TOTAL DIFFERENTIAL EQUATIONS

1. Total Differential Equation.

The equation
Pdx+Qdy+Rdz=0
where P, Q and R are functions of X, y and z, 1s called a total differential
equation.

Ifu(x, y, ) = ¢ satisfies the equation, it is said to be the solution or
integral of the given differential equation. If it is integrable, we shall find the
condition which P, Q, R must satisfy so that the total differential equation is
integrable. As such, the condition is called condition of integrability.

2. Condition for the integrability of the Equation S

Pdx+Qdy+Rdy=0 s i)
Theorem : A necessary and sufficient condition for the
integrability of the equation
Pdx+Qdy+Rdz=0

QQ_G_R) R P [gg_gg]_
p(@z 5 +Q[_ﬁ; 5{]+R6y = =0.212)

Proof : Necessary Condition : Let the equation (1) be integrable. Then
a functional relation f(x, y, z) = ¢ must be an integral of the equation (1).
Taking the total differential of f, we have

df i d o d i dz=0 3)
Foes SXA e Ssadme ). L o
ox y 0z

Comparing this with Pdx + Qdy + R dz = 0,
we have

is that
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where A is a function of x, Y, z. Therefore

gﬁ =AP ?i =AQ =AR
5 TN
G A

But =
Oyox  Oxdy

Therefore, —?—(M’): — (AQ)

| 1[6}? 6QJ N
or, ~a A~ ] =Q— -P—
oy 0Ox ox oy
Similarly,
(6R aPJ oL oA
Al ———| =P— -R
ox 0Oz oy  ox
and
(5-5)-+2-02
6z &) oy ‘oz

Multiplying these three equations with R, Q and P respectively and
adding, we get

oQ &R OR 0P oP 8Q
*[P(E‘E]+Q(5;‘5;)+R(g—aﬂ=o

Since A # 0, the condition (2), the integrability of equation (1) follows.

Suffi(iient Condition : To prove this part, take z to be constant
and also suppose that Pdx + Qdy is a perfect differential is x, y say, dV(x, y, z).
[f it is not, we shall find a suitable integrating factor A(x, v, z) such that
AP dx + AQ dy is a perfect differential of X, y. To establish the sufficiency
part, let us consider the equation

APdx+X%Qdy + AR dz=0
It is easy to see that if (2) holds for P, Q, R, it also holds for AP, AQ, AR.
For the function V(x, Y, Z), where z is conétant,

oV oV
dV = —dx+ —dy
0X Oy
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If dV =Pdx + Qdy,
oV 0
Wehave 1 P= ——1u0= ——

ox oy

Substituting these values in (2), we have

2 2
av(a®v &R av(orR 82V 05V BN,
p + +R{ gyax  oxay =0

oz0y oy oy \ ox  azax

v v
Ox

e BB gt

ox \ 0z oy \ 0z

ie, Jacobian =0
- o(x,y)
oV

which shows that 5z — RandV are dependent and that there is a relation

between them which is indendent of x, y
As such,

oV
—=—R =fV ly.
= (V, z) only

Vv
Then R= B T f(V; z).

With this value of R, equation (1) takes the form

v oV ov
—— dx+ — dy+ [5;“ f(V,z)) dz=0

2 oy
Le. [ﬂ dx+—é—3—\£dy+g\j— dz) —f(V,2)dz=0
ox Oy oz
or, dV —f(V, z)dz=0
’ dVv
or, — =RV, z)
dz

This is a first degree and first order differential equation is V, z. Let
&(V, z) = C be its solution, where C is arb. constant. Substituting for V, we
have a relation in x, y, z
W(x, y,2) = C,
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This is the integral of the equation (1). Thus we have established that
the condition (2) is sufficient for integrability of total differential equation (1).

3. Different Methods to solve theTotal Differential Equations.

We shall discuss different methods to solve the differential equation (1).

