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BETA AND GAMMA FUNCTI

§ 4-1. Gamma Functions
We define Gamma functions I' (%) (read as Gamma n) by the integral
==}
I‘(n)=,£ i n>0

These are also known as Eulerian Integrals of second kind after the =
Mathematician Euler who introduced them in 1729,

§ 4-2. An Important Property.
To prove that T (n + 1) = n T n for all values of n.
(Gorakhpur 83, 2006,

We have I" (n) = .L' et 14t
Integrating by parts taking * ~ 1 as first function, we have
L) = 0{—3_%"_1}—- _f n—1""2(—eHdt

=0+@—1) 1: et 24t

=Mn-—1) .L‘ et~ 2y
=(n-1T(r-1)
replacing n by (n + 1), we get
I'(n+ 1) =nT (n) as required.

Cor L r)=1
by definition @)= et ¢ lat
o i L — ot
—_L‘ e dt--o[ e :l
rao=1

Cor IL. If n is a positive integral T (n +1) =n! .
( 100 )
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We know thatT" (n + 1) = n " (n) for all n > 0, applying this result successively
i positive integer n, we have

Fr+D)=nmr-1)@n-2)....321T Q)
=n!as I'(D)=1.
Cor IIL [0 = w
Proof. : By the recurrence formula for Gamma function, we have

Putting n = 0 in this, we obtain [(0) = r%l

= oo

O =

Cor IV, W) = o, where 7 is a negative integer.
Prof. Let n = — p, where p is a+ ve integer then by I"_) J—l , we obtain

= Cetn_ L(:lfl

= oo

(by using (— P)! = o)
n!

We know that "P, = =i (1)
!
Putting n = 0 in (1) we obtain °P, = 1%5)__'
But"P,=n(n—1)..(n—=r+1)
So that %P, = 0
_ 0!
Hence we have 0 = ! w(2)
Now putting 7 = 1 in (1), we obtain
np —_n! _n!
Fn = (n—n)! 0!
!
or n!=g—;(byusing"Pn=n (=Di—2:=3.2:1=n1)
n!
or n!=—1—=n' ie. 0!=1 «(3)
Putting 0! = 1 in (2), we obtain
1 .
0 i which gives

(=r)! =%= o ..(4)
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§ 4-3. Transformation of Gamma Functions.

=]
We have F(n)=‘£ et~ 1t
I. Put ¢=Ax;sothatdt=Adx

F(n)=_£ e (Axy* ~ 1A dx
=.1n-[ e~ M= Ty

Lm e"‘hx""ldx=i_"1"(n).
IL Put* =xin (1) so that nf* ~ldt = dx
I (n) = J; T e (151):]
n
A e
or i}'o; e"‘l/ndx =nln
" II. In (1\ put e "=x; sothat —e ' dt =
Lt [ 1 toga=1 ¢ ay
P

o -1
N e e J;aogx)" d

or

l—f'i"" M-

§ 4-4. Proc!n'-t cf two Integrals.
We shall pruve thag,

g, It b (d
J f(x)axx,[ g0 dy = f f f @) g ©) ax dy.
Proof. Let ‘.ﬁ, sUppose that feMay=G ()

then f I (x)g(y)dxdy f f (x) GO’)]
=Ja- f@) [G @) — G(c)] dx
[ rwax -

Integral Calculu

(Gorakhpur 82

o
) = (= 1 )"-l_g (logx)" =L dx = Vf (k,gxl) dx

b d
= J; f(x) dx x J: g (y) dy Hence proved.
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§ 4-5. Value of T" (1/2). (Purvanchal 90, 97)

We know that ' (n) = J; et md dr

If we take n = 1/2. we get

I'(1/2) = L et Ve

n
putting t =x% or 12 =x
so that t~ 124t =2 gy

T(1/2) = 2_£w e dx oy

= ~£ TV 2)

Property 1 of definite integrals
Multiplying (1) and (2) we get

{r [%)}:4_]: e dr -(m e &y

=4.£ _L e (xz"'yz)dxdy from article 4-4. '

On transposing to polars, we get

2 /2 o
{1" (1)} = 4f I e_rzrdf?dr
2 0
/2 /2
=—2£ %“”Fd@:gl de

/

=2(9)“=x -~ T(1/2) = V.
0 :

Remark. If n i1s_positive integer than the formula I' (m + 1) = mI (m) and

r (%) = Vv gives the formula

In particular T (E) e B v

§ 4-6. Beta functions.

