Chapter One

PROPERTIES OF
INTEGERS

( Important Points from the Chapter

. Divisibility An integer a is said to be divisible by an integer b (#0), if
there exists an integer g such that a = bq. 1t is denoted by b| a. In other

words, we can say that ‘e’ is multiple of b.
= Note If b divides a, then — b also divides a, because a =bg = a=(-b)(—q).

. Some Important Properties of Divisibility For integers a, b, cand

d, we have A

@ alo,llaandala

(ii) ¢ | b and cld = acl bd
(i) afband blc=alc
@v)alband bla=a=1b

) albandalc = al(bx+ cy), for all integers x, y.
. Division Algorithm For given integers a and b >0, there exist unique

integers q and r such that

a=bg+r,0<r<b

The integers g and r are called the quotient and the remainder
(2016, 11,07)

[transitivity]

respectively.
Greatest Common Divisor (G.C.D.) Let ‘@’ and ‘6" be any two
least one is non-zero. Then, the greatest common

integers in which at
oted by ged (a, b)or (a, b)is the positive integer ‘d’

divisor of a and b den
such that
@B dlaand d|b
@) If cla and ¢l b, then cl|d.
e.g. ged (15,25)=5
= Note gcd(a, b) = a, ifa|b.
. Euclid’s Algorithm The gcd of two integ
determined by a process known as Euclid’s a

defined below.
Let a and b be two positive integers and a>b. Then, there exist

(2014, 06)

ers ‘@’ and ‘Y’ can be
lgorithm and which is

integers g, and r; such that
a=bg,+7r,0sn<b

Again, there exist integers g and ry, such that
b=rqs+mn0srn<n

[by division algorithm] ...Q)

...(10)
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1d.

Continuing this process, we get

n=rpgs; +n5,0<n<nr ...(111)
rn—2 = rn—lQn e rn’ rn, = O . ..(iV)
where, g, = 2.
Thus, a>b>n>r,>

Hence, these numbers form a decreasing sequence of non-negative
integers. It follows that r,, =0 for some integer n. This process ends at
this stage. The set of equations from Eqgs. (i) to (iv) is called Euclid’s

Algorithm for ged (e, b). The ged of ‘@’ and ‘b’ will be r,_,. (2012, 06)
= Note
(i) Leta and b be positive integers such that a>b and r,,=0 in Euclid’s algorithm.
Then, r,,_, is the gcd of a and b.

(i) Ifalbc and(a, b)=1, thena|c. _
(iii) If aand b are integers, pis a prime such that p|ab and p.t a, then p| b.

Prime Number A positive integers p other than 1 is said to be prime
number, if its only positive divisors are 1 and p. (2012)

. Relatively Prime Two integers, not both zero, are said to be

relatively prime (coprime), if (a, b)=1.

m Note Two integers a and b not both zero are relatively prime, if there exist integers x
and y such that ax+ by=1.

. Fundamental Theorem of Arithmatic Every positive integer n > 1

can be expressed as the product of prime factors uniquely. (2015, 05, 02)

. Congruence Modulo m Let m be a fixed positive integer. Then, an

integer a is said to be congruent to another integer » modulo m, if
m| (@ — b)anditis denoted by a = b (mod m2). (2003)

m Note Above expression is called the Congruence, m is called the modulo of the
congruence and b is called residue of a (mod m).

Linear Congruence Let a,b € Z and n be a fixed positive integer If x

is an unknown integer, then the relation ax= b (mod n) is called a
linear congruence.

By a solution of this linear congruence, we mean that there exists an
integer x; such that ax; = b (mod n), i.e. nlax; —b.
Properties of Congruence Let m >0 be fixed and a, b,c and d are
integers, then the following properties hold:
(i) a =a (mod m)

(11) If a =56 (mod m), then b =a (mod m).

(i11) If ¢ =6 (mod m) and b =c (mod m), then a =c (mod m).

