Free-Oscillations
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Q.1: AU-tube of umfo N cross-seciion ‘a’ comainqs amercury coiumn of
tenght 27/. In one arm 4 tho,, U tube, the mercury lelvel in depresent and
released. Find the permﬁ ‘of oscillations of the merury column.

(2001)
Sol" : When the mercury column in one arm of the tube in depressed by amount

¥ the mercury level in the other arm is raised by amount 2 ¥ . The weight of
the mercury column of length provide the return force.
Return force = (mass)g = a2y.p.g
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UREA 961 = (G¥F). g == a2y.p.g
Where p is the density of mercury entire mass of
ihe mercury column is a2l.p.
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Hence the equation of motion is
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or,Frequency of oscillation = @, = 1/g /1 |

,z
orPeriod of osillation = T =27 ‘—g-

Q.2 : Two mass m; = 1.0kg and m, = 2.0kg kg ars tied together with spring of
force constant 250 N/M Calculate the frequency of oscillation ?

y o - {2001)
Sol": Given m; =10kg , m, =2.0kg and k= 250 N/M-
Required mass of the system is
_omyamy  1x2 _E
m+my, 1+2 3
Therefore the frequency of oscillation = :
i
- ’ﬁ - ’_%?_Q_’ﬁ =19.36
i 2 :
or, o = 19.36 Hz Ans.
Q.3 : Define simple harmonic oscillation and establish differential eqquation
forit ? , {1899,2013)
Sol": Simple harmonic motion is the simplest possuble penodlc motion of a

single particle of one dimensional system. It is defined as the motion of an
oscillating particle moving back about an equlibrium position under the
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influence of a (restoring) force which is directly proportional to the displacement
but opposite to it in direction. The particle is called a simple harmonic oscillator.
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Let the position of the oscillating particte at any instant from the mean
position be v .According to the characteristics of the simple harmonic
osciilations, the return force is proportional to displacement ¥ and directed
‘towards the equlibrium position. " '

Therefore return force =&y
Where k is constant called force constant.
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According to newton's law of motion, the equation of the motion of the
particle of mass ‘'m’ is
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m d?‘qr kwy hé d2\y i lerati
—— wheére cceleration
a2 _ ) is acceleratio
2y -k
or, a2 mor . e (1)
5t
Let — =
m
d*y 2
50 that =—®
dt* a
2
W 2
or + ® =0 ..
a2 Do '4’ 2)

it is the differential equation of simple harmonic oscillation.
Y& GRS ATad TRY BT aHAT FATHIT © |
-4 : Derive an exprersion for the energy of a body executing simple harmonic

motion ? (2003)(SU-2016)
Or )
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tension of a liquid. it can also be used to stuay the variation of surface tension

with temperature.
<l 59 ¥ gagar fAmior s & aon f¥e <@ p (F2T/R) &7 s ida eva SR 5
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APPARATUS -

The apparatus, used for this purpose is shown in the following figures.
It consist of woull's bottle W. In one mouth of the bottle, a dropping funnel,
contanirig water, is fitted and in the other a glass tube PQRS. To this tube a
manometer M is connected which contains a liquid of low density, sothat the

difference in the levéls of the liquid in its

limbs may be iarge for a given pressure difference. The end S of the
tube is drawn into a fine capillary and its top is cut perpendicular tothe axis of
the tube and quite smooth so that there appears no roughness even when
seen under a microscope. The opening S of the tube lies at a depth of 4 to 5 cm
msmie the liquid, of which the surface tension is to be determined.
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THEORY :-
t.et P be the atmospheric pressure. Now consider the equilkrium of the bubble

just before breaking.

The pressure inside the bubble = P + Hpg

Where H is the maximum difference of the levels of the liquid in the manom-
eter and p its density. "

The presure outside the bubble = P + hdg

Where h is the depth of orifice S below the free surface of the expenmental
liquid and d its density.

Excess of pressure inside the bubble = Hpg - hdg

But at the excess of pressure inside the hubble = 2T /r

Therefore,

2T Ir = (Hp - hd)g
or T = (Hp - hd)rg /2

Thus by knowning the values of various quantities, we can calculate the

value of T for the given liquid. :
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E =—ky*
or, P=3 W
A i L Lg B3
Cr, E,= _ika sin“(e+0) .. (2)
This shows that the potential energy varies with time ¢
: 1,
When, sin?(wr+8)=1 i.e.y=*a,E, is maximum ;ka

ey

Total Energy :- The total energy E, of the particle is the sum of the kinetic energy
and potential energy. ’

fost o1 @1 e soit E Rerfost swrt gen wiers woif & awmew 2l 2
‘ E=E +E, |

E= —;—k_a?' cos® (wt + d)+ ;l;kaz Sinz(ﬂ)t +9d)

=)

l .
or E = Ekaz ...... (3)

1
We thus, see that the total energy is constant and has the value —z-kaz Ctis
also the maximum value of potential or kinetice energy.