Method (a). Inspection Method : Sometimes by rearranging the terms
of the given equation or by dividing by a suitable function of x, y, z the
equation contains several parts which are exact differentials. In such case, we
need not apply the condition of integrability and the integration can easily be
obtained. Following list of exact differentials may be helpful :

(i) x dy + y dx = d(xy)

¥ xdy—ydx /
(i) . zy :d(?}?{)
X
xdy—ydx
iy I ~a(10gY] -
Xy X
xdy—ydx
(1v) ;, )’2 =d[tan_ll]
X“ +y 2
2 2
2xydy—y~-dx .
oy PGy AR S
X X
. 2x2ydy—2xy2 dx y2
(v1) a - = T
X X

(vii) 2xy dy+y? dx = d(y?>X)

(viii) xy dz + xz dy + yz dx = d(xyz).

Expample 1. Solve zx dx + zy dy + (x2 +y2)dz=0
Solution. The equation may be written as

xdx+ydy dz

)‘:2+y2 Z

=0

Integrating, 1/2 log(x® + y?) + log z=log C".
or, (x2 + y2)22 =C.
Example. 2. Solve dx +dy + (x +y)dz=0

Solution. The equation may be written as

dx +dy

+dz = 0.

X+y
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Integrating, log(x +y)+z=1logc

x log {(x-l-y)/c} =-z
Xx+y=ce?
Example 3. Solve (y? + z2 — x2)dx — 2xy dy — 2xz dz = 0.
Solution. Adding and subtracting x? dx, the equation takes the form
2+ y2 + z2)dx — 2x(x dx + ydy + zdz) = 0
dx  2xdx+2ydy+2zdz

e X _ x2 +y? +7?

Integrating, log X + log ¢ = log (x% + y2 + z2)
o, cx=x2+y?+22

Example 4. Solve &y —y — y22)dx +(xy2 —x2z— )y + (xy2 + x2y)dz = 0

Solution. Dividing the equation by x%y2, we have

1
f~—~%~-—f2—) dx + (—-1-——22——%} dy + (l+lJ dz=0
N XET K X y° vy X ¥

Rearranging, we have
y dx—xdy A xdy—ydx xdz-zdx ydz—zdy e

+ +
3
Yy x2 x2 )’2

ol oo

Integrating, SR (e 8 R,
y x X Yy

OF, x2 + y2 + z(x +y) = Cxy.

Example 5. Solve P-y—Z+2xy+2xz)dx + (Y2 —Z2 - x2 4+ 2yz +
2vidy + (22 — x2 — y2 4+ 27x 4 2zy)dz = 0.

Solution. Adding and subtracting x2dx, y*dy, z2dz in first, second and
o term respectively and simplifying, we have
ety 2 e 2x(x+y + 2)|dx + [ —-(x2 + y2 + 22) + 2y(x + y +
v (2 +yr+ 2D+ 2Ax+y+2)]dz=0
v {2+ y?+ 2 (dx+dy + dz) + (x+y + 2)(2x dx + 2y dy + 22 dz) =0
dx+dy+dz  2xdx+2ydy+2zdz

f X+ty+z }*{‘2+y2+z2
Integrating, log(x + y +z) =log(x2 +y2+z2)+log C
g X+y+z= C(x2 + _y2 +2z%), ¢ being arb. constant.

Example 6. Find f(z) such that (y? + z2 — x2)dx — 2xy dy + 2x f(z)dz=0
me=zrable. Hence Solve it.
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Solution. Comparing the given equation with Pdx + Qdy + Rdz=0,

we have
P=vyZ+ 72 —x2, Q=-2xy, R=2xf(z)

Substituting, these in the equation

(aQ 6R) [aR BP) (aP aQ}
pl—==—1"40|l — o JFTR| = =0
0z Oy ox 0z dy Ox
and writing f for f(z), we have

(y2 + 22— x2) (0 — 0) — 2xy(2f - 22) + 2xf[2y — (=2y)] = 0
or, —4xy(f — z) + 8xyf =0
or, f=-z _

