@@;é%f For a@d gu%%&a ions
0.1 0 What do you understand by foreed vibration 7 Establish equation for
forced vibration of a system and discuss sharpens of resonance.

{19989, 2003, 2007)

OR
Solve the eqguation of motion of a damped harmonic oscillator in presence
of an externa! harmonic force. Discuss dependence of average ROWeSN,
absorbed by the oscillator on the frequency of the external harmonic

oscillator, {GGKP-2009,2011,2012,2016)
OR

What is meant by sharpness of resonance. {BKP-2013}{SU.2018)
R

A particle move under the influence of an external periodic force. Setup the
differential equation of motion the system and obtain its steady state soiution.
{12014)
Soir : When a body capable of oscillation is subjected by an external force then
it begins to escillate under the action of the applied force. In the baginning, the
body tries to oscillate with its natural frequency wiile the external force iries to
impose its own frequency upon the body. Thus there is a soft of tussal between
the external force and the drive during which the amplitude of osclilation rises
and falls iregulasly a number of tirmes. Finally the body yield to the external
force and oscillates with ‘constant’ ampliivde and ‘with’ the frequency of the
force. lts oscillation are then called forced esciliation’ the oscillating body is
calied driven hormonic oscillater and the externai force is driving force.
w1y fpd) <ie weR arel fUvs wR g ar e e o w9 g g
T gIE 9l B BN €T e el 8 wieeT § Uog sty e
Mg @ IR QIS Bl 8 Siales gl oo sl warfas sngly fos
EMIRIER] HIF PY DI BT ¢ UG GET 9iel Fo T (?!\fa? P =
Rearg teT B wran & R <vas o ararm i €1 9 93 i uear
%‘i sfaa: Rive argr ger & wurg o Frow s wen arE 9@ W angl @
IR I+ BT B | 99 Ig JIOF WonTad ’Yer dwerar 8 | diarh fivg
T U Sad] areld dT el €61 B NG g6l WEd § |
Equation Of Forced Vibration- Consider a system, osciliating about an
equilibrium position under an external pericdic force. Let x be its displacement
from the equilibrium position at an instant during the oscillation its instantaneous
velaeity is dx / dr - The force acting upon the system at this instant are :
(i) A restoring force proportional to the displacment but acting in the oppsite
direction i.e. — kx , where [ is the force constant.
(ii} A frictional force proportonal to the velocity but acting in the opposite
dx

direction. This may writien as :- -r-;;

(iii} An external periodic force represent by Fysinpi. Where Fy is the
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maximum value of this force and p is its anguiar frequency.

Thus the total force acting on the system is

Fo=—kx— r—%- + fgsin pt
Thus the eguation of motion of the oscillation

2
mi.._ R P o Fy sin pr
dr® dt
or dx LYk By pt
: d?  mde m "

r k ' Yo%
Putting —=2R, —= ®* and —>= Jo in the above equation,
e i 27
e get dx d “ 1
we g %) g T@ XS JoSIMpr (1)
It is the differential equation of motion of forced hormonic oscillator. Let the
soiution of this equation is
x=Asin{pf-~-6y (2)
Wheie 4 and @ are arbitray constant.
Differntiating egn (2} twice with respect to * ¢ ', then we get

dx
== A ¢ — 6
T pcos( p )

d’x .
and ‘dtz = —-Apz sin{ pt - &)
Putting these vaiues in equation (1) we get

- pzA sin{ pt — 6?) + 2rpAcos( pt — 0) + > Asin( pi— )= fysinf{(pt —0)+ G}
or, A(co - D )sm{pt — )+ 2rpAcos(pt — &)
> = fosin(pt — 0Ycosb + fycos( pr — &) sin6

if this equation is to be satisfied for all values of ¢, then the cceffieicient of
sin(pt — &) and cos(pf -- &) on the two sides must be equal. That is

A(@® - PP = foc088 e (3)
2rpAd = }"9 siné@

................. (4}
squaring and adding equation (3) and {4), we get
A a® - Py +arply = £
A o
(o] ‘J{(C‘JFZ B P2 )z +'4r2p2} ............... 5)
Dividing eq™{(4) by eqn(3) we get
tan ““i:gfr;%;"’ SOOI -
putting the value of A in equation (2) we, get
Jo

sin{ pt — &)
J{(m - }“ + 477 P }
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it is the solutionof the differentizl equation of the forced hormonic osciilator.

2. yonifa A ST TS0 —HET T Moy ) aramesen & s g

) aTEl g1 © BRYT BIAT BRAT 8 | J14T Sl B ST [l 807 ; UN S9hT
. dx

JqrTaelT I ARMT x & & acbiierd ?‘WQ}-'S‘PTHW&TWWWW&QH

ER ‘
3. U weai=ad 9 G b faeermas & \aErgurdd werr 59e) ol fRem # grm
je—lx ST8T ; TP FOai® €| |
4. e g9 gel ST fF I & AAURY oI gaet foda f{em F gy
Qs qrEl 3TEd 91 Fy sin pt S8l .39 91 7 "gadd 99 8 91 p s9a] ey
arrgfea &1

37d: WWW@W% F:—kx——r-a}-+F,3smpt
arg: grorr I 1 qHeReT BRI

d*x
dt?
St dt:  m dt m  m >
k
~=2R T — =’ oIl ~f0 @Y TR
SEESH] R fore Srm
d’x dx >

~—5~+2R~——-+m x = fqsin pt
5. wuﬁﬁamﬁaﬁmaﬁﬂﬁmwﬁm%
AT 39 GHIBIT BT &l B
x = Asin(pt - 0) I8l 4 .97 ¢ FRYeT Faais 8 |
wﬂwzaﬁ zzﬁﬂﬁﬂam?ﬁ%ﬁ‘cﬁﬁw
d?x

ax "
— = Apcos(pt — 0 —— =—Ap~ sin(pt -
e (P ) g p* sin( pt - 8)