27
Also k= %y, and © =-—-=27n where ‘n’is the frequency of oscillation.
LM T

Therefore

A
rz»z»(oza2 _ 2n2ma‘"

, 2 T2
That is, the energy of the particle is directly propartional to the’square of the
amplitude and to the square of the frequency.
The variation of kinetic energy and potential energy with position is shown
in the figure.
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It is clear from the figure that at equitibrium position (w = 0), kinetic energy
is max (E) and potential energy in minimum ( = zero) while at the position of
max. displacement (v -« ), kinetic energy is min. (= zero) and potential enerqy

B = --jli-ka!2 = =2n“mn‘a
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Ly = 5 mo o a’(cos” ot +0)
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is max. (= E). At pcints in between the equilibrium and max. displacement
position the kinetic and potential energies are such that their sunt is equal to
total energy.
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Q.5 : Show that for a harmonic oscillation time average of Kinetic energy

and potential energy over one period are equal. (GKP-20006,20186)
Sol". The time average kinetic energy in one complete period is

. 1%
E, =—|Ey dt
E-tie

o
: T
— 1r1 2
E,=—f|—my”- dt
or k T-£2 W

T
E, = _1__[-21-m wZa® sin®(wt + ) dt
0

or, T
. — 1 2 2
or, E, =—m®»“a
4
gesy 1 2
or, Ek -“'—Zk a  eeesees (1) J

The time average potential energy in one complete period is

= _1fp 4 L L

E[J:-T_"[EP t or, E"w_f{‘i"w t
0

-
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et 2R o -3
p J' k m“a“cos”(wt +d) at

0

or,
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or E) =—mmwa

or E, = —l-k a . (2)

.fr ’c. Writo short notes on the Llssa;ous figures? {(2001,20098) OR
(1) What are Lissajous figures? Obtain the expression for the resultant of
two mutually perpendicular simple harmonic oscillation having the same
frequency but differing in amplitude and phase, what will be the type of
motion for phase difference. {(2013)(SU-2016)

(b) What are Lissajous figures? Obtain the expression for the resultant
of two mutuaily perpendicular simple harmonic oscillation of same
amplitude where frequencies in the ratio 1:1 Discuss the Lissajous figure
for phase difference ¢=9 and ¢=mn/2. e {2002,2011,2018)

&R

A point moves in a plane performing two orthogonal. simple harmonic
motion given by x = g;cosw: and y=a, cos(w?+¢). Show that in general
the point moves in an elliptical path. Write the condition for the path to be
a cirele, (GKP-2008,2016)
Sob: (a) LISSAJ®US FIGURES - ithn a particle has superimposed upon it by
two mutuaily perpendicular simple harmonic motion simultanecusiy, the
resultant path of the particle is known as a Lissagous Figures’ . The form of the
figqure depends upon

(1) The ratic of the frequerncies of two vibration

(i) The amplitudes of the component vibration and

(i) The relative phase of the two component motion.
AIITSH W9 U6 §9 50 WHIY axezn'"f’s"ﬁ"rf gy sy & 5 -e:*r
99T feemen § ave enad wfy wY | wor & aftom)y wer wr n%ﬂ
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3. ¥l gTw Tfa & afdies war uv

Consider two S.H.M. of equal periods superimpsed on & & particle is mutually
perpendcular directions one along the x-axis and the other along vy - axis !

g 9 BUT 7Y add fRemell ¥ wwe angd i o war § Ryt
WadaTel WA ¥ | AT U@ AT X- arer ooy g fRum Vs 2
ol XxX=q@coswt .. (1)
y=bcos(et+¢y . {2}

- Where & is the phase difference between them and ‘e’ and ‘v are their
arplitude. The equation of the resultant path, traced out by the particle can be
oblained by eliminating ‘¢’ from egn. {1) and (2).

lgl & B aEd nRY @ werral @ ey R ael @ e p awaEr e
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Equation may be written as -
cosot=x/a

. x
sinwt =.,(1— 3
a
. \/az - .x2
or, sSINWt = —————
a

Now from equation (2)

cos(? + ) = b4

b b
or, cosmrcosd — sinwsSing = -g
2 _ .2
or, cosd — £ —{-—smd) =2
a b
(x yJ va? -x? | ‘o
or —cosdh —= |= ——Sin
a b a
squaring on both sides, we get
2 2 2
x 2 y xy _ 2
-a—é*cos ¢ +E5—-—-——cos¢ = [1—;—-5—}5111 ¢
x” (0052 ¢ + sin?® ¢) + yz 2%y cosd sin® ¢
or, =g T =
a? »>  ab
_‘:2 vz ny 2
-5+ ~-——cos¢p=sin"¢p
or, T b $ ¢ (3)

It is equation of the resulitant curve. The shape of the curve depend on the

phase difference ¢ .

Special Case :
Case (i) : Let ¢ =0 then sin¢=0"and cos¢ =1, Putting this value in
2 2 gy %

ti 3 tx + - =0 (——1)2—0 Th: t i
equation (3), we ge 2 b2 ab or, 2 b . This represent a pair

b
of straight line and the equation of each line is y= ;x

Y
2b ............... ; ................

t

— 2.0 J-—
Figure - 1(a)
Case (ii): ¢=n/2 then sind=1 and cosd =0

Putting these value in equation (3), we get

P
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.X2 v_2
SO S

2 " g%
a b
Which is an ellipse whose axis concide with the coordinate axis. Figure 1(b)

i -
zb #enuenrascsasenas E ................ i
M~ -

Figure -~ 1(b)

=1

It @ = b, the path of the particle becomes a circle x2 + y? = ¢* . Figure 1(c).

VTN
2% \\/ Figure - 1(c)

—>2q €

£

. - ] '
Case (iii): Let ¢ =3n/4, then sinp= :/7 and cosd = _"ff

putting these valves in equation 3, we gets

2p freeed e Figure - 1(d)

r— pa S—

(b) Sol" : See question no. (6), {putting a = b) _
Q. 7 : A sofid cylinder floating in a liquid in equiibirium is slightly pressed
and released show that the vertical up-down of the cylinder is simple
hormornic motion. (2003)

Sol" : Consider a cylinder of material of denisity p , cross-sectional area 'A’ and
length /', which floats upright with a length immersed in a liquid of density o.

a1 U Rifoisw RraeT gamg p oD 9% ‘A’ 921 o =g 2 ol
f5 U aver gard Rraer a9 o &, 9 srRize Awer ¥