Now the given equation becomes

(y2+22—~x2)dx——2xy dx —2xzdz=0
Adding and subtracting x2dx, this equation reduces 10
, (x2+y2+22)dx—2x(xdx+ydy+zdz)=0

dx 2xdx +2ydy +2zdz

or,
X 2 +y2 422
Integrating, log x+log C= log(x% + y2 + 2%)
or, Cx =x*+ yz + 72

Method (b). One Variable is taken as Constant.
When the equation P dx + Qdy+Rdz= 0
is integrable, take z as constant, so dz=0. Then
Pdx+Qdy=0 issolved.
If o(x,y)=C bea solution of P dx + Q dy =0, the arbitrary constan.
C be replaced by f(z), so that
o(x, y) —f(z) =0
The total differential of o(x, y) — f(z) =0 given by
‘—;% dx + g%d}’ —f(z)dz=0 is compared with
Pdx+Qdy+Rdz=0
to obtain an ordinary differential equation is f and z.
This equation is solved to find fas a function of z say f;(z) and arb.
constant C. Then o(x,y) =f(z) +C is required solution.
Example 7. Solve (xz? — ayz)dx + (yzz — azx)dy + axy dz = 0.
Solution. Here P = xz2 — ayz, Q= yz2 — azx, R = axy
oP 5 aQ oR
S == = By

—_— —az
ox ox OX
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i

=r= f(z) is an arbitrary function of z.

&P . 0Q 5 OR
— = -az e — = ax
Gy oy 10y
&P . aQ OR
 =2xz— =X =Dy — =0
& XZ—ay az Zy — ax az
Then
Q_R) |, o(R_H (_@1_@]
P(E By] +Q 5 2 *R S

= (xz2 — ayz) (2yz—ax — ax) + (yz* —azx) (ay — 2xz+ay) + axy(-az+ az)
= (xz2 — ayz) {2yz — 2ax) + (yz2 — azx) (2ay — 2xz)
= 2z(xz — ay)(yz — ax) + 2z(yz — ax)(ay — xz) =0
Hence the equation is integrable.
Let us take z as constant. Then dz = 0. The given equation reduces to
(x22 — ayz)dx + (yz% — azx)dy = 0
Z2(x dx + y dy) — az(y dx + x dy) = 0

1 ,
5 2d(x% +y*) —az d(xy) =0

Inegrating, %zz(x2 +y%) —az xy = C = f(2),

Differentiating this, equation, we get

x2+y3)zdz+ z2(x dx +y dy) — axy dz— azy dx —azx dy = f' (z)dz
(xz2 — ayz)dx + (y?z — axz)dy + [2(x%2+y?) —axy— f ' (z)]ldz=0
Comparing this equation with the given equation, we have

z(x‘2 +y2)—a-xy ¥ )

l=1=

axy
f' (2) = 2(x2 + y?) — 2axy

f :
d L 3 [%zz(x'z +y2)—axyz:l

dz Tz
; 1
EE =£f , since f= “22("2*}’2)—"”‘}’2
dz z 2
g dz

f yA
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Integrating, log f = log z2 + log C, where C is arbitrary constant
or, f=cz?
1
or, 5 22(x2 + y2) — axyz = cz?
or, 2(x2+y%)—2axy=2Cz
or, z(x2 + yz) =2 axy+2Cz
Aliter : The given equation may be written as
Z2(x dx + y dy) —az (y dx + x dy) + axy dz=0
1
or, 5 2d(x2 + y?) — azd(xy) + axy dz=0
] : zd(xy)—xydz
or, —d(x2+y2)—a{ 3 }:0
2 z
1 X
or, — d(x? + y?) — ad (*-XJ =0
2 z/
1 -
Integrating — (x% + y2) — BV =i
2 z
or, z(x? + y?) - 2axy = 2Cz