(iv) If a =b (mod m) and c=d (mod m), then (a + ¢)=(b + d) (mod m) and

ac= bd (med ).
(v) If @ =6 (mod m), then (a + ¢) = (b + ¢) (imod m).
(vi) If @ = b (mod m), then a® =b* (mod m) for all % = 1.

(vii) If a® =b® (mod m) for 6 =2, then a=b (mod m) may not be true.
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tientiiiie Clannoen ‘Thoe rolation <2 of congruence modulo a non-zero
pooation andepenr o an equivalence relation on the set Z of all integers.
Ul cuivalonco rolation partitions the set of integers Z into mutually
diepant cipnvalence classes. Each equivalence class is called a residue
e detined an the set of integer which is such that each element of it
whivdivided by neleaves the same remainder. (2012)
i1 Vesrmat’s 'Theorem If p is prime and (a, p) =1, then (@1 -1) is
ihiviamihlo by p, 1o, a?! =1 (mod p). (2015, 11, 08)
L1 Wilson'n 'Theorem If pis a prime, then (p—1)! = — 1 (mod p).
@ Note L (i D! 1is divisible by m, then mis a prime.

gi) 'Very Short Answer Questions

() I. If meZ and n is a positive integer, then prove that
m —: r (mod n), where r is the remainder, when m is divided
by n. (2001)

Sol. liet meZ and >0, then by; division algorithm, there exist two
unique integers g and r such that

. m=ng+r,0<r<n
> m—r=ng=m=r (mod n) Hence proved.

Q 2. If (a+m) =(b+m) (mod n), then prove that a=b (mod n).
Sol. Given that, a+m=b+m (mod n)

= nl(a+m)—((b+m)]
= n|(a—b)
a=b (mod n) Hence proved.

@ 3. If p is a prime integer such that p|m; m,, where m,, mz‘e Z,
then prove that either p| m; or p| m,. (2005)

Sol. Let us assume that pis not a factor of m,. Therefore, (p,m;)=1.
By Euclidean algorithm, there exist two integers x and y such that

px+my=1
=> Mo = PMg X+ MMy y ---@)
Now, we have plm;my, = m;mq,= pq, for some ge Z ...(11)

Using Eq. (i) in Eq. (i), we get
mgo=pmox+ pqy
=> my=p(myx+qy) = plm,
Similarly, we can show that, if p is not a factor of m,, then pim,.
Hence proved.
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Q 4. If a=b (mod n) and c=d (mod n), then prove that

ac=bd (mod n). (2009, 03)
Sol. We have, a=b (mod n) = nl(a—>b)
= (@a—-b)=ng, >a=b+ng oL
and c=d (mod n) = nl(c—d4d)
= (c—d)=ngs, =>c=d+ nq, ...Q(a1)
We have, ac=(b+ nqg;) (d+ ng,)
= ac=bd + rn (q,d + bgs+ nq,q5)
= ac=bd + nq, where g=q;d + bgs+ ng,q,
= ac— bd=nq = n|(ac— bd)

ac=bd (mod n) Hence proved.

Q 5. If a®=1 (mod p), where p is a prime, then prove that
a=1(mod p) or a=(p —1) (mod p). (2009, 03)
Sol. Given that, a®=1 (mod p) = a?—1=0 (mod p)
pl@®-1=pll@-1{(a+1)
pl@-or pl(a+1)
a=1 (mod p) or a=(—1) (mod p)
a=1(mod p) = a=(p-1) (mod p) Hence proved.

141l

Q@ 6. Define the relation of the ‘congruence modulo n’ of a positive

integer. If ma= mb (inod n) and (m, n) =1, then prove thata=b

(mod n). (2003)

Sol. Part I Congruence Modulo n Let m be a fixed integer. Then, an

mteger a is said to be congruent to another integer b modulo m, if m|(a — b)
and it is denoted by a = & (mod m).

= Note Above expressmn is called the congruence, m is called the modulo of the
congruence and b is called residue of a (mod m).