If the cylinder is slightly depresed or raised from its nonmai position, there
is restoring force equal to the increase or decrease in the weight of liquid
dispiaced. The mass 'm ' of the cylenderis m=1A4 p. '

g RifeR vt avaTaeen 9 3ive: "R ar 991 OfT ® o9 U
TG &1 i 1% e a1 991 1 ave ustef © meawe @ avey ¥

fafdesy &1 g = 'm' & m=1Ap
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l.et the cylinder be at a distance 'y from its normal floating level. The]

weight of the liquid displaced is = (Aocx)g
ST RAfASY STu=N Wrary Iraeen W vy g8 av Rerd & ar favenfya ga @

HIX (Aox)g
The equation of motion is given by
d*x
m =—(cAXx)
% I8
2
d’x = CAXxg ~0 “
dr® Alp
2 3
I P2 N
dt ip
d*;
ofr, —-—.;— +0’x=0
dt

Which is similar to generai equation of simple hormonic motion. Thus the
vertical up-down of the cylinder is simple hormonic motion.

ara: Rifeiey w1 Swfer (1 o fs s @ i g = 9 SR 8 @7 8)
UFH TS arad Iy 2

Q. 8 : The S.H.M. of a body is expressed by ¥ = 5005(

its amplitide and time period?
Sol": Given that the S.H.M. of a body is

100m+t

) c.m. Evaluate

~

(IOOnf]
x=5co8 —————| .. (1)
3 )
the general equation of S.H.M. is

x=acoswgt . (2)
from equation (1) and (2), we get amplilude a = 5 unit

1007 '
and frequency ®g ="-*é*-‘
3
50n - |

= Jl=——— 8&C

Thus time period T =1/n

3
. T'=-— sec
OfF. 30 Ans.

2.9 : Set up the diffrential equation for the change of an oscillatory L.C.
circuit ? {2000)
OR
Show that the charging and discharging of a condensor through an
inductance is simple harmonic. (2008)
3ol : When a charged capacitor is allowed to discharge through inductance.
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Tho flow of charge or the current in the circuit is oscillatory. Let at any instant
. the charge on the plate of the capacitor be 'Q' and currentin the inductance
Lo 5, the equation of eleciromotive force from kirchoffs law, is given by
el 134, amaf3rT EeRE &1 U & 1T AR fhar sar & ar uRuer
SO T HEIRT BT UETE ]I Blal 8 | AT AT &ror 1 oR wenfRE uR st
() n. mu UNehed W ERT e %?ﬁmfﬁﬁaﬂﬁﬁgﬁmaﬁw

P T —
d QO
L—+==
d C
dQ
- % I ——
Since . g o .
d g__Q
h — s
We have dr C
d’¢ 1 2
= — =g 0 s 1
or, 2 LCQ 0@ (1)
5 1
Where ®g = e
The angular frequency of oscillation is
©g = ,—zc
h 1
R e
’ 11
Ny =-———p=—== " .
or, 0= 5 ﬁE ...... (2)

Equation (1) represent the differential equation for the change of an
oscitlatory LC circuit. It is similar to the equatin of motion of simple hormonic
motion therefore the charging and discharging of a condenser through an
inductance is simple harmonic.

THHROT 1 S et LC gRuer & 3maer &1 3igdhal+ “':Pﬂ‘cl—@T%I I8
U AT Y & THIEI0T & 919 © 3T Al aur IReeE @ gIRT
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.10 : Derive expression for kinetic, potential and total energies of a
harmonic oscillation and show their dependence on displacements drawing
a neat graph. (2005) or
Show that the average values of kinetic and potential energies in one com-
plete period are equal. or
Show that the charging and discharging of a condensor through an
mdtactance is simple harmonic ? or
Cstablish the differential equation for the oscillation of a LC circuit. (2005)
JOI" For the expression of kintetic, potential and total energy see guestion no.-
(4) and for the expression of average values of kinetic and potential energy see
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question no. (5) . .
Q.11 : What are Lissajous figures ? discuss with necessary theory. The
superposition on two rectangular simple harmonic vibrations of same fre.
auencies but different amplitudes. Discribe what hdappens if one of the vis
brations changes its phase from 0° to 180° relative to other. (2004
Sol". for the solution of this equation see question no. (6) '

Case -4: Let, ¢=m=n, then sing=0, cosd=-1
putting those value in equation (3), one get,

2 2 -
x2+}2+2x}=0
a b ab
2
X Yy
—_— :.:0
oF. [a b)

which again represents a pair of straight line and the equaticn of each
being

Figure - 1(e)

—> 2a €
Q. 12 : Write short notes on the Compound pendulum ? (2011)
Sol". Arigid body capable of oscillating in a vertical plane about a horizontal
axis is called a compound pendulum. When the pendulum is displaced from its
equilibrium position through a smalil angle and released it executes angular
simple harmonic motion. The vertical plane containing the motion of centre of
gravity cuts the axis of suspension at a point called the centre of suspension.
(C.8)

WY i@ — P g3 fUve, o U Swfer ao o Y afes sier &
gRT: A BT B SY AYHT QAP HEG &1 o9 AP BT ST
ATRITYRIT ¥ 31+ BIT HIvT ux faRenfig &) vie f2ar oar &, o us o
B Rl et Ty wef¥fa wwar 2| Swhr go 4 Rafy ww @@=, 1
B T, icias ot &1 g g o wrean 8, 39 favg &7 PAee g
HET T | _

let the distance of C.S. from the C.G. be ‘;’. When the pendulum is dis-
placed by an angle 9, the moment of the restoring force about the C.S.is
mglsin® .If 1 is the moment of inertia of the pendulum about the C.S. then the
equation of motion of pendulum is

a1 facies fasg iR o v & fg B < R | 519 ITF BT T
BI< B ¢ R faRenfa fsan oiran @A) faeias Rg & aRa: goum=as aa
@7 M mglsin® E1AT 8| X 1 Froigw fag & aRa: Ja@ &) siew
ATEl B A QIT® D T BT FHIBRor
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¥

mgsin®
d%e ,
{.——=—mglsin®
e g ....... (1)
for small angular displacement,
a6 _ _mgl
P = Ay T e @

