5- DYNAMICS OF RIGID BODIES
(e favsy =1 wfa fasm)

Que1.Find the moment of inertia of a solid sphere about any diamenter?

.{1999)
OR Calculate the moment of inertia of a solid sphere about its diameter
and about any tangent? (2001,2015)
OR Derive expression for the expirement of inertia of a solid about its
tangent. (2008)

Sol": Let us consider a solid sphere of mass M and radius R. The volume of the
solid sphere is 4/3 =R3,

T Uk 313 e gt gemam= M gen e R & ara: e M &7 amaas 8
Therefore the mass density

() MOMENT OF INERTIA ABOUT ITS DIAMETER:- ’

The solid sphere can be considered as a number of concentric thin shells.
Let us consider a shell of thickness dx and radius ».

The volume of the shell

= 4/3 7 (X+dx)® - 4/3 7 x3

= 4 7 X?dx

and the mass of the shell

=4 ;7 X% dx .

The moment of inertia of the sheli about its diameter is
dl = (2/3) Mass (radius)?

or,dl = (2/3) 4 7 x2dx £ .X?

or,dl = (87 /3) px*dx = c—t (2)

The moment of inertia of the solid sphere about its diameter can be obtained
by integrating this expression between the limit x = 0 to x = R, Thus, we' get
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or, [s= _8_@_8

15 .
Using equation (1), we get -

87 R° M

or, I= x r

15 4/371 R

) or, I= e MR
5

() ABOUT A TANGENT:- ;
Atangent to a sphere is patallel to one of its diameter, and at a distance

R from it, Therefore on applying the theorem of parallel axis, the moment of

inertia (It) of the solid sphere about ths tangent is obtained, and is given by
(i) N 2 ot g9 FA v s @ wHETER gor e O R g 1w 8nlr g
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It =EMR5 +,\ARs

or, I = & MR®
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Ques(2) Explain Moment of inertia and radius of gyration state and
explain the theorem of parallel and perpendicular axis. (2002)(2014)
OR . Write short notes on theorem of parallel and perpendicular axis.
, (GKP-2005,2012,2015) (8U-2016)
OR State the law of (i) parailel and (ii) perpendicular ones for the

moment of inertia and prove any one of them.? (20611)
OR Define momentes inertia and radms of gyration of a rigid body of
your choice. {2008)

Sol": MOMEMT OF INERTIA:- The inability of a body to r‘hange by it self, its
state of rest or uniform motion along a straight line is a property of matter and is
. called inertia. In exactly the same manner, a body free to rotate about an axis
opposes any change in its state of rest or uniform rotation. In other words we
can say that it produces inertia for rotational rmotion i.e it opposes the moment of
the couple applied to it, therefore it is called moment of inertia.
e Amgeh— B Avs &Y sraraar & @' g &7 aga) Irrl wraawenr o)
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A 39 wiged Al HEd &)
. It will be seen that the moment of inertia about a given axis piays the
same part in rotational motion (about that axis) as the mass of a body play in
translational motion. It means thatifr,, r,, r, -—— etc be the perpendicular distance

1 » 2'
from the axis of the particle of respective mass m,, m,, m, —--—--etc, then we get

g 9@ d 3 & 5 e @ gRa: sreca amegel gef= § 9@ wir eran
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M.I. >mr? = m,r2 -+ 2 + - Thus the moment of inertia of a rigid

body about a given axis of rotation is defined as the sum of the products of the
masses of its various particies and the square of their respective distances from
the axis. Thus we can say

3NT: f’c’mﬁfﬁv@' BT woeg srgel fpT Y gy gota o, & 9od 39 9o
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Where M is the total mass of the body andfR is the effective distance of
its particie frorn the axis.
RADIUS OF GYRATION:-

if k1 is the total mass of the Body and if the total mass of the body is
concentrated at a distance K from the axis of rotation then the M.l. of a system
may be dectinet as

I= MIK? Where K is called radius of gyration.