Part II Given that, ma =mb (mod n)

= n|(ma—-—mb) = n|lm(a—>b)

= either n|m or n|(a — b)

£z n|(a—b) [ (n,n)=1]

g a=b (mod n) Hoence proved.
Q@ 7. Show that 3 is reciprocal of 2 modulo 5. (2018)

Sol. 3 is the reciprocal of 2 modulo 5, beenuno
32 (mod b)) =6 (mod B) I (ol [y

Q@ 8. Ifa= b (mod m), ¢c=d (mod m), then prove that

¢ = bd (mod m). (2016) |

Sol. Wohave, a = bGnodm) » mlta ) sanll)
and cood ool ) o mlte ) ...(11)
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Fovon P () and (31), we have
(et b):=mq, and (c—d)=mq,
a = b+ mq; and c=d + mq,
Flow ac=bd +m (q,d + bgy+ mq,9,) = bd + mq
whiere, q=q,d+ bgy+mq,q,
m| (ac— bd)
ac = bd (mod m) Hence proved.‘

) 9. If x; is a solution of the congruence equation ax=b (mod m)

and x, =x; (mod m), then prove that X, is also a solution of

the congruence equation ax=b (mod m).
(2011, 03, 1993)

Sol. We have, x; is the solution of ax= b (mod m) ..(d)
T"hen, ax; =b (mod m) wxal1l)
Now, we have X =x; (mod m)

axy=ax;, (mod m) ...(1i1)

I'rom Egs. (ii) and (iii), we get

axs=b (mod m)
Since, the relation of congruence modulo m is transitive, hence x,is a
solution of Eq. (i). Hence proved.

@ 10. How many incongruent solutions modulo 21 does the
congruence equation 35x =14 (mod 21) have? (2017)
Sol. Given that, 35x =14 (mod 21) '
On comparing with ax = b (nod m), we have
a=35  b=14and m =21
Here, ged (35,21) = 7 and 7| 14, so the given equation has 7 incongruence
solutions. :

(E) Short Ahswer Questions

@ 1. Prove that the relation of congruence modulo n is an

equivalence relation on the set of integers. (2006)
Or Prove that the relation of congruence modulo a positive
- integer m is an equivalence relation on Z. (2015)

Sol.
(1) Reflexivity Let xe Z. Then, we have
nl(x—x)= x=x(mod n)
Therefore, ‘Congruence modulo »’ on Z is reflexive.
(1)) Symmetry Let ¢ =b (mod n), where a¢,be Z
Since, a=b(mod n) =n|(a—>)
=5 a—-b=An, Ae”Z



==> b—a=(+-A)n,-AeZ
= nlb-a)
=3 b=a (mod n)

a=b (mod n) = b=a (mod n)
Therefore, ‘congruence modulo »’ on Z is symmetric.

(iii) Transitivity Let a = b (mod n), b=c (mod n), where a,b,c,e Z
Since, a=b(modn) =nl(ac—->b) ...Q0)
and b=c(mod n) =>n|(b-o) ... (1)
From Egs. (i) and (ii), we have

nla-=d)+ b-0l=nl(a—c)= a=c(mod n)

‘Therefore, ‘congruence modulo »’ on Z is transitive.

Hence, the relation ‘congruence modulo r’ on Z is an equivalence
relation. Hence proved.