If I, is the moment.of inértia of the pendulum about an axis passing through
C.G. and parallel to the axis of suspension then,

I=1, +ml®
or I=mk? +ml?
Wher g is radius of gyration about an axis passing through C.G. Thus
2
dt m(k®+17) (+k°/1)
Evidently the angulgr_frequency of oscillation is

. q’ g
“= 1+(K271)

or time period of oscillation is
> 1+(k* /1)
@ g ’

2

The length is [Z"‘T] called the length of equivalent simple penduium. A

o : , k> : ;
point lying on th line SG at a distance v from the C.G. is called the centre of

oscillation.

afs I, ToE H= A oA grel e B gRka: o 5 Peas e @
AR 81, & IR AraTd BT STecd ATEO! BT
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Q. 13 : A particle of mass '»' moves in one dimensional poﬁentij
field in which the potential energy of the particle at point 'y |

; ey 2
given by (x)= 2

where 'gand 'p' are constants. Find the force constant ofl
the system.

— a &b
. U o
Sol" =—-— . (1) .
At the equilbrium position,
au _,
dx
2a b
N x X2
or, = s (2)

Force constant k of the force field is

{42 o
- dng_) L w2
L equilibrium x x h

X
843
Ques. 14. The displacement of a simple harmonic oscillation in given by
, x= asin(or+¢)
If the oscillation is started at time ¢ = 0, from the position 'x,' with velogcity
x =V, show that

or, k Ans.

.xOCO

tang= and a=(%2+(02 xo.z)m/oa

. B _
Sol” : the equation of simple harmonic oscillation is
x= asin(ot+¢) | uasmens (1)
at r = (0, we have from equation (1) .
Xo=asind N (2)
or, Wxy=aqwsing ... (3)

Now Differentiating eqn (1) w.r.t ‘', we get
——df—z am cos(mr+Q)
dt

at r =0, we have
'k
2 ex= Vo =awcosg
dt

or, Vp=awcos¢ . (4)
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lnw from equation {(2) and (4), we get

tand= .
i Yo
HNow equaring and adding eguation (3) and (4) we get
®*x*+ V2=c02a2 sin® ¢ +a w? cos® ¢
O, w? 2-&-1{, =a® n° (sur* b+ cos® )
OfF, a2m2=x02c0 -H{}“
or, "o :(xoz mz-{-ng) /2 =(x02 mzz;VGz)uz
215 : ¥ tro simple harmonic motion _ {(200G)
v =g sin{my +¢;) and Yo = dy sin{wof + ¢5)

superpose under the following conditions, explain what will be the
resulting motion.

() ¢ =a,, d; = by, ® 7w, and the supsrposition in linear.

() a0y =ay, 6y =95, @ Fw, and the superposition is linear

(€} gy #a,, &; +9,, 0 =@, and the superposition is perpendicular
winiat will happen if in condition (¢}, o, is stightly different from ©, ?

cr
Two simple harmonic motion of same freguency o but having dis-

piacement in two parpendicular direction act simultaneously on a par-
ticle

x = asin{owi + o) y == bsin{ews + oy)
Find the resuliant motion for various values of the phase difference

O=0Cly—0ly . (2007}
Sol® ;- The two simple harmonic motion is represent as

¥ = ay sin{@qf + ¢p) e e (1)

Nz =dy Siﬂ((ﬂzt -+ ¢)z) ........ (2)
(= I ap = ay, § = ¢y and o =, = o then the resultant motion is given by

y=n=+t>3

or  v=agsin{o+ ¢+ ay sinfoz + )

or y = a;{sinmrcosd + coswrsind, } + a, {sinwscosg, +coswrsing; }
or y = sino{g css#ﬁ.ﬁl + dy COSGy )+ cosw{a, sind, + ay sind, )
et ~ € COSP +az cosg, =reost L (35

g a; sing + ay sing; =rsind Ll {4}

whara 0 and '8 are new constants.
putting these valve in the abpove eguation, then w

o)

€2

L]
E
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v = sinwt(rcos@)+ cosawx(rsing)

or y=rsinfwt+0) - (5)

This equation is of the same type as equation (1) and (2) which represen
simple harmonic motion. Hence the resultant motion of the particle is als
simple harmonic with same frequency as the individual motions, but with sam
frequency as the individual motions, but with a different amplitude ', and
different initial phase '@’ .

Squaring and adding equation (3) and (4), then

we get- af +af + 2aya,(cos¢  cosd, + sind, sing, )= r?

or at +a3 + 2aja, cos($py — by )= r?

or y = -Jalz + a3 + 2aya, cos($, — &)

Now Dividing equation (4) by equation (3), we get-

a; sinQ; + a, sin¢,

a,cosdy + a,cosh, e (6)

tanf =

(b) If @1=a,, §;=9¢,, ®, =w, then the two simple harmonic motion will be
represented as

yy=asinoy¢ (7)
Yp =asinwyr (8)
where  aq,+a, =a

The resultant motion is given by y=y1+y;

or, y=asine+asino;t
. (0]"{"(!)1 (01*—0)1
= 2asin] ——— |¢ cos| —— | ¢
ar Y ( 2 ) { 2 ]
Wy —@> . (L)I'I-C!}Z
r=<2acos] —————= |t sin| —————2 | ¢
or Y { 5( 5 )} ( 5 )
. W+ o '
or y=Asin (‘"’1"“5—2) R —— (9)

Wy —®; - : s
where A=2aco B £ is the amplitude of resultant motion,

Thus the resultant amplitude of motion varies periodically between ‘23’ and
zero under the inflerence of cosine term-

(€) If g =a,, ; #¢,, ®; =w, then the above equation can written as
y=asin(fwt+8) (10)
and .  y,=bsin(ws+8) (1)

where a, =a,a,=band 0, =0, =®
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I he aquation of the resultant path, traced out by the particle can be cobtained
Ly oliminating t from equation (10) and (11).