9 HAT B FHIHIT (1) H g W
—p? Asin(pt — 8) + 2rpAcos(pt — 6) + w? 4 sin(pt — 8) = fysin{(pt — )+ @}
or, A(a)?' - pz)sin( pt —0)+2rpAcos(pt — 0)
= fysin(pt — 8)cos@ + fycos(pt —G)sinf
6. afld I8 BT 4 %WW?ﬁW@Eaﬁa’rsm(ppermﬂ
 cos(pt—0) B I FRiR G ECHELEI NI
A(@® — p*)= fycos® (3)

Dpd=fosind (4)
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AHIHROT 3 TUT 4 BT a3 HID SISy UX
,4'2.{(9) - p°- )" +4r- pz‘ —_fb?‘
Jo

o (o — 17) + 42 )
7. g vonfaa gl et &1 TR & adh o TSR &I 861 & |

= * fo sin( pt - &)
J {(@® - p*)* +4ar’p’)
Sharpness Of Resonance :- The quality factor of an oscillator is usually

defined in term of energy loss as well as in term of the sharpness of
resonance. That is by the relation

IATE W dieotan— &0 Srae & qaiford) waex &1 a7 ar Sort &7a ¥ o7
IATE B NEUAT B 9&I H Tad BT 8

@ _ @
@, —@; Band width

Q=

Where o is the resonance frequency and »;and w, are the vaiues of the
driving { ‘requenme at which the power drops to half its maximum value. i.e.

S8l 0 FAIE @7 AT TAT @, AT w0, I8 URT sngfeaar § o ur wrfad
A SMYHAH AT P MY P IRTEX BIAT © |

By = ( Bipdmms © 0 sesssssmess (9)

The sharpnes of resonence in *erms of O can be siated as follows. If O
is very high, then the resonence of the system s sharp and if it is low then the
resonance is flat.

3 FATE ) &0l Bl FaIfAS! haer ® HY H $0 UHR AFT B & |
o O wgT WS £ a9 A H srgATe evT § I 59 @ HH © o) e

ST § | 37 g aiga sriaa

mozpzi‘
(wz_p2)2+4r2p2

The average power absorbed is fave =

2
mf
(Be) . = _I,:L e, (10)

Now from the relation (9), we get

m 02 pzr l ( mfﬂz ]
or - (@* - p*)? +41"p"-82p

or (a) - p‘") C = 41"‘p“

2 2
or @ —=p =2rp
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2rp
or @—p==*
(@ + p)
Dy — p=+ 2rp
If w,>w,,then 2™ P (@ + p)
2rp
@y = p+ -
or, 2= P (@+ p)
2
If @, <w;,then @ —p= (—w’-'i-p)
._2rp
@Dy = p—-
or, 1= P (@ + p)
subtracting, we get
Gy iy
(@ + p)

If @ = p,then @y — @) =2r

CC)Z"—&)1=——
r

1
where 7 = ‘E;_‘ is the relaxation time

Quality Factor : The quality factor of forced oscillator is defined as
@
Q=——r :
f o~ Gy

the sharpness of resonance in terms of QO can be stated as fallows -

(a) If band width (w, — w,) is small thatis O is high, the resonance in the
system is very sharp. . '

(b) If band with (@, —@;) is large that is O is low, the resonance is flat,

P

Q.2: Write down the differential equation of motion of a forced mechanical
oscillation? find the expresion for the displacement and the velocity of the
system and down their phase relationship with driving force. {£001)
Sol™: For the differential equation of forced mechanical oscillation : See Q.N -1
- Displacement Or Amplitude Resonance : The amplitude of the forced
oscillation depend on the difference between the driving frequency 7 and the
natural frequency » of the oscillator. ' _
Case (i) : When (p <<®) . At very low driving frequency is low , we have

Jo Jo/m _ Fy
A= 5 ~ =
W (k 4 m) k
A= Fd L Jolm Ry
&, w*  (k/ m) k
This shows that the amplitude depend only on the force constant. it is
indenpendent of the mass, of the damping and of the driving frequency.

g sl fewrar 8 f5 ama daa 9o fRradie uv ik s 21 s
T O WaH § |

_—
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Gase (i) : When p = @, that is the impressed and natural frequencies are equal.

o

‘max

it is clear that for low damping (r is small), the amplitude is higher. If there
is no damping (» =¢), the amplitude for this resonat vibration will be infinite.
Actulally it never happens as » is never zero.

in presence of damping, amplitude maximum does not occur exactlyat p=w .
Case (iii) : At very high driving frequency (p >> @ ) we have i

et Fo

E g
P mp

This show that the amplitude, which now depends on the mass, continousiy
decreases as the driving frequency is further increased.

g BT famar € 5 amamm S 5 gera v it ovar ) s
g § O YW 977 argfea agedy 24 :
Yelocity Amplitiude - When a system of mass m, having 2 natural angular
frequency o oscillates under an external force Fysin pr | the as displacement
of the forced oscillation at any instant ¢ is given by
AN AT G T m A BT e et amnias wofy IR w
&, fORT AT Io1 £y sin pr & wTeor Q10T BedT € aY RS &7or 4 ue guifRe e

X = o sin( pt — 3

J(a? —p2)2+4r2p2
Therefore, the instantaneous velccity
g = ] JopP =COos( pt — 6)
dt -\,((02 _pz)z + 472 p?

Y=

v = -f_m“" —sin{pt — (0 7 /2)}
\/(mz — p2)2 442 p?
The Velocity will be maximum when sin{pt — (60— /2)} =1. The maximum
vaiue of velocity is known as " Velocity Amplitude” and is denoted by V.

