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Chapter-1

Introduction to Rings, Integral
Domains and Fields

Long Type Question:

Q.1. Define a ring and given an example of a com-
mutative ring with identity. 2004,15
Sol”: Definition of Ring : A non empty of R with two
binary opprations '+' and 'e' called addition and
multiplication is said to be a ring if it satisfied
follwoing axioms:
1. <R, +> form an abelian group. i.e. R satisfied:
(i) Closure property : a,b,e,R = a+beR
(ii) Associative property : a, b, ¢, €,R
: = a+((b+c) = (a+b)+c
(iii) Existance of Identity : 30ecR s.t. a+O = O+a =g
) VaeR
'iv) Existance of Inversse : V a < R 3—aeR
st.at+(-a)=—a(Ha)=0VR
v) Commutative law : a,beR
we havea+b=Db+ a
& <R.- > is sami group : i.e.
1 R is clossed with respect to () a, beR = a.beR
1) R is associative w.r. to ()
a, b,ceR '
a (b.c) = (a.b) .c
k. Multiplication is distributive over addition : i.e.
X Multiplication is left distributive over addition -
Va b,ceR
a. (b+c) =a.b + a.c
I Multipliction is right distributive over addition.
(b+c). a=b.a+c.aV a,b,ceR
‘“ommutative Ring : A ring <R,+, .> is said to the com-
titative ring if satisfied the commutative law with re-
pect to ()

I The set Qp = {a +b\/p,a,b,e Q} form a ring un-
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der p is prime usual addltzon and multlphb
tion. '

Sol»: To proof that < Q./p,+,-> is a ring we have to shil
Q+/p satisfied following condition :

1. < @+/p+> form an abelive group :

(i) Closure property : Let x,y < Q\/“ then x ancq

can be expressed as

= b
*=a,+bop | b,a,.b, e
y=a2+b2\[p )

Now x+_y=(a1 +bl\/;)+(a2 +b2\f5)
=(a1 +a2)+(bi +bz)\/;'e Q\/I_)

Hence, closure property hold.

2. Associative property : Let x, v, z < QJp

then
x=a +b1\/5
y=a, +62£ > al,bl,az,bz,as,bs e
z=q, +b3\/—;—)J

Now, x +(y+2)=(x+y)+ =

a +b1\/5+(a2 +b2\/;+a3 +63J5)
:(a1 ""51\/1_9"'% -!—bz\/;)—!-(as +b3\/1_))
=5 (a, +a, +a,)+(b, +b,+b )P

=(a +a,+a )+(a1 +b2+b3)\/;

L.H.S.=R.H.S.
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Honee Associative property holds.
Iwintance of Indentity : Let x ¢ Q,/
x+e=e+x=x

(i, 10,JP)+(0+0OJp)=(a, +bJp)=x, 0cQ
llence O+ (fp is identity eleument of Q. /p
l'xistance of Inverse : Let x e Q./p |
(hen ElyeQ\/;_)
x+y=O+O\/p? |
x=a +bl\/5
y=(-a)+(-5)Vp
x+jzx(a,] +b1\/;)+[(-—al)+‘(—bl)\/;_3]
~foy+ (- )+ (-0} 7
=0+0.p

Which is Identy element of Q./p
Commutative law : We show that x +y = y+x

Let x,yeQJp
LS. =(a, +5,4p)+(a, +b \/1—3)

(a +a) (
—(a +a) (b -fb)
Jp)

b +

1

o
\-.../

2

+(a1 +bn/15) -

=(az + &

= y + x
Since commatative law hold is Q.

03
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Hence @/p i an nbehm group.