Now equation (10) may be written as *)*;L = sin(wt + )

Y1

o1 =Ll = (sinwtcosd + coswr sind) piinadnmnd (12)
a
and from equation (11)
2
- B Y3
sinwi === COSMt =,/1——=
b and 52
Now from-equation (12), we have
’ 2
222 o554+ [1—--}%-} sinod
a b b
i Y2 :
~t — == c0sd= —== | sind
o a4 b ( b? J
Squaring on both side, then we get
v 2
L. y;é cos? 5— 2202 o5 = 1-2% | sin®5
a b ab . b
or i yz LNV s sinE (13)
a2 52 ab g

This represent an ellipse, contained within a rectangle of sides ‘2a’ and ‘2b’,
but of an eccentricity and at an inclination depending on the phase difference
‘5" and on the individual amplitudes.

Q 16 : A point is executing S.H.M. with a period of 7 sec. When it is

passing through the centre of its path, its velocity is 0.1 rnisec. What is
its velocity when it is at a distance 0.03 m from the mean position.

Sol, Given T =% sec
o . ,_2m
therefore from the relation 7 =—;)— , we have
T 7
When it is passes through the centre i.e. x = 0, its velocity is 0.1 m/sec.
I herefore from the relation =@ Y A2 — x2

we have .
01=a VA2 - 02
or, 0l=Aow
of, A—-Ql=,9—1~-005m
W 2

Now the velocity of the point, when it is at a distance 0.003 m from the
iioan position is v=m VAT —x
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or, v = 2 /(0.05)% — (0.03)
or, v =2 /(0.08) x (0.02) |
or, v =2+/00016

or, v=2x 0.04

or, vy =2 x 0.04 misec

2
L (dx S
Q.17 : Solve the diferential equation o e F kx® =K

as

ot

and show that x{t) represent simple harmonic motion. What is the freguency
and amplitude of vibration of the motion.
Sol" : The given differential equation is

2 dt 2
Differentiating this equation, then we get

1 dx) Px 1 dx
— .2(%)."—— —k2Zx——= 0 [Since ;¥ = constant]

2
—!--m[ﬁ] + = kx* = E

2 dt ) dr? Z e
2
(fi{] |:m ----d i—kx‘t = ()
dt dt?
d’x
m +kx =90
or, 52
_(_ii.zc_ + a x =0 1
or % m T (1)
k
Let, — = o2
m
2, .
then we have ;e ol < B — 2)

it is the differential equation of a S.H.M. The solution of this equation can

be writtenas x= Ae*  rrieeens 3)

Where A and o are arbitrary constant. Differentiating this equation twice

with respect tc t, then we get,

dx ot d’x 2 at
— =g Ae — =" Ae
dt and dr*

putting this value in equation (2), then we get
AaZe®! + w%Ae®' =0

or, Ae®t (o? +a)2) =0

or, ol + 0=

or, o=+ \/-m =@ csnesusi (4)

Thus there are two possible solution of equation (2). These are

x=A €% and x=A,e/*!
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I he general solution of equation (2) will be sum of these two solution i.e.
x=A ¢ ! + Ay el 0! cererrreeeeeeeenn (D)
Where A, and A, are arbitrary constant. This solution can also be written as
x = Aj(cosot + jsinwt) + A, (coswt — jsinwt)
x=(A4 +A) coswrt + j (A —A,) sinet ... (6)
We can make a change in arbitrary constant by putting
A +A, =Bcos pand j(A —-A)=Bsin ¢
Where B and ¢ are new constant such that .

B* =44 A
Now we have from equation (6) x = Bcosd coswt.-+ Bsind sinor
x = B cos(wt — ¢)
it is the solution of the above given equation.

0. 18 : What are the uses of Lissazous figures. (2008)
Soi" @ The Lissajous figures have number of practical uses-
jaur fral @ e wafre ganT 8-
(i) if the frequencies of two vibrating systems are commensurable, i.e. in a
whole number ratioas 1: 1,2 : 1, 3: 1 the ratio may be read off at once from
the steady figure they produce.

afy & sufre Merll @) engRy sgafs € sifg gof deel &
AT H € W= 1:1,2:1,3: 107 AT BT S4B . §RT Ieu R Rt
BT g UST ST FHhar 2 | :
(i) The frequencies of two systems, if nearly commensurate, may be com-
pared with the help of these figures.

< FrErEt B smafy af e e ¥ O s Rl gnr w9
Y& T ST qHdAl 8 |
{iid} The figure afford a good method for adjusting the frequencies of two forks
to a given ratio.

g fos < w@aRel @1 ergRal of va Ry srue § waRea (Faifom)
B BT UH BT O9BT YT Hdr 2
{iv) They are specially useful in testing, the accuracy of tuning of some simple

intervals between two forks. Even a slight mistuning causes the figure to vary
in form.

g o1 feysll @ = g MRua siovrer @Y i @Y waar s §
fer wu 4 swnft & ) @8l 9% 5 e o1 @ vaq it 9 e @ ey
qEe SIar 8 |
(v) The principle of Lissajous figures may be emnployed to investigate how the
period of a rod, fixed at one end, varies with the length of the rod.

forasra o &1 Rygra o' wifg g vt fRear o 9T & f, O v
W RTE®T v RIRT fhRs & ST 99T 3iavTe B &) orvars & & uRafda