Example 8. Solve
(2yz + zx — z2)dx — zx dy — (x% + xy — x2) dz=0
Solution. Here
P=2yz+zx-22, Q=-z R=—(%+xy—x2z)
cR

gg:z ?—;3":—2 g:-{2x+y—z)
P

L 5.0 o

oy oy oy

5] oR
—P=2y+x—?.z é}9—=-—x Ei—zz

oz oz oz

Then 9(5‘99_135] +Q[§5_i’l) +R[;_P_?§}

= 2yz+2X = Z2)(—x + X) - X(-2X —y + 2= 2y —x + 22) - (X + Xy — X2)(2Z + 2)

2

= 3(zx? + xyz — xz% - zx% — xyz + x2%) =0
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Therefore, the euation is integrable. Taking x as constant, dx = 0, so
= nez ziven equation reduces to
—zx dy — (x* + xy — xz)dz =0
d
Y 2

- ZX . +X

iz +xy—xz=0

- Syl BSY i S0
dz z zZ

dy l ( X)

or, —— +—-y =|(1-=
dz z 4 z

This equation is linear in y. The integrating factor is z. Then its solution is

yz = f[l-—i)zdz+ C
z
2
z
Of, z= — —xz+C
ST

Writing C as an arbitrary function of x, we have
2

yz = % = XZHE XY R e s el e m (D
: 1
or, f(x) — xz — yz + EZ =0
Differentiating it, we get
f (x)dx — (xdz + zdx) — (ydz + zdy) + zdz = 0
OF, [f'(x) —zldx —zdy - (x+y—-—2)dz=0
Comparing this with the given equation, we get
£ (x)-z 2z 1
2 —ZX X

2yz+zXx -z

: 1
Hence f (xX) =z + ;(Z_yz + zx — 7%)

_3 lzl_.zﬁf\ f
—_x(yx+zx-2 )—x__x, orm (1)

£ (x) &

f(x) X
Integrating w.r.t. x, we have

log f(x) = 2 log x + log C -
o f(x) = Cx?
Hence the solution of the equation is
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72 2
L= — Xz + X

or, 2yz + 2XZ — 7 = Ptk

Example 9. Solve
(2x2 + 2xy + 2xz% + 1)dx + dy + 2zdz =0
Solution. Taking x as constant, dx = 0. The equation reduces to

dy+2zdz=0
Integrating it, we get
y+z2=C
Writing C = f(:g), an arbitrary function of x, we have
y + 7% = f(x)

Differentiating it, we get
dy + 2zdz - £ (x)dx =0
Comparing this equation with the given differential equation, we get

—F (%) = 2x2 + 2xy + 2x22 + 1
=2x2 4+ 1 + 2x(y + 2%)

=2x% + | + 2xf , since f=y + z%
df
o +2xf= —(2x2 + 1)
: 2
This is a linear equation in f. Its integrating factor is ez] xd —e” and

its solution is.

2 2
FeX = _[@2x% +1)e’ dx+C
2 2
= —[[x(2xe® )Jdx - [e* dx +C
2 2
-_._{x.,[e" ]—Il-e" dX} = je"zdx +C
2 2 2
=—x eX + [eX dx — [e* dx+C
2
=y e gae
2 2
or, (y+2:2)eX =-x e¥ +C
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Example 10. Find the value of f(z) and then solve

yzlogzdx - f(z) dy + xydz=0 (i)
Selution. Te find the value of f(z), let us consider the integrability of
“erential equation. Then P, Q, R satisfy

(aQ aR] +Q[§E_§B) [9&2@)

oz oy x oz dy ox

= yzlog z[- f' (@) — x] = f(@)[y - y(1 + log 2)] + xy[zlogz—0] =0
o, —yzZ log z[f () +x]+ylog z f(z) + xyz log z= 0
O, —yzf (@) —xyz+y f{2) + xyz = 0

z f () = f2)
f |
fz2) | =z
Integrating, log f(z) = log z + log a
i(z) = az, where a is constant.