(2) (QJE#) is semi group :

For this we heve to show following condition
(i) Closure Property :

Let,{a1 + bI\/E} {a2 + b, \/}j} c QJp

= {t:zs1 +b1\/5}.{az +62\/;}

= aa,+ 0152\/—5 +b1.\/5 a, +b1J1_9 62\/;
=aa, + a.lbg\/;+b1\[5 ar,z.-l—b1 b,p

== (c.tlo',2 + bl-bzp) + (a1b2 + blaz)\/_z_) S Q\/;

(ii) Associative property :let
o, + o, P}{a, +o.P o, 0, PY e @VP
Now =[{a, +b.4p}{a: + 6.7} ] e, + £, P)
= a, (a,a, +5,5,0) + (a0, +b,a.a, )P
+(a,a,b,Jp +bbb,\[p)+b(apb, +ba,)p

Vx,y,2 < QP

(xey)ez = x(yo2z) i.e.
Multiplication is associative
3. Multiplication is distributive over addition

(i) Left Distribution : Let x,y,z€ Q\/—};
x(y+z)=xy+xz

x=a + bl\/;\

y=a,+ bz\/j_o_ {

z=a, + ba\/g




0s

= (o + b/P) [(e + 5) + (o5 + 1/B)

= a (a,+a,)+a,(b,+b,)Jp +bp(a, +a,)
+o,p (5, +5,)VP

—a,.a, +ab,Jp+ba,/p+bb,p

:.(al + bl\/};)(a2 + bg@)

Now x(y+2)=x.y+x2
=(a, + blx/;){(az +b2‘/5)%(as +b3‘E’)}
= (a, +6,4P){(a, + ;) + (b, +b,)JP]
~a (a, +a,)+a, (b +bajJ5+b1J5(a2 +a,)+b (b, +b,)p
—a.a, +abp+ab P+ bb,[p\P
=(a, +b,/p)-(a, +b,4/p).

=x. Z
(ii) Right distribution : Letx,y,ze QJp

(y+2)x =y +2x

_ L(a2 +Ib2\/5)+(a:3 +b3~/1—>)]-(bl +b,/p)

[+ a,)+ (5, +)NF (e +5.7)

—a,(a,+a,)+a,(b,+b )P +bP(a,+a)+b (b, +b,)r
" =a,a,+ab~p+bJpa +bbp |

=(a2 +az\[}_)). (a1 +b1J}_))

=y. X
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"(az + sz5)+ (o, +b3J;)](a1 +b,\p)
=|({a )+ (b2 +bi;)\/;](al +b1\/5)

(a +a3) (b +b )\/;+bl\/;(a2+a3)+b1\/—;_)(b2+b3)\/5s!

(iii)

Now

- Q.3.

Sol»:

=2 0
Hence is (Q\/; , +, Ja ring
Commutative Law
Let x,y €Q:p
s.t. x =a,+b,Q./p
y = (12+ng\/;;

x 4y =(al+b \/;)-‘i-(a +b \/;)
=(a, +a,)+(b, +5,)Jp
=(a +a) (z+ )

(02 +b2’\/_)+(al +bn/_)

= (QJ_ ,+,-) is a commutative Ring

Define the characteristics of ring and give an
example of if and prove that characteristic of
I.D. is either O or prime No. 2005, 07
Characteristics of a ring : Let <R, +, > be a ring.
Then the characteristics of a ring n is the least +ve

Integers s.t.
a+a+a+ .......... n times =20
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or [;_1_{' _t__)—jl (Where zero is the additive Identity)

If no such least +ve Integeus n does not exists then
we say that ring has characteristics zero or infi-
nite.
1nx. Let <z, +, .> be the ring of Integers then no such
+ve element, exist in z. s.t. n.a = 0 V cez. Hence
ring of integes is of characteristics zero or infinite.
Let D be an integral domain
If a non zero element of D is of the order zero. then
ihe characteristic of D is zero. |
Let the order of the non zero element a be finite &
cqual to m then ma =0
Suppose b is any arbitary non zero element of D
we have ma =0

= (ma)b =0
= (am)b =0
— a(mb) =0

— mb = 0 (D is without zero divisions. Hence each
non zero element has order m But order of a is m=m is’
the least +ve integers such that ma=0. Also we have
mo=0 thus m is the least +ve integer s.t. mx =0 V xeD
hence D is of characteristic m.

Hence, characteristics of an Integral Domain 1is
cither O or prime no. Proved.