CIAT 8 .
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{vi) Helmholtz used the principle to investigate the vibration of a violin string.
BREeeSl 9 9 Rgia &1 AT araferms & ot @ ®uet a5 oirg @ )
TART &b |

Q.18. Show that when a particle is moving in simple harmonic motion its

3
velocity at a distance 1{-2“ of its amplitude from the central position is

half its velocity in the central positions. (2009)
SolM : The displacement of a particle in S.H.M. is

x = asin(wt + ¢)
The velocity is

' ' 2
y = % = coacos(cot + &) V=0a (1 ——{2—} = A/ ‘az - x? )

a
3 L 2 3a® 1
At xz—E—-a the velocityis v=w,la A =—2-oaa

Which is half the velocity (®,a) in the central position x = 0

Q.20. Write the differential equation for a spring mass system in which
one end of the spring is fixed and other is attached to mass and has zero
damping. Find the general solution and the frequency of oscillation if
- mass M = 4kg and force constant of spring K = 100 N/m. Mass of the
spring is negligible. 5 {(2009)

$ol" : Consider a massless spring of length '/', hanging vertically as shown
in the following figure.

mg

Now a mass '’ is attached to its lower and so that its length extected by
xp - Due to elasticity, spring exerets a upward force «z* an the mass 'm'.
According to Hook’s law this force is F = —k x, . where [ is the force constant.
The other force acting on the mass is its weight +mg which is taken to be
positive. Thus the total force acting on mass ';' is F+mng .

Y Yap STH ' SND T8 B A Sile 3d § Riad 39 o x,
¢ IR 8 | UIRSAT B BV STHAH 'y R, T SHuv &) 2k v ga
ST B | §h P oW & STIUR 98 96 F=—kx, 819l ¢ 91 FPraais 8
GO ge1 S G9T UR B BRAT B, FABT HIR, +mg & I SARHD 9 & |
B UHIT @l g Sl G100 ' R F+mg HIY BT B

As the mass has no acceleration, therefore the total force acting on it must
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be zero. That is

qﬁsmﬁﬁaﬁéw@@mmwwwqwm B I I
ST AMRY | $9 TR

F+mg=0
or —kxg +mg =0
or xo=mg/k I ¢

This is the static equilbrium position of the block '

g &b ' B fOQ &fs g &) g9m &
During the oscillation, let the total extension in the spring is x, + x ,
then the force exerted on mass m by the spring is

‘= -k (xg =+ X)
F'= —k(i’f% % x)
k

Fl=—mg—-kx ... (2)
The other force acting on the mass ‘' is its weight + mg . Therefore,.
the net force acting on the block is F'"= F'+mg
* F'=(-mg—kx)+mg F'"= —kx
According to Newton's second law we have
d2x

F" --—kx m——z—
dt

d*x k 5 » k
or, 2 T T X=X where " =—
dt” m m

This is the equation of S.H.M. Thus thé block 'm' executes S.H.M. about
the position x, =mg/k . Time period of the S.H.M.

ro27_, \fﬂ
w k

1
The frequency of oscillation is n= T
Given m=4 kg and k = IOON/m

Th fi n=~——1’ 1/ n_
ereiore, 2><314 =

=0.79 per second

Jg

6 28 6”8
Q.21 : What will be the shape of Lissazous figure for the following mations.
= COs2w¢ y = sin2m¢ €2010)

Sol, The equation of motion for two S.H.O. is
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x=cos2wt (1)
and ¥y = sin2woz e —— (2)

The equation of the resultant path, traced out by the particle can be obtained
by eliminating '+ from equation (1) and (2). Now from equation (1)

COS2wft = x

1—-2sin®wf = x

or 2sin’ of = 1—%
. ; l—x
or sin! = *—-é‘-- .............. (3)
Similarly from equation (2)
' sin20@t =y
or, 2sinmt cosmr =y
1—x
or, 2,|——cosof = y
2
&
COSMF == =T
or, v’—:_Z(l O —— (4)

Squaring and adding equation (3) and (4) we get,

- 2
sin® ot +cos® oot [L_ﬁ 2
2 ;) 20-x)

] == (1--.X)2+y2
ol 2(1—-x)
or, (I-x)? +y? =2(1-x)
or, -1+.x2—-2x+y2==2—~2x |
or, x2+y?=2-1
or, x2+y2 =1

Itis the eugtion of circle, Therefore the shape of the Lissazous figure wili be |
Circle. ’

Q. 22 : Discuss the resultant motion when two Simple harmonic motions
having a frequency ratio 1:2 ang acting at right angles (o each other!

superimpose. (2014}

Solf: Let the two simple harmonic oscillations which are to be companded, be
X=mEEOBDE © .. T T anisiesibechs (1) i
vy = bcas(2m1 + &) ERIRMRP. 174

The equation of the resultant curve can be obtained by eliminating '» from
equation (1) and (2). Now from eqguation (1)

- .
X . "je 1 Al
COS Of = -— = sINMY
. d i
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Novs from equation (2), we get cos{ 2wt + @) = E’;i

)
or, : cos2wicosd —sin 205N = 2
Or, (2cos.’2 ! — 1}003 P~ 2sinwfcoswising = —'})—
PRPR—
z .2
2 a”—-x" x
ar . CO8 ¢ - 2—mmmr—ms —~sind = e
’ k a a a b
{ 2x> ) y 2xAa a—x* .
or i —5 1 GOSQ‘F e Sll'i(%l
' \ a ) b a a

Squaring on both side, then we get,

2
(ﬁ,{"‘i‘f{'+’Jc 0s” - b-t\'?x -mi}cm.d,)—l e 22 ( —12\m ¢
2
2

a « «a

dx

2 z
--w-—(cos ¢+ sin” 43,},“‘&1‘_, (cos ¢ +sin”® ai))-—ﬂ{—--cmcb P 4 + COS¢+ cos*d=0
a a o f!‘ b b

4x*  4x* 4x* y yz 2y
e e s o et GOS A | S A ZX dosd + cos = {}
ald 134 a* 2 b di) bz b ‘P d]}
L if-%--— "—I-‘:’ cosh—1 [+ — Y +cos @]
Gr a‘{ kaz b ; .---;--a~.-(3)

it is the equation of the resultant path traced by a particie moving under the
cirnultaneous action of two simple harmonic escillations. For any value of ¢,
‘' and 'k this curve consists of two loops.
Partisular Case | ~

Caae {i) - For ¢ =0 , the general equation (3) becomes

- -2
t2x? [y )
e = -] =
07, ]. s 3 3 !