V, = - fOP
4=
\/(a)z ~ p?)? + 42 p2
it is clear that velocity amplitude depends upon @« and p.
Phase : The displacement of forced osciliation lags behind the driving force

or,

2rp

2

tanf = 5
W —p

fysinpt by an angle @, which is given by
From this equation it is clear that the phase difference ¢ depends upon
damping » and the difference of @ and p . Fallowing three case may be aries.
Case (i): If <@, tang is +ve, @ lies between 0 and /2.
U p<o T tand TTHB EFT I ST BAH 0 BTHE 0  7/2 & N
Rere grm

In this case, tan@ is small but positive, If » is toco smali, 9 will be nearly
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zeo. In this condition the forced oscillation will be almost in phase with the
driving force.
Case (ii): f =@, tan@ is =, 9=7/2.
AT p=0 TG tang T BN, I DA F 9 BT AT /2 &
in this case tan@ is « ,0= /2. Atresonance, the oscillations always fag
behind the force by »/2 . it means at resonance the displacement is minimum
when the driving force is maximum and vice versa.
Case (iii) : If p>® tang is-ve, g lies between z/2and ;.
P>@ T tang ROTHBG ENNISA DA H ¢ BITHAM /2 TAT 7 & G gom
In this case tan@ is very small and negative, If » is too small, ¢ will be
aimost opposite in pahse with the driving force.
The variation of @ with pis shown in the following figure - .

Small r (Low damping)

—7 Medium» (Moderate damping)

.
»
s
....
.
o
Lol

Large r (High damping)
/2 ‘

0

> P

7 Q.3 : Define sharpness of resonance and band width show that sharpness
of resonance depend upon damping? Give an exampie of sharp resonance.
(GKP-1999,2010,2013,2015,2016)
OR

Establish the relation beiween band width and quality factor. {2000)
Soi" : The quality factor of an oscillator is usually defined in term of enargy loss

as well as in term of the sharpness of power resonance that is by the reiation.

w

Q‘—""wz_él— ........ (N

Where » is the resonance frequency and @; and @, are the value of the
driving frequency at which the power drops to half its maximum valve that is

1
Pav =E(Parv)max ........ (2)

The difference of w; and w, is called the band width. The sharpness of
resonance is mearsured by this quantity. thus the quality factor can be written as

@

Band width . 7777 3)

The sharpness of resonance in term of O can be stated as follows.lIf O is
very high then the resonance in the system is sharp and if it is low then the
resonance is low.

0 =
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n Ozp?'r
(602 _p2)2 +4r2p2

The average power absorbed is  Fave =

(Fav Imax

1

O)I Q@ = P @5
(P ) — nl_,sz
Ve Jmax 4r
Now from the relation (9), we get
mfs p’r __1 mfe

(a)2 - p?.)z + 4?‘_2;)4 2 4y
or (2? - p2)2 + 472 p2 = 82 i
SF (w2 _pz)z - 4’,21)2
or @ = pz = ..+_2pr
Since @) <@ and @, > & we have

@” - a)lz = 2rw,
and @* — @, = —2raw,
From these two equation, one get

| wzz-—wlz =2r(wy+a,)
or . (ﬂ)z - ml)(wz -+ &)1) = 2?’((()2 + Ct)l)
or () —wy) =2F
But we know that 2r =k /m, Where k is force constani.
Thus, {wy~o)y=k/m .. (5)
Thus the quality factor can be written as
(9] @ maow
Q= .. (6)

Band width  k/m k
It is evident from equation (5) and (8) that for low damping, bond width is

small and Q is high and therefore the resonance is sharp. For large damping

band width is large and Q is smali and hence the resonace is flat.

Example - An example of sharp resonance is found in case of sonometer wire

in which the damping is smail when the wire is timed exactly to a given tuning

fork, it oscillates vigorously but even for very slight change from the correct
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length the oscillations practically vanish.

An example of flat resonance is found in case of a resononce column in
which the oscillations of the air are subjected to a larger damping. when the
length of the air-colmn is adjusted to maich its frequency with the frequency of
a given turning fork, the column responds over a wide range and it is difficult to
find out the excat resonant length of the column.

IETEIOI— NEVT I B Uh TTEN0 ArarNex & Ha § Yy onar 2|
o w7e o9 8efl & o1a R R ) @l fgaer 9 Yo wrar 8 | 98 |
WA & URK] GIeih @ ARIaE RIS <7 a8 B9 AR UY |
Q.4 : What are Mechanica! and Electrical Vibration. Distinguished between
Mechanical and Electreial impedance?
(1999,2001,2002, 2009,2012,2013,2015)

: OR
Whate are the Mechanical and Electrical vibration. {20068)
Soi" : Mechanical System : - It consist of a rass ,; conniected o one end ofa
spring of which the other end is connected o a wal! The force constant of the
spring is £ . Then the fr'eé,ru.:em:y of the system is given by ;
BT BT 538 veT & e 3 B Ry o v RIY Y m geere
ST EIAT B aRrr [RET @ U Ry ww Qe & Wi B wrar & afy R
Bi e (adaie 8 d Rera ) Qe o) s B as S Rar S|

-~

!

H
5 i
2n 1"4 I35

Electrical System - r electiic analogue of the rechanical system consists of
an inductance L and a capacitance ¢ in series. An aiternating voltage
1= Eysinet is applied to it. In a series resonant circuit, the frequency of the
system is given by

I - Bl dga Mgty 4 v IR e uw el srol e

RS 4

AN

TR ¥ ) Uk g el aiedst £ = Bpsiner WY U@ S0l ST
R ¥ et s sra ar e e el et aeiteeer & R o 8

o

s : b1
e ' e R | |
. P igl\, L(.”‘_f

From the above two expression it is clear that mass # in mechanical
system corresponds to inductance L in electrical system (both express inertia
of the systemi) while force constant & in mechanical system corrasponds to
1/C" in electrical system. Mechanical and Flectrical vibration both i damped
due to frictional force and resistance respectively.