@ 2. If p is a positive prime integer, then prove that
(p-1'!'+1=0 (mod p). (2006, 04, 01)
Or If p is a prime number, then prove that
(p —1D!=(-1) (mod p). (2017, 12, 09, 06, 04, 1996, 93, 92)
Or State and prove Wilson’s theorem.
Sol. Statement If p is prime, then (p—1)!=—1 (mod p).
Proof Consider a set S ={1,2,3,...,(p—1)} of (p—1) integers.
If a is any element of S, then multiplying each element of S by a, we get
integers @, 2a, 3qa,...,(p—1a.
Since, (a,p)=1, therefore there exists one integer x (0 < x < p) in S such
that ax =1 (mod p), i.e. @ and x are reciprocals modulo p.
Assume a = x. .
Therefore, aZ=1 (mod p), i.e. pl(a—-1)(a+1)
j.e. either pla—1lor pla+1
If pla—1,thena—-1=0. , X
Since, pis prime and a —1 < p. Therefore, a =1,1.e. 1 is rec1procal of
1 modulo p.
If pla+1, then eithera+1=0,ie.a=-1, notpossfble orp=a+1,
ie.a=p—1
This shows that (p —1) is reciprocal of itself modulo p.
Remaining elements of S are 2, 3, 4,..., p—2 and the number of elements
is p—3, which is even.
Hence, these elements can be classified into (—9—2_—3) pairs of distinct

reciprocals modulo p. Since, product of each is congruent to 1 modulo p
and so on multiplication of such pairs, we get
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L (p—-2)=1 (mod p)
L (p=2)(p—-1D=(p—1) (mod p)
(p—-1)!'=(p—-1) (mod p)
[(p DH-1] = p (modp) =0 (mod p)
l(p 14 1] =0 (mod p) Hence proved.

(2 !}, Prove that the number of prime numbers are infinite.
: (2013, 1994)

Mol .ol possible, there are only finite number of primes p;, py,..., p,1n
avconding order., '

fat oo pypy... pr+ 1. Then, clearly p > p,. If pis a prime, then it shows
fhint thoro exists a prime, greater than p,.

If p in 0 composite number, then it is not divisible by any primes
I, ..., P, as such a division leaves 1 as the remainder.

T'hin nhows that if p is composite, it must be divisible by a prime greater
than p,. Thus, in either case there exists a prime greater than p,. But
(hin contradicts our assumption that there are only a finite number of
Primes.

llence, there are infinitely many primes.

Q@ 4. Prove that a = b (mod m) iff aand b leave the same remainder,

when divided by m. g ; (2014, 09, 04)

Or Prove that two integers a and b leave the same remainder
when divided by a positive integer m if and only if

"a=b (mod m). (2012)

Sol. Let a = b (mod m).
Again, let ; and r, be the remainders of a and b respectively w.r.t. m,

i.e. a=mql+r1,05r1<m} : )
and b=mgy+ r;, 0Srp<m
We have to prove thatnn = nry
Since, a = b (mod m), we have
(mq, + ) = (ngy + rp) (mod m)
= ml(ng, + 1) — (mgy + 1r3)
= mlm(q; —q2) + (n —13)
= ml| @Gy —ry)
= n—-rp=0

[ n; and r, are positive integers less than m]
which gives n =n
Conversely Let n =r,.
Then, Eq. () gives
a—-b=mlg —q2)
= a = b (mod m) Hence proved.



@ 5. Define a prime number. Prove that, if p is a positive prime,
then[(p —1)! + 1] = 0 (mod p). (2012)

Sol. Part I Prime Number A positive integers p other than 1 is said to
be prime number, if its only positive divisors are 1 and p.

Part II See the solution of Q. 2.

Q@ 6. State and prove Fermat’s theorem. (2008, 05, 2000, 1998, 95, 93, 91)

Or If p is a prime and a is an integer not divisible by p then prove
that a? ~! =1 (mod p). (2015, 11)

Or If p is a prime and (g, p) =1, then prove that a? "' —1is
divisible by p, i.e. a? "' = 1 (inod p).
Sol. Statement If pis prime and (¢, p) = 1, then (a”™ —1)is divisible by p,
i.e. a?7! =1 (mod p).
Proof We have, (x + x)? = xP + PCyxf "ty ,
+ PCoxP 22 + ...+ PC,_ 2% " + x5
= xf + x§ + term divisible by p
= xf + x£ (mod p)
Similarly, we can show that

(0, + Xp 4 ... + %) = (@F + x5 +... xz) (mod p) - ()
On putting x, = x5 =... = %, = 1in Eq. (1), we get
a® = a (mod p) .3

But (@, p) = 1. Therefore, we can cancel the common factor a in Eq. (ii).
Thus, we have a? ' =1 (mod p)

= a? ' -1=0 (mod p)
Hence, (a? ! —1)is divisible by p. Hence proved.