This represent two coincident parabuia’s equation of each being

2 , 2 2 N
s (2’- + 1\; =0 e Ll’— % 1J
@ A\ & / i b
2
>, &
£ X me—{ b)) s 4
as by (y+b) ()

Casefii) ~ When ¢=2z/2 eugalion (3) becomes
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a a
‘This represents a curve whose shape is oo. _
[ Figure of eight (8) rotated by ¢q° ]
For other value of T the curve are complicated.

2 p 2
x-| x y
4-—2—[—*—2— — 1} + b?- - 0 ............... (5)

Y Y
W 2 N/ / ;
2h |- ' ............................ » X Db Losrerareseorasrans SR
N ) \
S — e TR
. (G=0) ($=m/2)

€123 : Write short notes on Qscillations in a potential well. | ]
Sol" : When a particle moves in a potential field in such a way that its motion is
confined to a certain bounded region, then the particle is said to be in a potential
well or potential energy weill, ]

STe Yoh U fORTg &vF ¥ 3 wen At B b guvest g v Al &
¥ g1 |1 sor B g v ot g Sl |y BT Wy © | |

Consider the motion of a priicle in one dimensional potential field in which:?
the potential energy of the particle is U(x) . It is known that the potentiai energy
is minimum for some value of 'x' say'x,' . The potential energy of the particle
at any point 'x' may be expressed in the form of Tayior's series.

HET BT BT AT UH [ a3 ¥ 39w § [ sl fava eeil U(x)
2 uE o ¥ B g ST x = x, (say) & ¢ =am 2 | B @Y fnrg S
e firg » o¢ eor RS & wu # e vopR R S wepell € |

2
U("):U(xo)*(x'“xﬂ[ﬂ) Jxﬂ%)z[d U) +

dx 2 dxz 1
’ /
(x —-— .?Co )3 dZU i
F ruensrsan
30 23 | T (N
Xg |
U(x)
X0 / |
O : X
] Parabolic
S S Potential
: well

U(xp)
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The point x = x;, where the potential energy is minimum, the force acting
on the particle is zero, is called the equilibrivim point.

g x=x,. et fava et RYFTH B, HOT U A GreA] gl YT 81T,
v g aramawen o1 f9=g sEar § |

du
F(xy)= (dx)x =0 s 2)

4]
It is convenient to take the potential energy at the equilibrium point equal to
zere and measure the potential energies at other points with respect to this
value. Thus

g R gar 8 & aruarer & g wx g S o1 3= 99 S
T 3y fe=getl R 39 favg @ et favg el o1 a1 sita fear o

Ulxg)=0" * . L i 3)
Shifting the origin to the point x = xg, we can write the Taylor's expansion
for the potential energy as

gfe 89 MRS BT x = x, 875 ur Ryge w3 aF g9 o ¥R &1 o=
uHR A forg AwHa 8 |

d*u x{ d'u
U(x)="— (w——; } o+ — (w——w] - S,
!
dx 5 3L ax® "

if the motion of the particle is confined to the region very near the
cquilibrium positicn the terms containing higher powers of x may be
neglected in the expansion of U(x) . Under this approximation we can write.

aﬁmw“ﬁnﬁwm?fﬁ#a’aﬁ‘ﬁrﬁ Bl x » I ura g
"y B U(x) B mﬁaﬁfmwﬁ%mﬂww%@wﬁé%:

2
U(x) = 17 2[-‘3"—3-\

27 \ax? ). e (5)
X
sp o X :
or Ux) = ";';k o (6)
;__fi]
where " | 2 | e, (7)
/xo

k is the force constant of the force field. Thus, for smali values of X, the

- potential energy cuive has the shape of a parabolic potential well. The force
acting on the particle at point x as

- GIET 9 81 BT 96 RS 2| ofer @ B 7 & forg e wort a @

3R GRGSTITRR favia a5y c%WE"ITrr | fa<g UR o1 OR SR arer 9] BT |

Fa-® o ks
dx

and hence the equation of motion of the particie is mx = —kx

3 HOT & IART BT TNBEIVT it = —jx BT

which represent the simple harmonic osciliation. Thus the small amplitude
motion of the particle about the equilbrium position is simple harmonic.
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ST WRe 3ndd i oY wafikr owar 8
Glue.24 The dispiacement of a moving pamcle at any time is given by the
eqguation. (SU-20186)
X = acosw? + -+hsinos {GHKP-2018)
Show that the motion is simple harmonic.
Sol". The displacement of particle at any time is given by the eguation

XxX=a cosw!+bsinwr ... (1)
Differentiating equation (1) w.rt. ¢, we get
a&,
R (1 L1 TR K 13T +hmcosi
dt
dx
or, -[; = @M ~—asinax + b cosat)
.