SUgEd N e W wwe & 5 i) Frerm ¥ geam om dga
TR H URwsed L waged ¥ €l (mo e ) Rreta 9 e € oiafe
aet focries & won 1/ ¢ wen aifyad) fary qur Serm FeT § ue qak @
g v | QT era aifye ofi Sya Fesra sadiaad & o B advr gor e
afavler & ST 8l &

Electrical lmpedance :- This is defined as the ratio of the voitage and current
'or the voltage requried to producea a unit current in the ciruit. That is

aga uRreen— 0 aRuy # vais faga arr yarRa &9 & R snavas
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| 1g et Jggar ufoRe wed § sk fed uRuey d fave g &=y & S1+urd &7
lega wfeare e ST 2 | st Z, =~::"

For a L-C-R circuit impedance is

fdY L-C-R gRaer & forg ulagmn

Z, =JR2 +[a)L-—~—L)
@c

Mechanical Impedance:- This is defined as force required to produce a unit
velocity in the oscillator. So

qifzresy wfdsrem— ﬁi’ﬂmaﬁiﬁﬁwaﬂmmfﬁﬁt{
*na&u'aaaaaﬁvmmamm%l:ﬂuﬁ

Z—F

(e¢] ;_r

%
~

The nmpendance of a mass spring system is

T gega= ReT o1 ufdgrn

2
k
Ze —¥L'2 I {mrn )

Where ;- is a proportionality constant.

SiEl o gaEruiie Fradie 2
Q.5 : Explain resonance in a parallel resonant circuit why does this circuit
called rejector ? (2002,2015)
S0l : Parailel resonant circuit consists of X,. L and  allin parai'cﬁl fig 1(a)

and L and C in parallel fig 1(b)

P24 R L
ANAA.oo. e AAALLTTSTTE
LMD hw!....
| : T —
C '
N M@ B
~ g 2
Fig - 1{(a) Fig ~ 1(b)

Pure LCR circuit is in resonante when
1

|
o = — of = s
oL ; \/—ﬁ(’
As in the series LCR circuit the resonant frequency is

nnﬂﬂ*".n’ Zﬂ\jkL J

1, GHTR AHTE] URyer HR,L a1 CAHT R 1, sterer R 16 & AR
AHRR A BT 81 =T 1o 9 L,C a7 R O 99w w9 9 8 o6afd R
16 H LC & e LCR uRuY ¥ arirg & fore
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(ii) Let an alternating voltage Egsinw? is applied to a circuit containing a
capacitance (¢ and inductance j in parallel and resistance of inductance is
much less than inductive reactance w; , Let the maximum valve of alternating
currents through capacitance and inductance are 'c(-EOwc) , and
i; (=E/w ;) in capactance, the alternating current will Iead by 80 in phase
relative to emf. and in inductance the current will lag by 90" in phase relative to
emf. Therefore there will be a phase difference of 180° between these currents
and applied supply volitage will be equal to the difference of i, and i; .

For small values of frequency of e.m.f the value of i, will be small and the
value of i; will be large. If the frequency of applied e.m.{. is increased then i,
will increase and i, will decrease. The value of i, will be equal to i; when

1
ol =— =
ac or + Lc

and then applied frequency,
@

1
" 27 2zfic
The value of supply current in this state wiil be minimum but the valves of i,
and i, will be large enough. As the value of supply current at resonance is a
minimum, therefore this circuit is known as rejector curcuit for this particular

frequency.

2. |97 U UCATTAl SIRT Epsinw: TP QA afkger # yarfed Far smar 2 g
Uop GUIRA ¢ deIr IR L FATR HH 3 G2 8 IR IReva &1 9l 9@
Uo7 UfETd Q4 SIS HF & | 997 yearad! ovr &7 Jiffieaw A dwiRE A
i(=Eywc) AT R&E H iy (=E/w) B | Gz ¥ gegrad] aRy faga argd
goT @ Grder 90° I BT 981 WS W SR {Godrodsd @ 90° Y BT 39
bR ST i, AT i, ¥ 180° BT HeAla< ST TAT IRAT eSS i, TAqT i D
IR & GXER BT | fAegd 9@ a9 @ Bic " 9 Agfad @ Ry i, w7 |
®H TAT §, BT A 0P 81 | afe JrAfda fFoaqiogsr w1 AgRa sgrar iy
ar i, ® gfy BN qor i, § W | S i @ WM 4, @ SRIER B O 99
: ardwﬁmmwwqmé%ﬁ i,aAT i, BT gaied aif® 8|
Hfh IgATS IR YaIfRd SRT &7 A9 ]YEAGH 8, 3a: T UBN & gRuer &T 39
Y ergfea &1 faRtel aRuer wea €|
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£ (WM MMy
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E(t) = Eycoswt




61

Q1.6 : In a series combination of inductance resistance and capacitance the
half power points are obtained at frequency f, and f, respectively calulate
the resonance frequency and phase angle at resonance. : (2602)
Soi" : The series combination of L-C-R circuit as shown in the figure.
in steady state the average input power is given by
P =< E0)I(t)>

or P =< (Eycosar){l,cos(wt — )} >

of, P = Eyly < coswt(coswt cos@ — sinwfsind) >

Of, P = % EylycosO
= 1 _ E; R R]
P=—F,— — because cosf = —

o 27077z ( Z
FolpaR _ 1., R

27° 22 27 R (el —1/aC)
The average input power at resonance (o =ay) is given'by

2
Bt 20
2 R
In terms of £y, the average input power is
s mm R?
P=1r (1)

R2 + (a)L —1/ a)c)z ........