Thus the radius of gyration of a body about an axis of rotation may be
defined as the effective distance of its particle from the axis.

ara: fopdr arer & ufle: fed fuve w1 goiv Bvarew e & aRa: wfiawoil
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THEOREM OF MOMENT OF INERTIA -

- There are two imporiant theorems on moment of inertia.

{{) Theorem of parallel axis

-(ii) Theorem of perpendicular axis
(I THEOREM OF PARALLEL AXIS:-

The theorem states that the moment of inertia of a body about any axis
is equal to its moment of inartia about a paraliel axis passing though its centre of
gravity plus the product of its mass and the square of the distance between the
two axis.
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et Ig be the moment of inertia of a body about the axis CD passmg
though its centre of gravity and let AB be anothexn .,

- axis paralle! to CD at a distance R as shown in the ag@() 1 h ‘3 -‘”'*'., %‘
figure then the moment of inertia { of the body about
the axis AB is given by
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Where M is the total mass of the body

(1) THEOREM OF PERPENDICULAR AXIS:- (2015

The theorem states that the sum of moment of inertia of a body abo
two mutually perpendicular axis is equal to its moment of inertia about a thi
axis which is perpendicular to the first two axis, and passes though their pointi
intersection.

ag ghY waEdl & 6 & arag el & aRa: STsa MYl ST 91T U IR 38T B
STged Ul & GRTaR BIAT 8, G1afds Jrqer 3181 g9 A1 36l D et egd adl 3&?‘:
foeg @ TR \

Let I and I be the moment of inertia of a body about the two mutua
perpendicular axis OX and QY. Suppose OZ be another axis perpendicular to bot
the axis OX and OY and passing through their point of intersection O, as shown
the figure, then the moment of inertia |, about the axis OZ is given by

AT ] epadad a1 OX e OY & et ffm, BT T el D] e |
2| AN OZ Aer a2 o1 5 OX ger OY & ogad 2 dadr 39 vfa=mee faqg O
ARAT B wer b fafaa @ 99 recg smygel siw @ aRke: gnr

. [z=1Ix+ly
PROOF:- Let us consider a particle of mass m at P, at a distance r from thi
pomt O, and x and y from the axis OY and OX respectviely Then, obviousiy:
> @ Al U bl fSiet geagatd m ] P f?r«E_; TR Rerad 2 e ¥g O fasg A r g9y ul !
aerr OX ug OY 3787 @ X d=11 y ﬁ‘r R 8| 99 wWRear

Ix = S my? y f

~ 2 . 'x':; 1P
and ly = 2 mx '_ Low P
The distance of point P from the axis OZ is /0 /T
r= Jx2 +y2 : /

. Therefore the M}, about the axis OZ is given by
1z = 2. mb'z

orlz= 2M (2 + y?)

1z= 2 (mxz*‘myz)
iz = §_‘,mx2+§my2
- Iz =1ty + Ix Proved
!

Ques(3) You are given two sphere of the same mass size and appearance
but one of them is Hollow and the other is solid throughout. How will you
find which one is hollow and which one is solid. (1999
OR
Two sphere of the same mass and same external radius ar
exactly similar in appearance. One of them is hollow while the other i
solid. How can you distinguish between them ?
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Hence the acceleration of the solid sphere must begreater then that of the
. hollow one. There fore the solid sphere will cover a larger distance on the
inclined plane than the hollow sphere in the same interval of time, i.e if the two
spheres are allowed to roll down an inclined plane simultaneously, the solid
sphere will reach down the plane first.

arer: ey Mgt @ g K2 @1 A S el § SATEl 89 | I oA 9 aid
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Ques(4)Four spheres, each of diameter 2a and mass m are placed with
their centers of four corners of a square of side b. Calculate the moment of
inertia of the system about any side of the square. (2000)
Sol" The four spheres of same mass m and radius a are placed at the corners
of the square PQRS. M.!. of P and Q spheres about axis
PQ ' s

feel @f PQRS @& =t @il oy @ e m wen Brear \O [T 1)
a @ =R Mo Rag g1 P aur Q «vell @7 21e7 & arder steed Aol g ' )

= 2/5 ma® + 2/5 ma?