The given equation takes the form
yzlogzdx —azdy+ xydz=0 (i1)
To solve it, take y as a constant, then dy = 0.
Then the equation (ii) becomes
yzlog zdx + xy dz=10
dx dz
o, — +
X z logz
Integrating, log x + log(log z) = log C
or, xlogz=C=nly), -~ -
where u is arbitrary function of y.
Differentiating this equation, we get
fog z dx + —;idz — u'(y)dy = 0
o, z log z dx — zu'(y)dy + x dz =0 venee(1V)
Comparing equation (ii) and (iv), we have
uw(y) 1
a y
du a

dy y
Integrating, we get

u(y) =alogy+ log C
xlogz=alogy+ log C
z¥ = cy?

=0
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Method (c) When P dx+ Q dy + R dz =0 is homogeneous equation
i.e. P, Q, R are homogeneous function of the same degree.

There are two ways of solving such equations.

First, let us put

X = 71, y = 2Zv
so that dx = u dz + z du, dy = vdz + zdv
Substituting these in the given equation and simplifying, we get
dz

f(u, v)du + h(u, v)ddv+ — =0
z
Integrating it, we get the result.

Next, If the equation Pdx + Qdy + Rdz = 0 is homogeneous, then it
can be transformed to an integrable one,

if  Pdx + Qdy + Rdz # 0.
1

We find an integrating factor (I.F.) as . Multiplying by
(Px+Qy + Rz)
it and integrating, we find the solution.
: o . oP _ AQ
In case Px + Qy + Rz = 0, the equation is exact i.e. g = TRHE.

and it is integrable immediately.

Example 11. Solve
(y2 + yz)dx + (22 + zx)dy + (y2 — xy)dz = 0.
Solution. It is homogeneous equation. Let us put
X = uz and y = vz
so that dx = zdu + udz, dy = zdv + vdz
Substituting these values in the equation, we get
(BV? + Zu)z du+u d2) + (2 + Zu)z dv + v dz) + (v'Z2 — uvz’)dz = 0
or, (VZ+ v)(zdu+udz)+( +u)zdv+vdz)+ (V2 —uv)dz=0
or, z[(v?+ v)du + (1 + u)dv] + [(v* + v)u + (1 + u)v + vZ — uv]dz =0
or, z[(v?+ V)du+ (1 + u)dv] + fuvZ + uv + v + vZ]Jdz = 0

(vZ +v)du . (1+u)dv dz
or, 5 5 + ) 5 s =il)
uve +uv+ v+v uve +uv+v+v 2
+1d 1+ u)d d
or, L ; - + ( u)zv + o 0
(u+ D(vZ +v) (u+1)(v* +v) Z
du dv dz
or, == =24

+
u+l v(v+1) ; Z
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Sa dv dv dz

o1 Vv v+1 7
micgrating, we get

log(u + 1) + log v — log(v + 1) + log z = log C

zv(u+1)
v+1

op

y(x + z) = C(y + 2).
Example 12. Solve

% + yz + 22)dx + (22 + zx + xDdy + (x2 + xy + y2)dz = 0

Solution. Let us put
X = uz, y=vz

dx = z du + u dz, - dy=zdv+vdz

The given equation reduces to

(v2Z2 + vz2 + 22)(zdu+udz)+(zz+uz + u? 2)(zdv+vdz)' ‘

+ (u2z? + uvz? + v2z2)dz = 0
(\’2+v+1)(zdu+udz)+(1+u+u2)(zdv+vdz) (W2 +uv+vAdz =0
uv+v+1mu+u+u+u%mq+ma+v+v%+va+u+u%
+(u?+uv+v2)dz =0

(v2 +v+ I)du+(u2 +u+1)dv dz
2 RN W
uv” +3uv+uTv+ut+v+uT 4y
(vz+v+l)du+(uz-3—u+'1)chr " dz _0

uv(u+v+D+u(v+u+D+v(u+v+1)