Q 7. Define ged of a and b, not both zero. If r is the remainder in

the division of aby b, prove that (a, b) = (b, r). (2014)
Sol. Part I Greatest Common Divisor (G.C.D.) Let a and b be nny two
integers in which at least one is non-zero. Then, the grontest common
divisor of ‘@’ and ‘b’ denoted by ged (a, b) or (~ M in tho positive integer ‘d’
such that
(G) dlaand d1b
(1) If ela and el b, then | d

o ped (0H20) 0

Part II Do same as Q 7 of long Answer Question
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¢ M. 1ind ged of 143 and 481 and express it as 143a + 481b. Also
find the values of aand b. (2018)
Mol Wo hinve, 481 =143 -3 + 52
1143 =562-2+ 39
N2 =89-1+13
39=13:-3+0
Ihorolore, ged (143,481) =13
Now, 13=562-39-1
=52 — [143 - 52 2]
=52-3-143
=3-[481 —143-3] —143
=3-481 -9-143 — 143
=3-481 —-10-143
=—10-143 + 3-481
lHoro,a =—10and =3
'"hus, ged 13 has been expressed as linear combination of 143 and 481.

Q 9. Prove that the congruence 235x = 54 (mod 7) possesses only
one incongruent solution..
Sol. We have, (235,7) =1 divides 54.
Therefore, the congruence has only one incongruent solution.

Now, 285x =54 (mod 7) © D)
We know that 281x=0 (mod 7) ...(a1)
On subtracting Eq. (1) from Eq. (11), we get
4x =54 (mod 7)
Also, we know that 54 =5 (mod 7)
Hence, 4x =5 (mod 7)
Again, 12 =5 (mod 7)
-y 5=12 (mod 7)
Therefore, 4x =12 (mod 7)
= x =3 (mod 7), since (4,7) =1

Hence, the congruence has only one incongruent solution, which
is3=4{..—11,-4,3,10,17,24,...}.
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Or
- Or

Or

‘Or

(i) Long Answer Questions

Prove that the congruence equation ax = b (mod m) has a
solution iff d, the ged of a and m, divides b. Further, prove
that when d divides b, the equation ax = b (mod m) has
exactly d incongruent solutions modulo m. (2013)
Prove that the congruence ax = b (mod m) has a solution if
and only if the ged of aand m, i.e. (a, m) divides b. (2010)

Prove that the linear congruence equation ax = b (mod m)
has a solution iff d, the gcd of aand m, divides b. (2016)

Find the necessary and sufficient condition for the
existence of solution of the linear congruence equation
ax = b (mod m). . (2007)
If d = (a, m) divides b, then prove that the congruence

ax = b (mod m) has exactly d incongruent solutions
(mod mj). (2010)

Sol. Let x; be the solution of ax = b (mod n)

Then,
=
Now,
=

=

=

=>

ax, =b (mod n), 1.e. nlax, — b
ax, —b=kn,ie. b=ax —knfor someke Z
(a,n)=d
diaand d|n
dlax, and d|kn
dlax, —kn
dlb

Conversely Suppose that d| b, then b = b;d for some b, € Z.
Now, (a, n) = d, so there exist integers p and g, such that

pa+qgn=d

= pab, + gnb, =b,d=0b

=
1.e.
=

pab, —b=(—gb)n
nla(pb)—5b
a (pby) = b (mod n)

Hence, pb, is a solution of ax = b (mod n)
Now. we will prove the second part of the theorem as follows

L

Letd ={a,n) thend|o andd|n

a =a,-d, n=n.dfor some q,,n, € Z and (a,, n,) = !

Given that, d| b, i.e. b = b;d for some b, € Z
Let x, and x; be two solutions of the given lincar congruence.