—r

!

=4/5maz = e (1) f
)

Similarly, M.I. of R ans S spheres about axis RS =4/5ma® (g R
Since, the axis PQ is parallel to SR are at a distance b, N
therefore the moment of inertia of S and R spheres about
the axis PQ .

Hfs 2 PQ a1 SR & wwremaw & o g8 b wR Rerg @ i S aen R
mar &1 PQ 2eT & wrder wgcd Are[ef g

= 4f5 ma2 + 2mb? .................. (ii)

Therefore, total M.1. of the system about the axis PQ is the sum of (i) and
(i), i.e.

= 4/5 ma? + 4/5 ma? + 2mb?

= 8/5 ma? + 2mb? Ans.

Ques(5)Find the moment of inertia of a solid cylinder of circular cross
section about an axis perpendicular to its geometrical axis and passing
through its centre of gravity ? (2002)
Sol” Let us consider a solid cylinder of radius R, mass M and iength |. The
mass per unit length of the cylinder = p/y

AT TP SR e+ foraat B R wegam M der amars | 21 a3 &1 ufa ga1d
SHIE BT = M/
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Let PQ be the axis, perpendicular to the geometrical axis AB and passing through
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the centre of gravity.
Imagine the cylinder to be made up of a number of disc of thickness dx

and at a distance x from the centre O of the cylinders.

AT der B8 e 9 Aoy o+ € Read W dx @ aur st Sorr o

® O F g x v Rera &1
Thus, Mass of the disc = (m /1) dx
Therefore the moment of inertia of the disc about its diameter EF is

= — — dx.R?
4

£
On applying the theorem of paraliel axis, the moment of ineriia of
the disc about an axis PQ is given by

The moment of inertia of whole cylinder about an axis PQ is obtained
by integrating above exprenion between the limit. x = -2 to /2. Thus

e el 999 @1 PQ sy & aRa: wiges amepf awdam o oY X = -2 to
/2 & dra yarsfaa -1 U’ g €1 sl -

: +e/2 +2/2 2
Al = — +— |dx
or,
TR i
M [ x> R? ]”52
or, f -_— -+ X
£ 3 4 i
2?2 R2
or, I= M[E*“:] Ans.

%) Ques(6) Write short notes on compound pendulum?

OR (GKP-1998, 2008,2018)
What is a compound pendulum? Optain an expression for its time period.
{2006, 09, 2011,2015)
Sol": A rigid body, which is capable of oscillating freely about a horizontal axis
passing through, it is known as a compound pendulum. The point at which the
horizontal axis of rotation meets the vertical plane passing through the centre of

gravity of the body is known as the point of suspension.
In the normal position of rest, the centre of gravity G of the body lies below S.
The weight (mg) of the body is at G and the reaction is along the common line

GS. Let G be at a distance | from s.

UE 1 favs O fb fbel aifdrr aner @ vy waesrengd® Qe wl v S
FEemd! & | 98 firg Ry w el &1 dfvw oer fvs & gom e O ASRT gret Feahy Fgel
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& e & 99 Fieias fasg osd & | wmwamasen @1 army Reafy § fvs @1 o9 & GS @

e Reya grer 81 v &1 4R (mg) [FQ &% & G T&8d dﬂnﬁfﬁ:ﬂfﬂ?ﬁ“ﬁif@GS%
aud g1ar 21 T GS 0 Y / o} Rerg 2

If the body is rotate through an angle @ about the axis of suspension,

the centre of gravity takes the new position G'. Now the weight mg is acting

downward direction at.G and the reaction are at a perpendicuiar distance ¢
sin @ and hence they constitute a couple given by

gfy 4161 o ey 317 ¥ Q PHIoT IR gAIar sy Y
e B W A Refy G @l | eiw Wk Mg e aw G @
Wy 51 faar F o ufdfihar erqaa Rur § /sin@ g8 wR €0,
AT d P g G |
=-mgG'A = -mg/ Sme

if | be the moment of inertia of the body about the axis of
suspension, then the equation of motion is
2 .
7 Q = — juglsin &
dt .