The variation of average power p with frequency o is shownin the following

figure. p is maximum at frequency w = wy . It falls on both sides ofthe resonate
frequency.

' A @g J2

Let /i and f, be the two points on the curve where power absorption is
half the maximum power. J1 and f; are the frequencies cerresponding to the
half power points.

The frequencies f; and £, are the roots of equation (1) with 7 replaced by
g

— R
—f‘b=.ﬁ] 2 - 2
2 R + (L -1/ wC)

R* +(wL -1/ wC)? =2R?
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am—umﬂ=¢R"'a9—w£=i§w
since f} <wy and f5 >wy, we have

ﬁz—w§=—§ii ......... @)
and £’ —o¢° =‘§f2 S 3)

From equation (2) and (3), we get

2= fE =T+ 1)

R ;
= . fH-h =7 e (4)
| Lo R :
and eliminating T from these equation,we get
Jifa= a’oz
— g =4[ fr.fa e (5)

Thus the resonance frequency is the geometric mean of frequencies
corresponding to half power points.At resonance, such a circuit, can give voitage
amplification. At resonance the alternating potential at the ends of inductances
and capacitance are equal in magnitude having a phase difference 180°.
Therefore they neutralize each other and the applied e.m.f. is opposed by
resistance Only in this state, voltage at the ends of inductance or capacitance

may be increased in comparison to appiied voltage.

S PR IATET sngfe erfufae fargelt & wmier sngfeadl @ ol Ar
& GIER & | T UPR BT R SIS WX aleest Faeid HR Wahdl 8 | 11
Y raRelT Tt O, R dot SR & RRY gv afReEror | wwrer g
& Ry §9 180° BT HTIT=IR UIRAT SET & | 31T: |IFi Uob R @l ATHY $Y
2 qT 39 e ¥ IR fJoaose dae uloRy gRT S B9 g
arereey ¥ GuRE i YRGB R BT dieey, SRR aiedst &t gordr |
FSTAT ST AHAT & | .
Q.7 : What is velocity resonance? Explain power absorption in a forced
hormonic osciliation and obtain the formula for it? (2000}
Sol": When a system'of mass m, having a natural anguiar frequency @
oscillates under an external force Fysinpt , the as displacement of the forced

oscillation at any instant ¢ is given by
SId TP m e W1 e fored) warrfads i i o 8, fear as

geT Fysinpt & PRI Sl wrel & oY sl aror ¢ oR guifa qrer
Jo

X =
\/(a)z — pz)2 -+ 4r2p2
Therefore, the instantaneous velocity

sin(pt — 9)
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— dax _ JoP
V= =
dt \[(wz_pz)z +4r2 p?

cos(pt — &)

— fO{’ —sin{pt (8- 7/2)}
s \/(wz — P2 +artp?
The Velocity will be maximum when sin{p¢ — (@ -z /2)}=1. The maximum
value of velocity is known as " Velocity Amplitude" and is denoted by 1.

I8 EAPTT BT T sin{pt — (0 — 7 /2)} = 1 T2 AHTH 919 997 o079
FES & |

L~

_ Jo
V’fw?' — P2 s drp? )
it is clear that velocity amplitude depends upon @ and p.
(i) When p<<a i.e., driving frequency is low, we may write
YT VIS URT INgfaT U
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Hence velocity amplitude depends upon force constant % .
(iiy When p>> @ ie., when driving frequency is high, we find
AT WEE YN0 Mg uv
Jo _

p  mp
Thus velocity depends upon mass

{iii) When p=~ @ the velocity amplitude is maximum, we have
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4
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""_"‘“‘—“""J = 0 or p = )

Thus, whatever be the damping, the velocity amplitude is maximum when
the driving frequency is equal to the natural undamped frequency of the oscillator.

This phenomenon is know as Velocity Resonace.

S UBR fot A 3w & g & st it afdieew B ot IR smgf
aterd B U Sngfet @ axrer BRM (98 TeAT A7 SETE e 8 |
Power Absorption :- In order to maintain steady state oscillation of the system,

the driving force must supply energy equal to that lost in each cycle due to
resistive force.Thus in steady state average power absorbed in a cycle is

equal to the average power dissipated in a cycle.
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The instantenous power P absorbed by the oscillator is equal to the product
of the instantenous driving force and the instantencus velocity.

qleTh ERT AN AIepifers afdd p arepifons IRT gef oI arepTiorg
9T BT U B SRIEY BT B |

: dx
that is P =(Fysin PI)[—d;]
2
P Y Ll sin pt[cos( pt — 6)]
or, \/(wz _pz} + 472 p2
3
P= mjbzp sin pt{cos pt cos@ + sin pt sin G]
or, ‘/(wz _“pz) + 472 p2
Z
P= mfc p [sin pt cos pt cos@ + sin® prsin&]

J(wz -—p2)2 + 4}’22;72

The average input power in a cycle is given by -
ay

1 7
P =?j0 P(t)dr

o 2
_;1_ J‘ " 02‘9 [sin pt cos pr cos6 + sin® ptsin @ dt
d ‘/(wz ~ pz) R 4r2p2 ...... (4)

But we know that for one time period

Py =

L jFsin tcosptdt=0 i}‘sinz L= 1
T ,(,) P p and T P 2
Hence, the average power absorb is

2 ;
1 ’ . %
B, = mf"zp [— sinB)
\/(a)2 - pz) + 4:-21)2

As we know that -

2
tan@ = s P 5
(@ - F°)
2 N
. sin@ = i
therefore, J( " P2 )2 & A2 pz

Substiting the value of sin@ in equation (5) then we get -
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it is the expression for the power absori which is use in doing the work
aganisi the damping force. -
2. 8 : Write short notes on the Series and Paraliel resonance Sireuit?
(2001,2009)