Then,

ax; = b (mod n) and ax, = & (mod n)
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«,dx; = b;d (mod n,d) and a,dxy = b;d (mod n;d)
ax, = b; (mod n,) and a,x = b; (mod n,)
Il elore, a4 = a,% (mod n,)
x = %o (mod ny) (@) =1l
x, = xg + mn, for somem € Z.

IHleneo, all the solutions of the given linear congruence belong to the
ventduo class xg (mod n,4), i.e. the set (xy + mn,) of integers.

fow, consider the set of d integers of residue class x; modulo n; as
S ={xy+ mny;;m =0,1,2,....,d -1}

={xg, %o + N1, % + 2Ny, ..., X + i 5e e, X H oMY, X + (D= 1)1y}
Wo will show that no two distinct elements of S are congruent modulo 7.
II' possible, let x5 + rnng; = xg + rpny (mod n) -
I'hen, nn, =y, (mod ) = nin (n —1y)
But n=n,dandsodin—n,
since, n, — 1, < d, therefore d cannot divide r; —r, unless r; = ry.
lHence, xg + 11y # x5 + 191, (mod n)
Now, we will prove that any element x, + mn, where m = d is congruent
modulo n to some element of S.
When m = d, by division algorithm, we havem =dg+r,0<r<d.
Therefore, x,+mn, =x9+ (dg+ r)n,

=xo+7Tn; +dqn, =xy+rn, +qn fon=nd]
=> (xo +mny) = (6 + 1) =gn
= n|(xg +mny) = (xo + rny)
’ Xg +mn; = %o+ rn; (mod n) and x5 +rn; €S
Hence, the congruence ax = b (mod n) has exactly d incongruent solutions.

Il

Q 2. Define residue classes of modulo n.-If the modulo of the

congruence is n, then prove that all the integers will be

split up into n residue classes. Also, show that the n

residue classes are mutually exclusive. (2002)

Sol. Part I Residue Classes The relation = of congruence modulo a

non-zero positive integer n is an equivalence relation on the set Z of all

integers. This equivalence relation partitions the set of integers Z into

mutually disjoint equivalence classes. Each equlvalence class is called a

residue class defined as the set of integer which is such that each element
of it when divided by n leaves the same remainder.

Part II Let r be the remainder, when an integer a divided by n.
Then, [rl=r={..,r—2n,r—n,r,r+n,r+2n,...}

Every integer when divided by n has one of the rn-remainders (residues),
ie. 0, 1,2, ..., (n—1).
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Thus, the set Z of integers can be partitioned into n-mutually disjoint
equivalence classes or residue classes as given below

0}j={...,-2n,—n,0,n,2n,...}
n}j={....,1-2n,1—-n,1,1+ n,1+2n,...}
[2] { ,2—-2n,2 — n22+n2+2n, "

[n— 1] { ,—n — 1 1,n—1,2n—1,‘..}
Hence, the set of res1due classes modulo n is denoted by Z,,,

ie. Z,={0], 1], 2]...., [»n — 1]}

Q 8. State and prove division algorithm for the division of an
integer a by a non-zero integer b. (2016, 07)

Or State and prove division algorithm. (2011)

Or If mis any integer and n is a positive integer, then prove
that there exist two unique 1ntegers g and r such that
m=nq+r,0<s<r<n. (2002)

Sol. Statement For the given integers a and >0, there exist unique
integers ¢ and r such that a=bg+r, 0<r<b, where integers ¢ and r are
called the quotient and remainder, respectively.
Proof We consider the infinite sequence of multipies of ‘b’ given as

, —2b, -b, Q, b,2b, ..., bq, ...
Then, clearly either ‘a’ must be equal to one of the multiples of b say bq

in this sequence or it must lie between two consecutive multiples say bg
and b(qg + 1).