; a —-b
Q.4. Show that R'= ,a,beRtis a commuta-
b a

tive ring with identity under usual operation.
2008

o _{2, b _|a; by _|as by
SOl:Let‘A“[b a i\sB_[b a ’C“ b a

1 1 2 2 3 3
be any three elements of R/

_‘al _“bl a, _bz
R-1 ATB‘[b a ]+[b a

1 1 2 2



08 B.Sc.-1I**year Mathmetics | Paper-I ; Abstract Algebra |

_[a, +a, --—(b1 " bz)}

@ -
._bl -+ b2 al -+ 32
Ju —v
% where u=a,+a,

‘v =b,+b,
and u,v € R as a,,a,b,,b, eR '
i.e. A+B eR' 1.e. the set R' is closed w.r. to add”® of
matrices.

_ & _b1 2o “bz a, “ba
dD A+@B+C) ~ [bl a, }" ([bz a, + b, a,
_al -—-bl] . [az +a, —(b, + bs)]
Lb1 a, b2+b3 a,+a,
- _
a, +(a2+a3) —-bl——(b2+b3)
_b1 +(b2 +b3) a +(a2 +a3) |

—

(a, +a)+a, —(b, +b)—b_’
_(b1 +b2)+b3 (a,+a ) +a,

[addition of real no. is ass.]
-
[a +a, —(b, +b2)J+ a, —ba}

- _b1 +b, a +a, L‘b3 a,
p _
o 2HE 2
\ b1 a, b2 a, | b3 ag
= (A+B)+C

i.e. addition of matrices in R' obey associative law.

“ _ 00
III. 3 null matrix 0= o0 o |st-

O+A=A=A4+0 V AeR’
So the null matrix O is additive identity

— b
IV. 3 additive inverse [_% -—a] cR' of each matrix

I—E tb—l eR' since
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—a b .|la -b]_[-a+a b-b
~b -a b a| |-b+a —-a+a

-

10 O0_
"[0 o]“o

a, -—'!o1 a, —~—'b2 _{a, +a, —-(b1+b2)
A"'B:[b a ]+{b a | bl+a2 a +a,

1 1 2 2
_ [az +a  —(b, + bl)J
b;2 +a, a,+a,

[add of real no. is commutative]

b, a, b, a
1.e. addition of matrices in R' obeys commutative
law. '

a’ —b a -b
[bl a, bz 2y
—alaz -bb, -ab, —blag]
_bla2 + bzb1 aa, -—blb2

Il

) a,a, - b1b2 _(a1b2 i3 azbl ):,
_(albz + azbl) aa, —b b,

_
ju —v

v u J

where u=a a,—b b, eR and v=a,b,+a,b. eR

as a,, a,, b, b, eR _ .

i.e. AB €R i.e. that set R' is closed w.r. to multipli-
cation of matrics.
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_ [al -bl']_[[azas ~b,b, —(a,b, + b2a3] |
b1 a, J bzaa " azba a,a; — b2b3 f

a (a,a, —b,b))—b (a D. +ba) —a (a,b, +b,a)+b (aa, ——b2ba)

2
—_— “

_[bl (a2a3 —b2b3) +a, (b2b3 - agba) a (a2a3 ——bzbg) —b1 (b2a3 —+~agb3)';j
a —b a -b fa -b
_ 1 1 2 2 3 3
AR (e ) e
_{ 21Fe '_blb'z _(albz + a2b1)~ a, _bs
B a1b2 * a2b1 a,a, — b1b2 . bs a
n .513(::—;1132 —blbg)—bg(a;b2 +a2b1) -—ba(f.:mla2 —-bl'bz) —a, (alb2 +azbl)

- {a-?n (a1b2 &l a2b1 ) F bl (a1a2 - bl bE. ) a3 (8.13.2 o bl-b2) —b3 (al b2 o a?.bl) I

clearly A (B.C). = (A.B.).C
as a,, a,, b, b,, by <R obey associative law of

multiplication.

R—3
‘a  -b a -b a —b
— 1 1 2 2 3 3
AL B+C)= ) . -+
( ) [bl a. ] [l_b2 a, ] [bs a, ]J

:[al(ag +a,)—b (b, +b) —a (b, +b)—b (a,+a,)
b (a, +a,)+a (b, +by) al(a, +a )—b (b, +b,)

a —-b. lija, —b a —b a. -b
N L et e e
A . |:b1 al bZ aZ bl al b3 a3 _
=[ala2 ~bb, —(a,b, +r:12b1)]+[ala3 ~bb, —(ab, +b1a3‘l
ba,+b,a aa,—bb, ba ,+ab, aa, —b.b,
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ﬁ non, - b1b2 +aa, -—b1b3 -—(albz +azb1) ---(allb3 + blas)j’
hn, +ba + bla3 + alb3 aa, - blbz +aa, — blb3
- A. (B+C) = AB+A.C.
Similarly we can show that (B+C). A = B.A+C.A

i.e. matrix multiplication is left and right
dintrubuties with respect to matrix addition in R'.