Solt @ {a) Series Resorance Circuit:- Allemating vollage £ =&y sinw? js applied
to & circult having an inductance L, canacitance C and resistance R all in
series. At any instant, the current hwough the L, and R is the same.
frofyae srspamey Hﬁim.--— TH oy uyivner Farert G YN L U GIRE ¢ e
weE Hilg R SoTEmE | Oe €, H W veard] aleew E =Ky sinwt yenfad
gy war &

The effective resistancs or impedanca Z of the circuit is given by

ufRyer § wredve ﬁﬁr@’f ar iy

— {
5 f
f

L= )[R +{(Xp— XY :E}

2

e “
R+l Lo -—i—)
L wC

The impotance Z of the circuit is a minimum when X, = X, and is equal
o the resistance R in the circuit.
G uituey F uldmmn z g s @ 19 X, = x, 811 Tnfge o) &
T R I

L C R
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E{t) = Ejcosnl
The maximum curreni flow through the circuit, which is in phase with the
applied volizge. In this condition the circuit is called the Series Resonance
Circuit (or Acceptor Circuit) and the resonant freguency is given by
ufaer 3 g8+ TraT sty Oy AR A1ES @ e W e | 9 araRen
A wRger Soiisea sl uRveyr (efmnd aRow) meenar B aen swpnd) sngfea
e s e ooy sran &

i i
X=X, of Lo=-— o @=—p=
L e ax_ *g.‘f LC
@ t
b3 B i Y 7 B —""'"'"-—""':.:’.':..:-;.‘
2w 2rcad L

But this is the freqguency of oscillatory discharge of a circuit containing

capacitance O, inducsiance 7 and resistance £ in series. Tharefore the

value of aiternating current in abova circuit is maximum when the frequency of

m@ applied entis equal to the natural frequency of the circuit. itis the condition
¥ stectric osciliation.
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Let the voltage across inductance and capacitance be ¥, and ¥ which
are equal (at resonance), then

g Agd arer @ g ot 8 | 74T IRe @ derr ey & KRRl W fawarw.
FHHI: 1, G 1. ¥ SV A B IraRAT A Ueh gNN P aNeR 8| AF
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T or T representing the voltage amplituide at resonace is know as

res res

(O - factor of the circuit..

b, Ve

—e T 7 argeTE WY e smard gaiRia war & Ry g% aRkue w1

Q-gﬂmaﬁé%l

] _1 [z
Thus, _Q—R =

Taking the proper values of L, and R, O -factor may be increased.

L.C and RS Ifad 9! &1 Td &R 89 Q 7O 901 P & |

{b) Parallel Resorance Circuit: See questionno. 5
Q.2 : Aforced harmonic oscillator has equal amplitudes at frequencies @,
and o, . Show that the frequency for amplitude resonance o, is given as

{1 2 2.
“ rz‘ﬁ(w' o) (GKP-2016)
Soi™: The amplitude of a forced oscillator is

1= Fo

m\/(w2 - p2 )2 +45° pE ......... (1)
4% = Ry
m* (@° - p* ) +4r® p?
,42.= K > m*

4 2

w +p4 —2w2p2 +4r? P
This equation can be arranged in to a quadratic equation in p2 i.e.
o 2

£ 2
p1 —20* foi +4r2 p2 + o’ z-;;_,_—o 7o
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pt-r’ e’ -4r*) +| o' -——2— |=0
m-° 4
For constant.amplitude, this equation has two roots ;> and @,” .the sum
of roots are @7% + @, =2w% —4r?
or ) (0,2 + a)22 = 2(co2 - 2r2)
For a amplitude resonance » — 0
2 2 2
"+ =2w,

r :
= ' @, = \j—;-(a)lz + wzz) Proved.

Q. 10 : Describe how is the phase of driving force is related to the oscillation

of the driven systein near resonance. What is the effect of damping on the

phase relationship. (2006,2014)

Sol". The forced oscillations x = Asin(pt — @) lag behind the driving force

Fysin pt by an angle

UONHRT GTelF x = Asin(pr—0) ST I Fysinpr A BT & NS wrordr
& RorsT 3y A= grdar 8—

2F
tan@ = — 5 4

(434 —p2

Where » is the damping factor, «» is the natural frequency of osciilation
and pis the driving frequency. This shows that the phase difference g depends
on damping and the difference between o and p.

Following three cases may be arise.

STaf , ST SaeT B 9o o Qo B maEiad Ry 2 p giEfET englRy
2w g S oy g [T a2 o iR p & i A ux el ewar
B o =1 N9 Cases uv fa=e oA 2 |
Case1:lf p<@, tang is positive ¢ lies between 0 and /2

Ufg p<o,WAT tanf>0 TH g T AT 0 AT /2 & vl Il & |
Case 2: If prw, tang isinfinite, g=7/2.

afE pr~w,AAMtang = Td =7/2

Small ¥ (Low damping)

> p




Care 3 oo is negative, @ lies between /2 and .

Hivg pr e D AdRIT tan@ <9 G g @ OHTT /0 TN El* ﬁt«i T;I'Fﬂ o'

s forced oscillations always lag behind the impressed force in phase
by an angle between 0 and » , depending on the valve of £ relative to » . The
variation of @ with p are shown in the following figure.

St YONfET are p ® AT WX o & 19e Tonfe oot & ger ot ga
0 W ~ BT AH IS /AT ¢ & AW p ¥ B9 arer gfitewhr g B
@ HEgH Y g9iEr Tar 8 | .