When the angel ¢ is small, then sing = g and

2 :
P g’_ﬁ = — mg19
dt 2
or, 6 _r;g! 6 =-— ud
dt ’

“rom this expression it is clear that the angu!ar acceleration of the body
is directly proportional to the angular displacement. it shows that the compound
penduium executes a simple harmonic motion with a time period T given by :-

79 9ilo & ¥g we § & fAve w1 ooy <o siofiy Ao & srgspamrard
gar 2 | U e 2 & Yyas dod ava srad ufy oY ueRia ovar @ wefe sa wfy o1
ST HTA T B8R

T'e2x --l—— L
mgl
if lg be the M.. of the body about an axis passing through G and parallel
to axis of suspension, then from the theorm of paralle! axis
uﬁﬁvwmrmmmhﬁmﬁmwﬁm#mf%wam
%ﬁﬁalgﬁﬁmwm$m$mﬁ

I= Ig+mh
Therefore,
Ig +ml?
T=2n g+m-—-
mgl

If k is the radius of gyration .of the body about the axis passing though
centre of gravity and parallel to the axis of suspens:on one get
Ig mk? and hence
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Thus the time period of oscillation of the commpound pendulum is the
same as that of a simple pendulum of fength L = (7 + k27). Therefore the length
/ «/ A" 1 is called the length of an equivalent simple pendulum and is
always greater than |.

S YT AP B AT BT AMGdBTA GHEM & TR Qe F B DA B 3TadbTer
ir e GRS Tgert @ ewns L = (1 + K7D 8 | sravd @wnd L = (1 + k1) @) qeT |ave
dlordr @ gou ofETE BEg ¥ SR T wer & warar €
Ques(7)Show that a compound pendulum oscillates with the same period
about four points, colinear with centre of gravity. (2000)

OR '

Prove that there are four points colinear with the centre of mass of
a compound pendulum about which its time of oscillation are equal. show
their positon and relation in a figure. ; (2001)
Sol": Suppose the body is suspended to oscillate about a horizontal axis passing
through O. Then O is the centre of Ssuspension, which is at a distance 7’= 2/ from
G. the time period of oscillation is given by

Wﬁé%@ﬁ?ﬁﬂﬁﬁﬁ%%’%%ﬁ&ﬂ,@%%o
q‘tgﬁm%‘r%qﬁaaﬁmmﬁ’r%la—dfaﬁgO?ﬁ%%ﬁ?ﬂ?ﬁ?ﬁﬁ%ﬁ
fr qoeg B G 9 7= 121 TN W ) SeHETE BN

]

' . 2
T =2y LA/
V g
k2/l+(ic2/fc2/l)
or, T'=2m;.1- —
\ g
or, T'=2x fﬁ’_‘__{{_{_"‘!_
V g

It shows that the time periods of oscillation about O and S are equal
Hence, the centre of suspension and oscillation can be interchanged.
e Rnar v & Sem @ anad wrer fasg O aen g S @ wrder | 2 | o
<. B Tl I @ @ W U § §Eel S Gl =
The time period of oscillation depends on [/, the distance of the point of
suspension from the centre of gravity. Further the time period about the points at
distance / as well as 4/ from the centre of gravity are the same. Thus we can
have a large nurmber of points lying on the coencentric circles of radii Z and /37
with the centre at G about which the time periods are the same. Some points on
the circles may lies outside the body. we are only concerned with the points fying
on the Body Now we draw a line passing through G, then we may have four
So s oo fnear with G about which the time periods are same; For example the
voctis s OO §Tin the figure are such points.
DTG ) e B S e drg @ S o g @) g
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Ques(8)Derive an expression for the Moment of inertia of a rectangular
solid cone about its own axis? (2003)