Differentiating this equation once again, we get

2

d“x
=g w2 Q-0 COSW! -4 b sinwe)
de*
2
d°x |
or, ~~~,—‘-- = ( A COGSOI + Hsinme)
-

or, 5 =0 X

or, — @ x= L (2)

it is differential equation of S.H.M. Thus the motion of pariicle is simple
harmonic motion. .
Q.25 : A particle of mass 10 g.m excuting simpl2 harmonic motion has
- amplitute of 4 c.m. If it makes 16 vibration per second, find its maximum

velocity and energy at mean position. {2011)
Sol” : The displacement of a particle in 5.H.M. is - .
x = asin{o! + ¢)
and its velocity -

dx
e == F ™ o
v » wacos{w? -+ ¢)

It is maximum when cos(wf+¢)=1

i.e. Vmax = 04

or, | Vmax = 2THA

or Viax = 2%3.14x16%x 4

or Viax = 401.92 cm/sec.

The energy at mean position-is entirely kinetic and is given by
E=Kpa = %mvﬁm :-%x 10x (401.92)* _ 5416153968

or, E =8076984 = 8.07 x 10° erg

A
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O Whint are Lissajow’s figures ? How can they ke demonstrated ?
Domonstration of Lissajous Figure : The Lissajous figure can be dem-
tated by compounding two simple harmonic
n perpendicular to each other. )
voloarn's Pendifum : - A mechanical device to
monstrate the formation of Lissajous figure is
Coo Blackbure’s pendulum., it consist of a siring with
‘wo onds are atiached {o a rigid beam at point M
o1 N The string is cut at its centre and the ends so
Lo are attached to a heavy funnei C. The exit
Conn the funnel is narrow so that when it is filled
vt sand a fine stream fall on the ground. Aclip B is
Canod so as te bring the two strings together. It can
o slipped up and down on the strings. If the funnel
o pniled out stant wise and released it moves un-
oy the action of two S.H.M. at right angles. Hence A |
o stream of stand escaping from the funnel traces
o hssajous figure on the ground.
() 27 s Astraight tunnel is bored through the centre of earth. A body of mass
i dropped into it. Prove that its motion is simple harmonic,
s, Consider a particie of mass m at r. O is the centre of the earth. The
Gravitational attraction of the earth for the particle P arises entirely from that
portion of the earth of radius r. The external shell exerts no forca on particle.

= e s
i |
]

if ' is the density of earth, then the mass of the sphere of radius ' is

M =pl' = -‘:-::-nr3p

so the force of atiractibn belween the earth and the pariicle of rmass m is
R
?'2
minus sign indicate that the force is attractive and directed fowards the
centre of earth. Therefore.

F=—0 “3. > ————-'[EGQTEm)?‘

or F=—kr
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4
where k= EG p T is a constant.

Therefore force is directly proportional to displacement » by oppositely
directed.

Q28. A particle executes simple harmonic motion with time period 31.4 sec
and amplitude 25 cm. Calculate its maximum velocity.

Ans. The equation of S.H.M. is x = asin(wf + ¢)
dx ,
The velocity is v= — = acos(wf+ ¢
.The maximum value of cos(wi+¢) is 1,

therefore the maximum velocity v, .. =o0a

Here o = - = 0.2 radian/sec

and a =25 cm, therefore

Vinax = 0.2x25=35.0 cm/sec. )
.29 : A particle executes simple harmonic motion along a straight line.
its velocity when passing through the points 3 cm and 4 cm away from its
equilibrium position is 16 cm/sec and 12 cm/sec respectively. Find the

amplitude of oscillation of the particle. (2014)
Sol": The displacement of a particle in S.H.M. is
x = asin(«f +§) Where 'a is amplitude .
lts velocity is

. — f 2
%‘}f_ = macos{wt + ) = waV 11— sin® = 0331“ - (3——-]
' |
de 5 3 dx\* _ a2f 2 >
or, -5—49‘\/6! i 3(}‘] = (a -x) ........ (1)
Now it is given that, y
2%
when x=3cm, ¥ e 16 cm/sec
dx
and when x=4 cm, i 12 cmi/sec
Substituting in eguation (1), we get
256 =0*(a*-9) = L. )
144 =0?(a*-16) L (3)
Dividing, We get, )
16 a? -9 9 5
= = 16{a”“ —-16]=9(a” —9

or, 7a® =256—81=175
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. 175

a =25=>a=5 cm. Ans.

(1.30 : Two Simple Harmonic motions are represented by the following
aquation

y = 1051n(3n +1c/4), o= S(Sin3m‘ + ﬁcusSnt) (2014)
Sol*:  The equation of first S.H.M. is -
»=10sin(3n+=/4) .. (1)

The equation of second S.H.M. is

Y2 = 5(Sif137tf ++/3cos 3m)

(1 3 )
or Vo = 10| —sin3mus +——-—cosBmJ
i 2 2
T . . T :
or Vo = lO[cos—: sin3mxt + sin--cos3ar ]
! 3 3
: T
or, Yo = lOsm(Bnt +H;;—J

Comparign it with first equation, we see that the amplitudes of oscillation
are egual to (10:10).
.31 : The simple harmonic motion is represented by x =5sin(10t +x/6),
where X is in¢,m. and ¢ is in sec. Calculate displacement and acceleration
of the particle at =z /10 second. {2015)
Solv : The given equation is x=5sin(10t+71/6) ........ (1)

Now, the displacement at /10 sec. is

x-=53in(10><—7-£—+£) or x:ssin(ﬁ-.*_f_)
10 6

6.
’ (ﬂ'
or, XF “551“@5— or, xy=-5/2 cm. Ans.
Now differentiating equation (1) twice, then we get the aceeleration
2
f= % = —500sin(101 + 7/ 6)
t

Now acceleration at 7 /10 sec. is

2 - K
:i—; 8 -SOOSin[M) x£+£J
dt 10 6

f= ——-SOOSin(J‘Z‘ +—76€] = f = SOOSin(%) = f =500x —:— =250 cm/sec’ Ans.

ST00IGONCONOCY