Thus, we have bqg < a < b(q + 1) for some g
= O<a—-bg<bd
Let a — bg =r. Then, we have
a=bg+(a@a—-56g) =2a=bg+r,0<r<b
Uniqueness Let us assume that the two different representations of a are
a=bq, +nr,0<n<b vall)
and a=bgy,+1r,,0<r,<b weskdl)
for some lntegers 41,92, 11 and 1y,
From Egs. (i) and (ii), we get
bg, + n =bgy+ ry

= bg; —bgy=r;—n
=> b —qa)=rp—n -..(111)
= ro—1n =blq; — qg)

which shows that b divides (1, — 1),
But this is possible only when ry <~ n =0, 1.6, 1, = r, becnuno both  and r,
are positivo intogors loss than b,



B.Sec. (First Year) : MATHEMATICS Paper 1 13

O puatting n, = rp in Eq. (il), we get

b(qy —q2) =0
g —q2=0 E-b=0]
: q1 = 4z
Iencee, g and r must be unique. Hence proved.

) 4. Define greatest common divisor. Prove that any two

non-zero integers has a greatest common division.
(2012, 06)

Or Define greatest common divisor of two integers and
prove that any two non-zero integers have a greatest
common divisor. (2017)

Sol. Part I Greatest Common Divisor Let @ and & be any two integers
in which at least one is non-zero. Then, the greatest common divisor of a
and b denoted by gcd (a, b) or (a, b) is the positive integer ‘d’ such that
(@) dlaand d\|b
(i1) If cla and c| b, then cld.
e.g. ged (15,25)=56

Part II Obviously the gcd (a, b) is not affected by the signs of ¢ and b.
Therefore, we assume that both a¢ and b are positive and ¢ = b. By
division algorithm, we have

a=bg, +n,0<n<b ssald)
If , =0, then bla and gcd (a, b) = b. '
Thus, gcd (a, b) exists.
If , #0, then by division algorithm, we have

b=rqe+r,0<rp<n v s (L)
If r, =0, then r;|b and therefore from Eq. (1), we get

a=(ngxq +1=r(2q +1) = nla
Let sla,slb=sl(a —bg))=sln
Therefore, ged (a, b) = r. Thus, ged (a, b) exists.
If r, # 0, we repeat the process. This process terminates in finite steps n.

In this way, we will arrive at zero remainder after nth step. Thus, we
have a sequence of integers r; such that

DL <71 Ela<r <b

where, Theo=Tp19n + Ty, 23 andr,_; =q, 17,

Thus, |71, Tl Mgy ey plband | @

Now, if sis a common divisor of ¢ and b, then s|a and s|b = s|(a — bgq)
= sin, siry, ..., slmy, [from Eq. ()]

Therefore, ged (a, b) =r,.
Thus, gcd (a, b) exists. Hence proved.
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@ 5. State and prove fundamental theorem of arithmetic.

(2005, 02)
Or Prove that every integer n, greater than 1, can be
uniquely expressed as a product of primes. (2015)

Or Prove that every integer can be uniquely expressed as a
finite product of primes. Also, explain about the
exceptions. (2018)

Sol. Statement Every integer n > 1 can be expressed as the product of
prime factors uniquely. _
Proof Let n > 1 be an integer. If n is prime, then the result is obvious. If