Beta functions are denoted by B (i, n), read as Beta m, n and is defined by
the integral

1
B(m,n)=_£ L1 —x) " lde mun>0

These are also known as the Eulerian integral of first kind.



104 Integral Calcuius

§ 4-7. Properties of Beta Functions
(a) Symmetry property of Beta functions.
Here we shall prove the B (m,n) = B (n,m). (Gorakhpur 80, 2011)
1
Proof. B (m,n) = ¥*~1(1 —x)y*~ ldx from definition.
Putting x = 1 — y, we get

f'>‘(m,n)=-—,‘:0 Rl G e
='£1y""1(1 —y)"~ldy = B (n,m). Proved.
) B(m,n) =B (m + L,a)+B(mn+1) (GKP 2017)
1 N
Proof. Since f(m,n)= J X" 1(1—-x)""lax

= Ilﬂ-l A=-2""1x+ (1 —-x)]ax
= _Ll (1 —x)" 1+ 27 (1 - x)" ax

= .[:Ix"‘ (1—-xy""lax+ .[1;1""1 (1 —x)" dx

=B+ 1,n)+B(mn+1)
()ﬂ(m n+1) pm+1in) _p(mn)
n

m m+<+n

Proof. We have

Bmn+1)  [mln+1 [mn [n
n " alman+1l n(m+n)[m+n)
[mn[n m,n

=(m-l-n)|ﬁ:Tn)'= m+n
ﬁ(mn+1) _B(m,n)

Hence,
m+n
Similarly; ﬂm +1,n) _pB(m,n)
m+n
§ 4-8. An useful transformation.
1
B(m,n)=_£ =11 —xy* = Lde (1)
4, 1.
Putting x = ;50 that b
Ty (1+y)?
T
and 1l—x= T+y’ we get

) 1 m—l_Ln-‘.l
B('"’")h-[o (1_+y] (1+y) (1 +y)?
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I
0 @H+pmtn (2)
(Gorakhpur 81)
Remark 1. Since B (m,n) = B (n,m) hence by interchanging m and » in (2),
w= have
B (m,n) = 0 e A = { =
(1+y e(3)
Remark 2. Relation (2) or (3) provide alternative definitions of Beta functions.
4 4-9. Relation between Beta and Gamma functions.
I'(n) I'(n)
[(m +n)
(Gorakhpur 87, 98, 2003, 04, 10; Purv. 96 98)

To prove that B (m,n) =

We know that 52%1 = .L’w e~ # ladt (1)
where z is a constant
I'(n) = J:m e 2P la

Multiplying both sides by e™? 27" ~ 1, we get

I'\(n)e—zzm—1=‘£m mtm—=1)—z2@+)m—1 4

Now integrating both sides with respect to z within the limits 0 and « and
=sing the definition

(==}
1: e 22"~ 14z = T'(m), we have

I"(n)l"(m)=_£ H: e“z(‘+1)z(m+"‘1)dz]t’"1dt @
® _ I'(m + n)
But e=F % Dgntn 1dz=m (See §4-3)

Therefore from (2), we get
C Tm+n)t*~1at
T(m) T(n) = ,[ Sy
(L+eyn*n .
= I'(m + n) B (m, n)
I'(m) T'(n)
I'(m + n)

=I'(m +n)

or B (m,n) =
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§ 4-10. Reflection Formula for Gamma Function
This is also known as Complement formula given by
where 0 < n < 1.

(7 [T=n) =
) @)

, I
Proof. : Since 8 (m, n) = TET
o0 -1 ;
and where f —L— = RHT)——I_@—
0 (1 +x)m+?1 |im + n)
Putting m + n = 1 so that m = 1 — »n and using the known result
% -1

ol UL T ,
0  (1%+x) Sin A 7

we get — z j _j [ which gives 7 [T=n) =

smAaJr SIn A 7T

O<n<1

n/2
§ 4-11. Value of the integral J; sin®™ =16 cos? ~ 19 dy, for

positive values of m and n. (Gorakhpur 84, 2016; Purvanchal 96
From definition

1
B(m,n)=J0. Xl 1—x" "1y, m>0 and n>0
Put x =sin?6; so that dx = 2 sin8 cos @ db.

/2
B(m,n)=£ sin?" =20 cos? ~ 202 sin 6 cos § d

/2
2iem) I'(z) =2 J{). sin?” ~ 16 cos?* — 16 gb.