I
a. —b_ |la: -b
_ [alaz ~b.lb, (&b, + azbl)]
‘ba,+ba aa, ~bb,

N "bz a, *b1
B _l:bz a, [|b, 2
_ | 33, b2b1 “(azbl + b2a1)
- _bza1 +ba, a,a ~bb,

A.B=B.A
commutative law w.r. to multiplication is satis-

10 :
an.element =[0 I]GR s.t

e FR R

. R' is a commutative ring with identity under
iwual operation.
Hence Proved.
).6. Show that a ring R is with out zero divisor iff
the restricted concellation law holds in R.
2010,2015

Loofe G) Nesserrv Conditione: T ot D Lo o
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divisor and we shall show that ristricted cancellatiol
law holds in R. |

= a, b € R.
then a. b =0
either a=0or b =0
a.b=a.c
a.b. —-a.c=0
a (b—c) =0
= a0
b—c¢ =0
— - ib=c similarly we can proof.
if b.a=c.a
= b= cl|,aF* 0

(ii) Sufficient part : In this part we suppose th
restricted cancellation law holds in R and we sh
show that ring with zero divisor.

i.e. a, beR.

=5 ab=0st.a=0,b=0

Now a.b=0
a.b.=a.0
= =0 {by left canc law}

- Which contradicts that ring is with zero divis
and Hence, our supposition is wrong and ring is wit
out zero divisor. .

Integral Domain : A commutative ring wi
element(CRU) is said to be and integral domain if R
without zero divisor 1i.e.
A ring R is said to be can integral domain 1
satisfied.
(1)) Commutative law (ii) Unit element
(i11) R is without divisors
Q.7. Set of Integers z is the simplest example'

1.D. with respect to operation add, multi.
Ans.(i) we know that <z, +, ) is a ring to proove that
an I.D. we shall show.

1. z 1s commutative
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7z has unit ellement
¢t} 1. The charecterstic of an integral domain is

cither zero or a prime numbers. 2010,2015
“lol": Proof : In the case when charecterstic ctristics
ol 1) 1s zero (le) V aeD

= 0.a =0

There is following to prove an other case when
cherecterstic of D is n,

To prove the theorem it is enough to show n is a.
prime number. '

To get a contradiction, let n is not a prime num-
hor.

To get a composite number. Then by definition of
romposite number n can be expresed as finite product

. | P, <n
ol n=p,p, p. <n
2

Since D is an 1.D.

— YVa=0inD

a.a=a?2z#0in D

chaD=n

na =0

(n.a) a=0.a (by Ass. law)
na?2=0

(p,py)a®=0

(p,2 (p,a) =0

Since D is an I.D. then either

R

Let (pla) =
cha of D is p, {since p,<n}
Which is a prime number. Proof.

Short Questions :

Q.1. Define an integral domain and give an ex-
ample of an Infinite integral domain. 2004,15

Ans. : Solution : A ring (R, +, .) is said to be an integral
domain if

(1) R is commutative.

(ii) R has no zero divisor.
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Q.2. Prove that set of Matrics contain zero divi
sor.
Sol*: Let M denote the set of all 2x2 matrics and lef
" binary operation are (+) and '(e)'. °

1 0
Then of A:!:O 0]

5=(3 7]

10 O
=> AB—[O 0]

Hence set of Matrics has zero divisors.