Sol" : Let the mass of the solid cone be M, its vertical height h and the radius of
its base R. Then Volume of the cone = 1/3 nR?h '
AT S v 1 wernr M 3w Seafur Seng h aur R @ Brour R € wg
@1 amyas 8en = 1/3 7R2h '
Mass of the cone = 1/3 =R?hr.
where P is the density of the material of the cone. The cone may be
considered to be made up of a number of circular disc of progressively decreas-

ing radii, piled up one above the other, parallel to the base. Considering one
such disc at a distance x from its vertex A of thickness dx and radius r, we have

the volume of the disc = aar.dx

wel P wi| @ yarRf B ' 8 | 79 v uedl g3 o @ o8 gaieR (v
HFTTMNEAN B AR D IR EI AT TN PN E RHEH N BFRRAIXQ@A R
& o s Herg dx ofk & r, €1 '

-, Mass of the disc = tri.dx o
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Therefore, the moment of inertia of the disc about the axus AO passing through
its centre and perpendicular to its plane i.e.

aﬁ%waﬂmswaﬁgﬁwsona%wﬁﬂwﬁ%mWﬁeﬂ
S O B YA oAl B, ST AT oHE P &7 B e 8T |

about the axis of the cone = Massx(radius)2/2

Hrzdx pr2 I pr4
= — dx

2

I'Ip.x4 . tan4¢
= .dx

2
Since r = xtan ¢ , where ¢ is the semi-verticle angle of the cone.

Hence, the M.l. of whole cone about its axis AO is

h 4 4
I— J-pr tan ¢afx

2 G
I=Hptan"¢ A’
2 5
_p R* A
2 AnS
_Ip.R'A
10
L nrrm 3K
3 10
Ty
10 -

Ques(9) : Moment of inertia play the same role in rotational motion aé mass
plays in translational motion explain why 7 (2001, 2009),

Sol: Mass is the measure of inertia of a body (translational motion). Greater

the mass of a body,greater will be the force required to produce a given linear!
accleration in it. similarly in rotational motion, to produce an angular acceleration

in the body a torque (moment of force) about that axis is applied and this property.
is described as the "body possesses a moment of inertia about that axis”. Greater
the moment of inertia, the greater will be the torque required to produce a given
angular accleration in it. Thus moment of inertia plays same role in rotational

motion as mass plays in translational motion.
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W?ﬂﬁhﬂanﬁﬁmaﬁmmm%lﬁﬁmwmmww
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wf?fﬁfﬁftrsﬁeﬁvﬂﬂwwaﬂﬁzﬁﬁma&{%wﬁﬁwww-mmq@ﬂm

W@mﬁm@ﬁ%taﬁ%ﬁﬁﬁﬂ@m&mﬁwﬁazmarqﬁmﬁ%:
Wwamw?mmwmwﬁmmwaﬁ SO B
z%famaa:a??faaﬂqv?quﬁﬂﬁfﬁaﬁﬁaw%aﬂ%mmmﬁﬁﬁnﬁfﬁm
a1
Ques(10) Amongst a disc and a hoop, both rolling down an incline plane
the disc acquires a larger velocity at the bottom of the plane. Explain why?

(2002)
Sol® : Let M and R be the mass and radius of each body roiling down an
inclined plane atan angle ¢ with the horizontal. Since the different bedies have
different radius of gyration (K) they will be accelerated by different amounts and
hence will require different time intervals in travelling a certain distance on an
inclined pilane.