I'(m + n)
n/2
Therefore .L sin?? ~ 19 cos? ~ 1949 = Lon) L)
2I'(m +n)

Remark. Replacing 2 — 1 by m and 22 — 1 by n we get the alternative form

of above result as
m + 1) r (n + 1)

/2 F( 2 2
sin” @ cos™ B df =

m+n-+2
21‘(————2 ]

§ 4-12. Walli’s formula.
= r=1(n-3)....4:2 s odd
f el s n@n—2) ... 3+1
0 (=1 (n—23)... 31_35if
nn-—=2)... 4-2 i i

Proof. If n is odd, we put n = 2 + 1, wherem=0,1,2 3, ...
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T2 /2
Then sin x dx = | sin?” 1y coslx dx

r(m+1)r‘(%)

- 2m + 3
o |22 )
_mm-1Y(m=2)...3-2-1Vn
2-I"(m+%J

m(m = 1) (1 = 2)iasid < 20 AN

- 1 1 3. r5 3. 1
2 (m-i—z) (m—z] (m-—z) ...... ) 2\/:1:

__ 2n(2m=2)(2m —4)...6:4-2
T (em+ 1D @Em-1)(2n—3)...53

-1 (n-3)(n-=235).... 6:4-2
T n(m-2)(n—=3)...5-3-1

If n is even, we put n = 2m where m is positive integer. Then

2m + 1 1y
l:arfz .L'm’z . 5 F( 2 ]r(Z)
L 4 ¢ — W {41 s
sin" x dx = sm~"xcos xdx = (Zﬁz+2)
2
2
I‘(m+%)-v’:r.
T 2T (m+ 1)

___(@2n-1(2m—-3)...3-1-=xn
T2 2m(2m—2) (2N —4) a6 -4 -2

_ (- (—3)..3:1
T n(n—2)(n—4)-6-4-2

SRR

a
Example 1. Zvaluate .[: x2 (% — x2)%2 dx,

Sol. Put x = g sin 6, so that dx = acos 6 db

a /2
JO‘ x*(@® — x2)32 de = ’L. a®sin® 6 a® cos® 6 a cos O db

107

(by art 4-10)
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2
= g6 sin® 6 cos* @ 48
/3 5
6 (&) AL
“r 3 3)
T ar@
6l 3 X
e 2\/.7:2 5 w/:r_xaﬁ
2:3-2-1 T3¢

22
Example 2. Show that l: x3 (2ax — x2) W2 gy = %J’Iﬂs.
2a
Sol. Let I= | x3(2ax—x?)12 dx

2a
= ) x2(2a —x)2de

Put x = 2a sin? 6, so that dx = 44 sin 8 cos 8 db
/2

v I= (2a sin? 6) "2 (20 — 24 sin2 )12 4 sin 6 cos 6 d8
w2
= 64a° sin® 6 cos? 6 46
9 3
ey
B
T 53 1

/4
Example 3. Evaluate _[ sin* x cos? x dx
/4
Sol. Let I = sin® x cos®x dx
/4
= sin® x cos? x sin?x dx

74 = 2
=£ Sm42x.%(25in2x)dr

1 4
=g sin22x(1—cos2x)dr

Put 2x =1, so that 2dx = dt. Also whenx =0, ¢ = 0 and whenx=%, t

L
2
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1£““. ; 1
I=§ sin t(l—cosr)zdt

1 /2 /2
=-1— sin? ¢ dt — in2 ¢ cost dt

[ (3 1 3 I
O cBro
16 2r' (2) oT (g)

;l\/.n:\/ar =.Vr.1 -
16| 2.1 31

2 2.2\/15
_1f=_1
16 |4 3

Example 4. If m,n are positive integers, then prove that

1 i
Lﬂ_l(l—x)"_1&=£f_l(1—x)m“ldx

oo 23 s =)
Tam+1D)..(n+m-—1)

Sol. _L‘lxm_l(l —xy* ~Ydx = B (m,n) =B (n,m)

1
=_£f’-1(1—x)m-1atr

_ImI(n) Mm-DlEr-1!
T I'(m+n) (m+n-1)!
_ m—1D!rn-1)!
T rtrm—1D@m+m—2).n(r-1Dn-2)..2.1
_ (m—-—1Dln-1)!
T nt+m—-1Dn+m—=2)...a+Dn@n—-1)!
_ m—-1Dm-=2)...3.2.1
T m+m—-1D)@n+m—2)...(n+Dn
Example 5. Obtain the value of the integral

g
x sin®x cos* x dx

JT
Sol. Let I = _E x sin®x cos* x dx (i)
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n
= _£ (r — x) sin® (m —x) cos* (7w — x) ax
(by property 4 of definite integral)
or I= JO-JI(:: — x) sin® x cos® x dx ...(i1)
Adding (i) and (ii) we get