Q.3. Define characteristic of a Ring (R, +, .) and
. give an example of it. 2007
Sel*: characteristic of a Ring : Let R be a Ring. If

there exists a pasitive integer n such that
na=20 VaeR
then R is said to have finite characteristic n.
It such no positive integer exists then R is said
to have characteristic zero or (infinity).
Example : lL.et us consider the ring of integers (R,+,.).
Here we have for any ac€R we have no any
pasitive integer n s.t» '
na =0
Hnce, <R, +, .> is of characteristics zero
Q.4. Let<R,+,.>be aringthenVa,b,c, eR
Prove that
(1) a.o = ¢.a =0 '
(11) a.(-b) = (-a).b = —(ab) 2009
(iii) (-a). (<b) = ab
(iv) a. (b—c) =a.b-a.c
(v) (b—c) .a = ba-c.a
(i)Proof:lLet 0 € R
O+0=0eR
a.0 = a. (0+0)
a.0=a.0+ a.0
(a.0—a.0) =a.0
0=a.0
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simmillerly 0.a =0
(i) I'roof : consider = a.(—b) +a.b
= a {(—b)+b}
a.(—=b) + a.b = a.0 =0 by (i) proof.
=5 a. (-b) =— (a.b)
simmillerly (—a).b=-— (a.b)
(iil) Proof: (—a). (~b) =ab
consider (—a). (<b) + {—(a.b)}
(—a). (=b) + {(—a).b} by (ii)
(—a) {(-b)+b}
(—a).0=0 from (i) proof
(—a). (-b) + {—(a.b)} =0
(-a).(b)=ab proof
(iv) Proof : consider
a (b—c) + a.c.

a [(b—e) + c]

a.b

a(b—) +a.c=a.b
a (b--c) = ab —ac

(v) Proof : consider
= (b—c) a +c.a
= [(b—c) +c] a
=b.a
(b—c) a x c.a=b.a
(b—c) a=b.a—c.a proof
Q.6. Show that every field is an Integral domain.
2010
S0l Let <F, +, o> is a field. -
Let a be any non zero element of F
To show that F is without zero diviser we shall
proof for any element b F.

a.b =0
or b=0
Now a.b. =0 - since a € F, aleF
= a! (a.b) = alo

et (ata).b=0
e 1.b=0



16 B.Sc.-IT* year Mathmetics | Paper-I : Abstract Algebra |

= b=0

Simmillerly we can show that if b#0eF then
a. b =0 :

= a=290

i.e. Field has no zero diviser.

. every field is an Integral domain.
Q.6. Prove thatdivisionringis aring but conners

is no true. 2010
Sol»: let (R,+,.) be a divisor ring. Then by definition of
division ring we have,
(1) R is a ring with unity.
(i1) Every non zero element of R

have multiplicative inverse. i.e. division ring
must be a ring first and then satisfies above given cons
ditions (1) and (ii)

The converse of above statement is not rue i.e. A
ring need not be a divisior ring. |

For example let us suppose the ring of integer (z,
+,.>. It is not a division ring as it does not have multipli-
cative inverse.
Q.7. In aring (R,+,.> Prove that

(a) a (b—c) = a.b.—a.c

(b) (a—b)c = a.c. -b.c 2011
Proof.: (i) a. (b—) = a. [b+(—c)]

=a.b + a.(—c) -
by righ distribution law

= a.b + (—ac)
= ab —ac
(ii) (b—c).a = [b+(—c)].a

= b.c + (—c).a
by left distribution law
(b—c).a = b.c —c.a
Q.8. Define Field. 2005
Sol=.: If every dement az0 of anintegral domain has a
multiplicative inverse a! in the integral domain, then

it is called a field and is denoted by F.
A ring F whose non-zero elements form an
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Lo, multiplication group is known as a field.

b1 v Show that the set of all residue classes

modulo p is an integral domain iff p is a prime.
' 2018

i1 I I be an given ring the we have follwoing two
cases:
ane 1 : If p is prime and a,b e I(p) such that a.b=0-:

hon b =0(mod p)=>ab is divisible by p

-. Either a is divisible by p or b.
because p is prime either

a =0(modp)
or b =0(modp)

‘lwrul’ore a=0,0r p=0

| I (p) is an integral domain
ane-II : If p is not prime and p=r,r,

L hore l<r <p & 1<r,<p

hen in I (p), we have

r.5 =nr = 0(mod p)

]\lu'l'e 7 #0, )
Then I (p) is not an integral domain. Hence 1 (p)
is an integral domain. If p is prime.
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