n is a composite number, then there exists a prime p; such that n = p;n,;
for some integer n;.
If n, is a prime, then n is expressed as the product of prime factors.
Ifn,is a compos?ite number, then there exists a prime p, such that
n = p,n, = P, Pahy for some integer n,.
If n, is a prime, then n is expressed as the product of prime factors. If n,
is a composite number, then we continue the process.
Since, n > n, > ny> ..., the process cannot continue infinitely. Therefore,
after finite number of steps, we get
n=ppPz--- P
where, all p;’s are primes.
Uniqueness Suppose, if possible n can be represented as-a product of
primes in two ways as given below
n=ppPs--Pr=0q1qs--9s, T <8 ...Q1)
where p; and g; are primes in the increasing order, i.e.
PLSpPy<pg=...sp;
and g1 593<¢q3 =...<q;
Since, p; 19,95 --. g5, there exists some g}, such that p; |g;.
But p; and g, are both primes.
Therefore, p; = q;.
We rearrarnge g;’s, such that p, = q;.
Now, cancelling p, and q; in Eq. (1), we get
PaD3 --- Pr = Q293 --- s
We continue the process till all p;’s are exhausted.
Also, r<s weleftwithl=q,,,:9,,2--- 95
But it is not possible as g;’'s are primes.
Therefore, r cannot be less than s.
Similarly, we can show that s cannot be less than r.
Thus, r =sand p; = q;, V i.
Hence, the representation is unique. Hence proved.
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() 6. If d is greatest common divisor of two non-zero integers
m and n, then show that d = am + bn, for some a, b € Z.
(2009, 04, 01)
~Hol. et m and n be the given non-zero integers.
.ol us construct an infinite set A4, such that
A={xm+ yn:Vx,ye Z}
I .ol 13 denotes a subset of A, which contains all the positive integers in A,
namely -
B={xm+ yn>0:Vx,yeZ}cA
Ity well ordering principle, suppose d is the least element of B.
T"hen, d=am+ bn, wherex=aand y=beZ.
It. is obvious that d is a positive integer as it belongs to B.
We claim that d|m and din, i.e. d is a common divisor of m and n.
Since, m € Z and d > 0, then by division algorithm, there exist two unique
mtegers g and r such that

m=qd+r,0<r<d ...Q»)
= r=m—qg(am + bn) [-d=am + bn]
=y r=0-ag)m + n(-bq)

Thus, r is of the type (mx + ny). Also, if 0 < r < d, then r € B and hence
arises a contradiction of the fact that d is the least element of B.

Hence, 0 < r < d is not true, therefore r =0. ¢
On putting r =0 in Eq. (i), we have m = gd implies that dlm.
Similarly, by taking n € Z and d >0, we can prove that din.
Hence our claim is true, i.e. d is a common divisor of m and n.
~gain, we claim thatifclmand clnthencl| d
Now, cim=clamandcln=clbn

cl(am + bn)=cld

Thus, we have prove that any other common divisor of m and r divides d,
hence this claim is true.

Combining above claims, we can say that d is the greatest common
divisor of m and n or d = (m, n). Hence proved.

Q 7. If m, n, q; and r; are positive integers such that

m =nq, +r;, where 0 <r; <n, then prove that
(m, n) =(n, n). (2008)

Or Let a and b be two positive integers such thata = bq +r,

where g, re Z and 0 <r <b. Prove that (a, b) = (b, r).
(2010)
Sol. If , =0, then n |m and (n, n) = n, whereas (n,0) = n.
Therefore, n = (m, n)=((, n)
If , #0,let d = (n, n)i.e. dim and din.
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Then, dl(m—ng)ordln

Hence, ‘d’ is common diviser of n and ;.

Let d’=(n,n) thend|d.

Since, d’|{nand d’|r, and so &’ | (nq; + 1), i.e. d'Im
Therefore, d’ is a common divisor of m and n.

Since, d=(m,n)and sod’|d.
Since, d|d’ and d’ | d, therefore d = d’
Hence, m,n)=.m,n)

Now, we apply division alogrithm for integers n and r;, we get
n=rngs+r,0srn<n

Ifr,=0,then (n,n)=n

If r, # 0, then by similar process, we prove that (n, n) =, 1n)

- Proceeding in this way, we get

m=ng; +1n,0sn<n Q)
n=rRqgeo+ 1 0sr<n . (1))
I‘1=r2q3 +T3,OSI§, <7‘2_ --(iii.)
Th - 2= Th— 1qn+rm0<r <rn 1 .(IV)
Since, b > r; > r, >...and so this process must end after finite number of

steps with remainder
Tno1=0and 7, _; ="dn. 1
Thus, we have (n, n) =@, n) =01, 1) = o. = (o1, W) =Ty

Therefore, m, n)=r,. Hence proved.