JL
2A=x _£ sin®x cos? x dx

/2
) ‘g sinSx cos? x dx (by property 6 of definite integral)

r(@r 3

e 2I' (6)
9. Fp 1 3 1
2?:2 5" \f:ar 2.2.\er
2 5.4.3.2.1
371:2
=256
3752
i 512
y U B 45
Example 6. Show that dx = 3

Solution. Putting 2x = ¢, we get

L x0e~2 gy = f %) =~ t
.L.e“‘tﬁdt

fw e—ti—1g - L)
0 27

_ 6°5-4:3-2:1
= 57
. 1
Example 7. Show that e dr = 5 V7 .
(Gorakhpur 85, 96, 2002, 09, Sidh. 201 7)
Solution. Puttingx2=y or x =yl/2

SIENC

45
3

so that dx =—21-y_ 172 gy.

We get L. e‘xzdx=£ e_y%y‘l/zdy
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—-lfw Y=gy = Lpdle 2

Tody €722 dy"zr(z) "2‘f3? Proved.
{=<]

Example 8. Show thar f idr:__r(c"'l)
0 ¢* (loge)c +1

(Purvanchal 89; Gorakhpur 95, 2005, 12)
Solution. Let I = '£ gdx Put c*=¢" ie. xlogec=¢

__t . at
“loge’™ T loge

I_fm ; clﬁ_

~ Y0 lloge) ¢ loge
1 f‘” 5 |
= e ‘d |
(logc)c+1 0 .

1 °° |
=W b e_tfc-*-lhldf
c

e 1Y
(Iog C)n +1 |
f 4 3/2 g 30
Example 9. Prove that b (cos 28)* % cos 8 d. = T

/4 /4 1
Solution. (c0s 20)%2 cos B df = (1 ~2sin?6)32 cos 6 40

(putting V2 sin @ = sin ¢ so that cos 8 d = 712- dos ¢ dp)
/2 q |
= (1 — sin? ¢)3/272—cds¢'d¢
= x/2 |
=v7 : cos? @ de

1 /2
=il sin? ¢ cos? ¢ de

_ 1 T (1/2)T(5/2)

I'3)
1
V2 2:2-1 T 16v2

1
Example 10. Evaluate _[ VI ==Y dx
1 1
Solution. J(; VI =Y dx = _[; (1 —xHV2 gy
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puttingx* =¢ or x =4 5o that dx—*—i—t"y'*d!
1 1

1
= -}‘L‘ YA -2

= L3
-32(53)
1 3
_1(r@/4rere) i B (4) g (4)
Tl 143 T4 7)
i3 ) )
(1) .1 ol A
5 e Y it (ML N o
—2] 3.3 TG 3
# F1C) g @
Example 11. Show that V(s 6y X V(sin0) db = .
Solution, Vrgrn—gy = i (Sill 9)_ 172 COSO @ dé
_ (T @/ayrase
" 3 2r (3/4) =
/2 /2
and V(sin6) df = (sin 8)1/2 cos? 6 g6
_T'(/49T31/2)
L zr(5/4) .- |
Multiplying (i) and (ii), we get
/2 /2 .
do _ T(wara/2) I @E/4)Ir?)
V(sing) X Vmay st (374) Xor (574)
_TWwayva vz
T 4ar (5/4)
z I (1/4)

_4><4lr(1/4) 3

8 Example 12. Prove that VA=) X

Solution. Let ]1 = m
=g
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Put x%>=sing _ S 2vdx = cos Qdé‘\
1 [™2 V(sin®) - cosOdb
= 2 cos 8
1 /2
=354 (sin 8)1/2 gg
3 1 3 1
TG (-6
2 5 5
2r (Z) 4T (Z)
3 1
okl
I] -
o ,
B 0
SR B S §
(-6 )
R
Let L= m Put x2 = tan ¢
so that 2x dxr = sec® ¢ dg
_ sec2pdg
. " 2Vtan ¢
e 1£n/4 SCC2¢d¢
4 D vtan ¢ - secg
oy f:r/4 dg R o™
~ 29 V(singcosg) V2 V(sin 2¢)
Put 2¢ =¢; 2dg = dt
1 /2 . e
12 = _2_\’_5 (smt) dt
1 1
@)
Vg 3
2T (‘4‘)
1 1
, "(&)r (3
Iz = 4\/§ r _:i\
4J -(i1)