Effect of Damping on Phase — If damping is very smali » =~ 0, then
2P
o — 2

When p <@ tané is very small but posifive, so that @ is nearly zero. This
means that under this conditicn the forced cscillations are practically in phdse
with driving force.

Whan p>o tand is very small but now negative, so that @ is very naarly
= . Jnder this condition the forced osciliations are almast cpposite in phasze
with the driving force. ‘

When p= @, tan@ = scthat & = » /7 Thus atrescnance the oscillations
always lag behind the force by » /2. Thic meaans that the displacement is
minimum when the force is maximum and vice-varsa.

FT 9% ST BT 9T -~ iy SPow 7 W9 e oF § a9

fan@ =

S p<o, T tand B A T BT TR ST BT B | ERT 9
Y G BB =¥ BT & 1 sl 3 Y G § guilidd Smd SasE "5% wrell
wpRi @ T Hel Wae By 8 ,

Sid p>w | d9 tané HBIHT BIS
%%ﬂf‘ﬁﬁ-ma“ﬂ 8139 g H
Wﬂx siﬂTr f' I

GE pro, T8 tan0 = AT G= /2 AT IAE &Y auy F e

qoT W FHYT v\mr 4o vEar g | el wa Jﬁa FEr BT IY faReTa T wEeH O
2| suFHT SoeT il weg &
Q.11 : What is the difference between Amplitude Resonance and Velocity
Resonance explain taking example of eiecirical oscillations. {08, 88,2013
Soin. When an alternating emf is applied to a circuit containing inductance
capacitance and resistance then the cuirent in the circuit oscillale with the
freguency of the impressed emf when the fretuency of the impressed emf is
made equal to the natura! frequency of the circuit, then the amplitude of the
current becomes maximuim. This phenomena is called electrical resonance
and the process is known as electrica! oscillation.

fe el oRuer # o Gree, aiRor an uldRly s & 99 vw
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The differential equation of force electrical gscillation is

L£+R1+—%= Eycosant

di
d*I  dI  1do
. L + R = = s COS @
o, P O GOSN s (1)

Lot the solution of equation {2) can be written as
[ = Iysin{awt — @)

Where /; and ¢ are constants.

dl d*I :
= = algcos{a! — @) and —c};{ = —-mzlg sin{awt — )

Substituting these values in equation (1), we get

: iy . . .
-~ i,m?‘fo sin{awt — $) + Rl cos(af — @) + -:%sm{ @t~ @) = wky coswt

[ —La* + %)[g sin(a¥ — @) + Ralg cos(wt - @) = oy cosf{(@t — ¢y + ¢} 2)

Equation (2) is ture for all value of 7. Hence eqguaiing the coefficients of
sin{ax — ¢) and cos(wi — P) , we get

1 s i :
( ~Lar* + —(-:}Eﬁ =--wlysing 3)

and Rwly =wlkgcos¢g L. (4)
Squarring and adding equation (3) and (4), we get

2 . 1 1 ) 3
o, [-—sz + ._,_-\) +- fi’"a}“_l = a:r".Eaz
i &y |
i 2
2} 2 1) 1 5
IV RS+ Lop ——— ..
> ’ ( o ) | =
L
Iy = Lo _F
o ’ 2l =
{ 2 H ! -
3t | » _|_[ Lo H“_‘._) :
LN ey ]

i N
fy is the amplitude of the current and i R+ {L"’-’ - (;{:J i Is the electrical
impadance { 7 ) of the circuit. ) 7
Amplitude Resonance -~ ltis clear from the above equation that the impedance
of the circuit is minimum when ol is equalto 1/ ¢ . Thatis the amplitude off
the current is maximumn. It is the case of electrical resonance. Thus at
resonance.

wlL = --—-1—,
w (]
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a =
ar, . (—'“—LC
Loy == 1
or, (““—LC

[a——y

n=——f—
vl 272 IC

Therefore the amplitude of the current is maximum when the frequency of
the applied voitage is equal to the natural frequency of the circuit with zero
resistance. Itis the condition of Amplitude Resonance.

Velocity Resonance:~ The equation of current in the force electrical oscillation is

I=— £q ;sin(cof—-qﬂv)

‘/ R’* (mL = ”1“]
wc

Differentiality this equation, then we get—

dr EOCD '
= cos{wt —
| R? +(a)L—————-]
y wc
dl EGCG .
= sinyat —{¢g— /2
= i - (g~ 2}
R* 4+ (aJL —— )
m e
It will be maximum when sin(@f — ¢ + z/2) =1 The maximum valve is know
' Eya |
ZIA = 0 ?
as velocity amplitude . Thus ‘/RZ 4 (a)L - _}-_h)
' : wc

Itis the expression for the velocity amplitude of a driven harmonic oscillatior,

Thus, whatever be the damping, the velocity amplitude is maximum when
the driving frequency is equal to the natural undemped frequency of the
oscillation. This phenomenon is known as Velocity Resonance.
Q.12 : Show that in the steady state of forced harmonic oscillation the
average power supplied by the driving force is equal to that being dissipated
by frictional force. (2012,2014)
Sol” : In order to maintain steady state oscillation of the system, the driving
force must supply energy equal to that last in each cycle due to resistive force.
Thus in steady state average power absorbed in a cycle js equal to the average
power dissipated in a cycle.

The instantenous power p absorbed by the oscillator is equal to the
product of the instantenous driving force and the instantenous velocity. That is

fordY T @1 Rer eraven # a9 & 9918 x@s & forg IRT sor g
yddh a9 d UleRE 96 & BRI BH g ST B avIaR ST BT IR
TILIF B | 9 bR RAR e & ude =sp H ofivaa i sraehyor 99 @k
H SHoll &9 @ qRE] 8ar 21
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SIeTh g1 1@ dicpifore fda p arcwiford URT a7 deil Jiehiiers
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P (Fysin pt)[%)

2
P=— ”’fozp sin pt[cos( pt — )]
or, 1V;(w:’. . pz) + 472 p?
2
P= mfe p sin pi1fcos pt cos@ + sin pr sin G]
or, vf(wz B p2)2 +4r2 p?
P = - O?B [sin p cos pt cos@ + sin? prsin &1

.\/(0)2 - p2)2 +4r? p?