2 2
+v+ 1)d u+ Ndv d
(v v+ Ddu+(u” + ) L 3
Z

(u+v+1)(uv+u+v)

(u+v+1D{(u+1)dv+(v+1du} - (uv+u+ v)(du+ dv)

(u+v+D(uv+u+v)

(u+1)dv+(v+1)du (du+dv) dz

uv+u+v u+v+1 Z

integrating, log(uv + u+ v) — log(u + v+ 1)+ log z = log C

(uv+u+v ]
—_— 7 _—'|ner
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: uv+u+v
or, — Z=C
' u+v+li
Xy +zZX +zy
or, =i
X+y+z

o, xy+z+zy=Cx+y+2)
Aliter. Inspection method may be easier for this problem. For
y2+yz+zz=(y+z)2—y2=(y+ 72 — (xy + yz + zX) + x(y + 2)
=(y+z)(x+y+2z) - (xy+yz+ ),
Z+zx+x2=z+xE+y+2) - (xy+yz+ )
and X2 +xy+yY2=x+yx+y+2) - KXy+yz+=)
Hence the given equation takes the form
(x+y+z)[(y+z)dx+(z+x)dy+(x+y}dz]-(xy+yz+n¢)(dx+dy+dz)=0
or, (x+y+2)[(xdy+y dx)+(ydz +zdy)+(zdx+x dz)] - (xy+yz+zXXdx +dy+dz) =0
of, (x+y+2z)dxy+yz+2zx)—(xy+yz+zx)(dx+dy+ dz)=0

d(xy +yz+zx) dx+dy+dz

or, 0
Xy +yzZ+2zX X+y+z
Integrating, log(xy + yz + zx) — log(x + y + z) = log C
. xy+yz+zx=CX+y+2).
Example 13. Solve the equation
(2xy — y2)dx + 2yz — z)dy — (x> — xy + y?)dz = 0.
Solution. We see that P, Q, R are homogeneous and
xP + yQ + zZR = 2x2z — Xyz + 2yzz — XyZ — vz + Xyz — x%z
=Xz —xyz+yz=z(x2 —xy+y) #0
Hence, - > : 5 is L.F. Multiplying the equation by this factor,
we have 2(x” —xy+y")
(2xz-yz)dx ) (2yz—zx)dy (x* —xy+ y2 ydz 0
2(x: —xy+y?)  z(xP —xy+y?)  zZxP-xy+y?)
. (2x —y)dx + 2y —x)dy dz
L.Cc., 2 3 == ="
X“ —xy+y Z
d(x:Z —xy+y2) dz
or, 2 2 =" ===
(x* —xy+y") z
Integrating,
log(x2 — xy + y?) — log z = log C
1.c. X2 — Xy + y* = ez.
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4. T+ T (e solution of non-integrable total dﬂerenhal equation
Féx + Qdy +Rdz—0 LT i )
i pemmes throuch f{x, v, z) = cenne(2)

- wuch cases, verify the non-integrability. Differentiating (2) and
= = e e = dz from (1) and this equation, we have a differential equation
= varabies x and y, say

bdx+ Mdyv=0.. . . e 3
fmegrating (3), we have u(x, y) =K, .. (4)
Then equation (2) and (4) will represem the solution of (1).
This procedure is also applicable for integrable equations (1).
Example 14. Find the curves satisfying the differential equation
ydx+ (z-ydy+xdz=0 ... (1)
and which lie on the plane 2x —-y-z=1 ... )
Solution. Differentiating 2x —y —z = 1, we get
2dx —dy-dz=0 ... (3)
Eliminating z and dz from (1) and (3), we get
(y +2x)dx + (x — 2y — 1)dy = 0
ox, (ydx +xdy) +2x dx —2y dy —dy =0
Integrating, xy+x2-y?-y=C . (4)
The required curves are intersection of plane (2) and rectangular
mwperbolic cylinder (4). '
Example 15. Fmd the curves represented by the solution of
yz dx + Z2dy +y@z+xdz=0 .. (1)
which lie on the surfaces.
X w1 et (ii)
Solution. Differentiating (i), we have
Faho Hocdn =2 o SRR e (i1i)
Elsminating z and dz from (i) and (iif), we get
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3. Geometrical Interpretation of Pdx < Qdy +Rdz=0
Let us take u(x, y, z) = C as the solution of this eguation. Then