Multiplying (i) and (ii) we get

L.H.S. =I1><I2=— X
G el
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2n—1 Iy :
Example 13. Prove that 2 L(n) T(n +3) = Va L(2n). (Purvanchal 58

/2
Solution. We know that J; ~1gcos?*~ 1646

_T(mIm)
2T (m +n) A2
Putting m = % in it, we get

Ln/z 5 L I'(1/2) I‘En) _YaT (nl) ~E
A@r+3) 20@+3)

Again if we put m = n in (i), we get
/2
[ o1 o =100 - LT

2L (2)
J:z/z e B 4 220 = L{T (n)}2
or ) (2 sin @ cos 6) = 5T @)
(on multiplying both sides by 2% =
/2 _ m—1 \12
of L (sin 202~ 1o = Z—— g'f;‘)}
. 22";;};(;1)} J; (sin )2~ 1t

(by the substitution 26 =z}

/2
= .l: (sin £)2* ~ 1dt (by property 6 of definite integrals

/2 T 2n—1

= {sin (5 - t)} dt by property 4
/2 /2

= (cos )2 ~ Ldt = | (cos 8)% — 149

/2 yorn — 1 2
or J; (cos 6)¥* ~ 1dd = 2 21,%;5;‘) ¥ ..o

From (ii) and (iii), we get

22 - L{I(n)}* _ vz T(n)
20 (@) 2T (n +3)

or 22 1T(m) T (n + %) = vz I'(2n). Hence Proved.
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EXERCISE 4-1
1. _L e *x%3 dx 2. _L e~ ¥yt dx
® ,—1/x 1
€ dx
3. -[ X372 dx 4. -[ @ __xﬁ)l/ﬁ
Show that
5. .£ x"e""z“‘zdx=1"(n+1) /2k”+land hence solve_[ e g
(Gorakhpur 2004, 06, 08)
6. J; el gy L)
:_)an
! 5 2 1. (3
= == = =
7. ‘L Vy e~V dy > r ( 4)
1 1 n—1
8. TIMm= _L‘ (log)—)] dy
1
/2 (1 _ 32 gy = T
9. j: PV xy 2 gy —
10. _I; Pl=aY v =r
1 r(%] viT
ax__ _
n 2 (Gorakhpur 88; 96)
. Xdx _ r(ﬁ) = (é)
1+x* 4 (Gorakhpur 2000, 11)
/2
{ Hint : Put x = Vtan 6 then the integral= 21: sin’2 8 cos™ 1726 dﬁ]
1
13.  Show thati: (-2 V=3B (; 1)
1
14.  Express .L‘ X™ (1 —x*) dx in terms of Beta functions and hence
1
evaluate l; 1A =)0 (Gorakhpur 2003, 2007, 2008)
15.  Show that B (m,n) = B (m + 1,n) + B (m, n.+ 1). (Gorakhpur 99, 2005)
® — y0
16.  Show that £(1=x)dt = (.

(1 +x)*
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17.

18.

19.

20.

21.

22,

23.

24,

25,

26.

27.

Integral Calcufus
[Hint : Given integral = B (9 15)=.B(15,9) = 0].

1/2
Prove that B (n,n) = Y I(r) = 2f (x—x2)? — 1 gy
22 =110 + =3 .

(Purvanchal 89, 2003; Gorakhpur 99, 2002

Show that
o * 2dc 1. (3 1 |
= ==r[2|r (3 idh. 2017,

’L‘ Vitan 646 = 2 b 14+ 21‘(4)1‘(4 (Sidh. 2017
22

Prove that J: x3V2ax——x2dx=Eéis- (Gorakhpur 99
3 3 1

Prove that 5 =% lz+x-—(4—x2)srsecnx

/6
Evaluate A cos* 3¢ sin3 6¢ dp

Evaluate .[ ax“ (a® — x®)12 gy

® x¥ax
(az +x2)4

ot
Ifb>a, m>0n>0 prove that

[b x=ay" 1 (0 —xy"ldr= (b — ay"*n=1B (m, n)
Prove that fi A =xP 1A +x)9 lax=20+7-1p @, 9)
om—-21 (m] Vi

f /4 e A o 2
t + = =
Prove tha WY (cosx + sinx)” 1 gy - (m 3 1)

2