The average input power in a cycle is given by -
1 .7
av = "j: .[0 P(t)dt

r 2
F, = —l“j miep [sin pz cos pt cos@ -+ sin? pisin@) dt
To w2 2V war2pr T (4)
(w" - p ) +4r°p

But we know that for one time perir !

—_fsmptc&s;:tdt—o and —-—-Iam pt =

Hence, the average power absorb is

2 ;
|
Pav = ”Ifozp (’) sin 9)
‘](mz _pz) +4r2 ZNE G e (5)
2rp
As we know that - ERg= (wz _ pz)
sin@ = i

therefore, J(wz —p2)2 +4r2 2

Substiting the value of sing in equation (5) then we get -

n 02 pzf'
B, =

2 5
‘/(wz - pz) + 4r2p"
This power is used in doing work against the damping force.

The rate of doing work (instantaneous power) p against the damping
force is given by

P'=Force x Velocity



r2

or P= (2:721‘%).%
& X
. 2
P'= 2mr{%}
2. 2
or P'=(2mr) 5 Jo P ) cos*(pt — &)

(0 = p*)+4r°p

The average of cos’(pt—6) for one period T is

—E-j:cosz( ¢ — O)drt =i
Fu 08 MRS
Therefore, the average power dissipated is

mtf,;,z p2 )
(@ — pz) +47‘2p2 ................ {2)
it is the same as the average power absorbed. Hence the power supplied
by the driving force equals to the power dissipated.
Q.13 : Calculate the quality factor and band width of a harmonic oscillator
of mass 1 gm driven by a periedic force. (Given force constant & = 10" dyne/

cm and relaxation time +=1/2 sec.
Solr: Given force constant & =10* dynefcm.
reiaxation time 7 =1/2 sec , mass of the osciilation = 1 gm

We know that o = JE?—:;

ok @ =+ 10% /1 =100 sec”
Now the guality factor

Pl=

2

Q:g)z'::l()OX-%:SU Ans.
We also know that the qualification
@ :
O= Band width
o 100
Band width = — =~~~ =2
or o 50 Ans,
Q.14 : Discuss the phase behaviour of displacement and velocity of a forcad
mechanical oscillator. (20114,2014)

Sol°: Phase of the displacement and velocity of forced osciliation ~-When a
system of mass sz having a naturai angular frequecy o« oscillates under an
external force F,sinps, the instantenecus displacement and velocity of the
system are given by

Jo ;
x = =sin{ pr - )
J(wz _ Y +42pr (1)
Therefore, the instantaneous velocity
Y= 2 . Jop s COS( P -~ &)
dt \R"’?‘ C Y+ 4l gt
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Jo :
V= e sin{pt~(0—-n/2)}

or, ‘\f(mz _ p,g )2 +4r2p2 ........ (2)

Fg 2 P . :
Where fo=-—, @  =-— and ¥ =—— is a damping factor and

n mi 21

2rp
tan g = —s——
e — pz ....... 3)

This shows that the phase difference depends on damping and also on
the difference between o and p . Now the following three cases imay arise -
Cagse (i): If p<o, tang is+ve, ¢ lies between g and /2.

Case (jii): If p=@, tan@ isinfinite, G=n/2.
Case (ili) : If p>® tan@ is negaive, @ lies between /2 and .
Thus the forced oscillations always lag behind the impressed force in

phase by an angle between.g and n depending on the value of p relative to
» . The variation of g with 7 are shown in the following figure.

A Low damping

w Moderats damping

P<® p=o P>®

if damping is very small (sr~ (), then
| 22 x =0
@~ p

it means that under this condition, the forced oscillations are practicaily in
phase with the driving force.

Wwhen p> @, tang is vehy small but now negative, so that g is very nearly
to # . under this condition the forced oscillations are almost opposite in phase
with the dividing force. _

When p=6, tanf =0, 80 that @= /2 . Thus at resolving driving force is
maximurm and vice versa.

Now according fo equation (2) the velocity fags behind the dnvmg force

fipsin pt by an angle ¢ (says), where ¢=0/2.

When 2 <@, tan@ is positive i.e. @ lies betweenQand /2, so that ¢ is
negative. This means,ihat veiocity leads the driving force.

tan@ =
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- When p>® | tan@ is negatlve i.2. @ lies betwz2en 7 /2 and 7, so that
is positive. This means that the. velocity lags behind the driving force.
When p = o (atvelocity resonance), tang = «, so that -

@=x/2 and. ¢=7If,.. sl 2=

Thus at resonance, the velocity is always in phase with driving
force.nance, the ascillations always lag behind the force by /2. It means
that at resonance the displacement is minimum. '
Q15: Ina LCR series circuit with L =0.2H and C=10.002 uI", Calculate the
maximum value of resistance which makes it oscillatory. Determine the

vandwidth at resonance using these vailue of L,C and R. (2014)1
Sol": For an oscillatory circuit
R* 1 .
arc LC
4L
R? <=
or, C
Give L=0.2H, (=10002uF =10002x10°F
4%02 0.8 £
: R? < = x 10
Thensfore, 10002x10~°  10.002 g
R?<0079x10° =79x10*
or, R <281x10*> ohm
Thus, the resistance should be fess than 281 ochm.
The bond width of resonance circuit is

2
BW=—§-——2—8%35L—1405><102..1405 Ans.
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