ou
du = ——‘dx+iu-dy+ iau—dz=|0
X oy z

represents that d.c.s. of the normal to the surface u = « at the point (X, ¥, 2)

ou By
are proportional to et T It suggests that the d.c s of the normal to
z
the surface satisfying P dx + Q dy + R dz = 0 at the point (X, v, z) are
proportional to P, Q, R.
5 dx dy dz
Since — = = = — represent a system of curves such that the
P Q R
d.c.s of tangent to any curve of the system at any point (x. v. Z) on it are
proportional to P, Q, R at that point. Thus, geometrically, the curves
dx dy dz

represented by — = — = = are normal to the surface represented by

Q
Pdx + Qdy + Rdz = 0.

Problems

Solve.
L. (¥ + 2)dx + (z + x)dy + (x+y)dz=0 [Ans. xy + xz + yz = (]

2. yzdx—xzdy—(x2+y2)tan"(z] dz=0 [Ans. zzan! l] dz=C]
X X

3. (x +xy+yz+zx)dx+(y+xy+yz+zx)dy+(z—:—:r_s =VZ+zx)dz=0
[Hint : Write the equation as (xdx+ydy+zdz)+ (xy = ¥Z + Zx)

l
(dx+dy+dz)=0or —d(x2+y? +22) + (x +yz+z)dx+y+2)=0
5 y Y+ )

-

.._ ‘_-1.,
- etc.]

Ifx2+)’2+zzzvand(x+y+z):u,thenxy+yz+z;»;: =

[Ans. (P +y2+ 22— )= (x +y+ 2+ IfJ—.—Ce(”Y”)]

4. yzdx—zxdy-y3dz=0 [Ans. xyz=C e~ (xHy¥2) I

5. \faz_yz_zzdx—y.dy—zd?_:(] [Ans. y2 + 22 = a sin (2x + )|

6. -dx+dy+(x+y+z)dz:() [Ans. x + v+ z=ce7Z
7. (z+Z%)dx —(z+ z2)dy + (1 — z%)(y — sin x)dz = 0

[Ans. (sinx —y) (22 + 1) = cz]
. zydx+ (x%y — zx)dy + (x%2 — xy)dz = 0

[Ans. x3(y2 + 22 — 2C) =2xyz|

L
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9. (2xz — yz)dx + (2yz — zx)dy — (x* — xy + y2)dz =0
[Ans. 2 —xy +y2 = cz]
10. (yz+z¥)dx—xzdy+xydz=0 [Ans. xz = C(y + )|
11, yz(y + z)dx + zx(x + z)dy + xy(x + y)dz=0
[Ans. xyz=c(x +y + z)]
12.  z2dx+ (2% - 2yz)dy + (2y? — yz— xz)dz=0 .
[ARs. (x +Y)z - y2 = cz?]
13. 3x2dx+3y?dy— (x> +y>+e29dz=0
[Hint : u=x3 +y3 Ans. X3 +y3 = 22 4 Ce?|
14.  yz(1 +x)dx + zx(1 + y)dy + xy(1 + z)dz=0
[Hint : Divide by xyz, Ans. xyz=Ce
15. Show that the curves of

—(x+y+z) ’

X dx+ydy+C\/(1—X2/az —Yz/bz) dz=0
that lie on the ellipsoid

x2 2 2

212
lie also on the family of concentric sphere x2 + y2 + z2 = K2

16. Show that there is no single integral of dz = 2y dx + x dy. Prove that
the curves of this equation that lie in the plane z = x + y lie also on
surfaces of the family (x - 1)2(2y — 1) =C.



