" cos m9=a"
Taking log, we get
mlog r+logcos m6=mlog a

Differentiating with respect to 6, we have

ﬁﬁ_msinme__o

r d cos mb

cot ¢=1(£)=tan m9=cot[l‘n:—m0]
r\ do 2

so that 9=%n-—m9

Now p=rsin 6
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=rsin [—In—mBJ
2

=rcos m0

=r(@”" /") = pr" Tl g™
Example 22. Find the polar subtangent of r = 4 (1 + cos 6).
Solution : Given equation of curve » = g (1+cos 0)
Differenting with respect to ,

dr ]
— =-—¢gsin 6

Polar subtangent = L
dr

=a’ (]+cosé)2.[— ] ]

asin 6
2
—0(20052 QJ
- 2

0

2sin -e—cos —
2 2

2 8 o 8
SR

=—2acos

=2acos>

[EXERCISE 3.3

Find the angle of intersection of the following curves :
(D)7 (1+cos B)=a,r(1-cos 0)=5b

(i) r=a (1+cos 8),r=p (I-cos )

(iii) 7* =16sin 20, r? sin 20 =4

(iv)r=acos 8,2r=q

Find the polar subtangent of the following curves :

Ecotle
2 2

() r=a(l-cos ) (i) I/ r=1+ecos 6
Find the pedal equation of the following curves
(i) 7" =a” sin n0 (i) 7* = a® cos 20
(iii) » = @ cosec #0 (iv) r=a(1+cos 9)

(V) r:aeﬂcot a

For the curve #” =a" cos 16, prove that

) %’ =aeend)™™" (i) p="1 0

2
(iii) az”[——i 2"] +nr®™ =0 (iv) ™ = pg

For any curve, prove that :
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H===
a8 p
@ !
dr )_2 - pz
p If ~2—a =1+ cos 6, then with usual notation, show that
r
ds _ 2a
dd sind y

% Prove that the spirals »” = a" cos #0 and " = a" sin » 0 intersect orthogonally.

e T T = 4 ANSWERS P ] e —

Q) /2 (ii)—zlfc (i) 2n/3  (iv) /3

e

: . » 0 0 o
i)2asin? = tan — 11)—sin 6
(1) 5 5 ()(’3
2

T (i) pat=r (V)5 =140 (P -a?)

(1) rﬂ'+'[ = pa

|

) r’ =2ap® (vi) p=rsin
m Equation of Tangent in Polar Form

Here, we shall find the equation of tangent to the curve, whose polar equation is

1 : . . > 1
~ '9)rbeing the radius vector. Sometimes u is used to denote —, therefore, u = f(0),
r

e =1, is also used as the polar equation in place of 7= £(8).
r

Let(,0,)ie ,( L , 8} be the coordinates of the point of contact. Also let us take
U 1
= solar equation of a straight line as :
x=Acos (0-0,)+Bsin (6-9,) wasf)
== 4 and B are arbitrary constants.
I£ (i) represents the tangents to the curve » = f(0), then by differentiating (i) w.r.t. 6,
W abrain

%z_mm (0~0,)+Bcos (0=, ) ...(ii)

1 du .
Since the tangent touches the curves of therefore, the value of = at the point of

| el , 0, )for the curve and for the tangent will be the same. Hence Putting § = 0, in
\ u]

~ =d (ii) we obtain
[x]g =6, =4 and [ﬁﬁ} =5=3
6=0,
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Substituting these values of 4 and Bin (i) the cquation of tangent to the curvex = f

atthe point{-a-!- , 0, ]is givenbyx =ucos (6 -0, )+ [«‘-{z{] sin (6-96,) 5 |
U a0 0=6,

k¥4 Equation of Normal in Polar form

Since the normal is perpendicular to the tangent at the point of contract, therefore!

shall find the equation of the normal with the help of the equation of the tangent obtaid
above.

The equation of a straight line perpendicular to the tangent to the curve x = f(0)att
. 1 o g
pomt[— , 0, |is given by,

Gt
C, =u; cos [(9+E]—81 +[@J sin HEHE]_GIJ
2 ] d@ 9=el ) 2

or C,=u sin(0-9, )+[frEf cos (6-0,) o |
d lg_¢,

where C is an arbitrary constant
Now using x =#,; when 6 =0, in (1) we get

SO
d0 Jo-o, u Ldb g g

a
Therefore, the equation of the normal to the curve x = J(0) at the point of conuJ
(~l— , 0, ]is given by

!
l[@} =—usin (8—9,)—}-[@—{} cos (0-6,) .8
u LdO Jg-g, 9 Jg-p,
which can also be put in following form
Y u du
X, sin 9-—91)+{—~—cos (6-6 )} [“_J =0 {i
( ) l do 6=8,

EXERCISE-3.4
. Find the equation of tangent of normal to the cure r=afatf=c.

<. Tind the equation & tangent to the cure 70 = gat § = .

BT e, a5 5 ANSWERS D

L r =5 cos (8-a)-(an? ) sin (0 o)
(5 /r)(ae® Y =r " sin (0~ o) + (a? )™ cos 0 -a)
2 r' =5 cos (0-a)=a™ sin (6-a)

i (@) =17V sin (0=e) + o~ cos (6-e)