T fed g a@ A o 5 Bfdw /@ ¢ HreT 97T 2, de®id 49T
PRUED ﬁvgﬁi@%mwnﬂawR%mn%lﬁﬁﬁ%—ﬁ#rfﬁmaﬁ%—fﬁmif@m
Tﬁﬁmmmﬁ%ﬁﬂ—ﬁwﬁwm@aﬁﬂgﬁﬁm@égﬁwﬁﬁﬁaﬁqﬁaﬁ
au B H AeT—qenT |ad ol | :

({) FOR DISC :- The moment of inertia of the disc about the axis of rotation is —

MR*
I= = *
5 K
K? 1
:ﬁ ...__.-i- = ——
R 2

Therefore the acceleration
gSin@  gSinf _ gSin0

T 1+ (K*/R?) 1+1/2 3/2
a,.-':%-gSiné?

a4

(i) FOR HOOP :- The moment of inertia of the hoop or ring about the axis of
rotation is

_ I = MR?2 = MIK2 .
or, K2/ R2 =1
Therefore the acceleration
g Sin6 gSin@
a, = = F oo
14+(k°/R") 1+(1/1)
a, = a gSin@

2
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obviously a, > a,, hence, if a disc and a hoop are allowed to roll down
on inclined plane snmultaneously from the same height without slipping then
the disc aquire a Iarger velocity in comparison to hoop at the bottorn of the

plane.
wWedr a, > a, muﬁwcsfa@sﬁmmsgqﬁﬁrﬁa%ﬁa@wtﬁw

mﬂwwmﬁwww%ﬁaEﬁmwmﬁwﬁ@m g4

BT g 7
o Ques(11). Find an expression for the moment of inertia of a thin spherical

shell about its diameter. A thin spherical shell of mass M and raduiz R roll,
with linear velocuty V. Deduce an expression for its kinetic energy.
Sol": MOMENT OF INERTIA OF A THIN SHELL :- (CGKP-2014)(SU-2016)
U® GASA B BT SIged el —
Let us consider a spherical shell of mass M and radius R, as shown in
the folowing figure. The mass per unit surface area is give by

afq &9 b MidR D & Rraa) Bsar R aur gsoam M, tﬁwﬁaﬁﬁr
ﬁ%@mwé?ﬁwuﬁmgﬁmﬁm@m%— e
4nR?
ABOQUT ITS DIAMETER:- =
‘g B uReE: — | | ~F
Let us divide the shell into a large number of rings having centre along
AB. Let us consider a ring lying between the angle § and 9 +d Q.
HIET PIE BT Hs Dol J INeR fwnfora sy 7ar 2, Rraer o= AB @
AT €| UP Boen @) forr-ot f5 @ aar 9 +dQ B = Rer 2
The radius of the ring = GK = Rsing

and the thickness of the ring = EG = R d0
Thus the surface area of the ring

= 27(RSin0).Rd6
= 2nR*Sin0.dO

and the mass of the ring = 27xR ?2Sin0.d0¢ -
Now the moment of inertia of the ring about the axis AB is
8I = mass x (Radius)?

8l = 2R ?8inBO.d0c x (RSin0)*

8I = 27R*cSin’0.d0
The moment of inertia of the shell can be obtained by integrating
this exression between the limit0 =0,to 6 ==, i.e.

BN B I b IRka: G@Fﬂﬂ@f@ﬂ”ﬂﬁoiﬁe 0OAO0=n
aﬁ@m%ﬁawmﬁwmﬁﬂﬂmw%‘i
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I = ]‘5[ = ?2nR4cSin39d9
[¢] 0

or, I =2nR% jSin3ede
0 :
or, ' I=2nR% j'sm-"e (1 ~Cos’0)de

“Letx = Cos® =>dx = 2sing. do
‘when c¢c0s6=0, x=1, andwnen ©O0=nxn, XxX=-1
i thuq we have

I=-2nR’c j(l x )dx 2nR%c j'(l x?)dx

| -
or, CI= 27tR40'[x —1‘—]
f . 3 1
or, | £ ko — R
3
Now using eq” (1), we get
[ = 8an4. M i
3 41tR
or, I = %—MRz

KINETIC ENERGY OF RQLLINQ SHELL:-
ST BC DI B AfasT Holl —
- When a shell rolls on a plane, it rotates about an axis through its centre

of mass and the centre of mass itself move farward along the plane. Therefore,
it has kinetic energy of rotation as well as of translation. Its kinetic energy of rotation is

P13 P fFA g IR gesd! ¥ O I8 U W -y B 9Rka: goin axedl
8 o i 59 g I A EaY ol 8 3R o B W9d wRae @ argfaer
TR BRI | W B D 9 gl D ey wrearadd TR St off i 2
s‘ﬂﬂ%gﬂﬁuﬂ%mm% iy

(Eg )--——-I oy

Where I_ is the moment of inertia and @ is the angular velocity of the
shell about the axis of rotation, and the kinetic energy of translation of ring is

el I, e 9 Steed Teel qon o BT @Y Bty 397, o e B alka: 2
BEel @ T TRreT el ®
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(EK )trans = %MV;

Where M is the mass of the ring and V__ is the linear velocity of its

centre of mass.
el M ool &1 segar @t V| mzﬁrwmﬁi’@aﬁm%l

Therefore the total kinetic energy of the ring is

(EK )tota] = (EK )rot + (EK )tran

or, (Bx ) = %Icmm + 1 " B o— ¢y

As the shell completes one round, it describes angle 27T about the

axis of rotation, while its centre of mass covers a linear distance 2 TR, where

R is its radius. Thus,
IR B BT U IgoT =0b gol BRal 8, I8 319 O 31T @ YR 2 77 BT DIT FHIAT

2| efF T ToaEH B 2 TR W g8 a9 wear 8 9l R gwa Bioar § 39 ghR—

2n  2nR or o = V..,
= , o SO
0 V.. R
A . N
(E )lou\l oy cm( R ) +_§Mvm
(E ~1-V2 LEWNY (2)
or, (Eg), .= 2 REFM{ e

2
Now for a thin spherical shell of mass M and radius R, I, = 3 MR?

Therefore from eq" (2), the total kirietic energy of the shell is

179
(B s =5 Vo, [EM“*M]

5
Or; (EK )total = g Mvju

Ques(12).A thin circular disc of radius r oscillates in its own plane about
an axis passing through a point on the edge of the dlsc. Calculate the

length of an equvalent simple pendulum.
Sol® Let M be the mass and R be the radius of the disc. The disc oscillates

as a compound pendulum whose period is

WMW%WH&TRQW&%%@W%;WWW
I B TRE AT BeaT & Rrast AT 1A ®
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Where g is thedistance of point of suspension from cantre of mass of
the disc and k is the radius of gyration about an axis through its centre of mass
and perpendicular to the plane of oscillation.

wEl ¢ R & gaam o= | o fag & g @ 9@ 8 9o & 3 & afka:
goity Broar & w8t e geume dv 9 ORdY § a9 ST a & orad 8 |

2
The length of equivalent simple pendulum is 7 + .

! =R (radius of disc)

Now, if 1is the moment of inertia of the disc about the axis through its
centre, tnen

79, I} f¥¥d & P | YOIA aATen 3 B Rk Gi?s’&fwgﬂ%a‘r

1[=Mk2=-1;_-,-1\4R2

. kz - __!‘_ R2
2 »
Therefore, the length of the equivalent simple penduium is
1 153

— +f==—4+R==R
4 R 2

and its time period is
—R
T= ZM’—— =T ’6R

Ques(13) .Define the terms: (i) Moment of inertia

(ii) Radius of Gyration, Make a first principle calculation to obtain
an expression for the moment of inertia of thin circular disc about an axis
in the plane of the disc and passing through the centre. You may use any of
the theorem of Moment of inertia.

Sol" : For the definition of Moment of inertia and radius of Gyration see question
no. (2).

MOMENT OF INERTIA OF A THIN CIRCULARDISC :-
S gad guTeR St & s el —

Let us consider a hemogeneous disc of mass M
and radius R, with centre at O. The mass per unit area of
the disc is given by
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AT U 9EEi v Rraar semm M, fBZrear R 8 sw&t 3w O o
2| g Uit twie &=we 8hr
M
TR "

(i). ABOUT AN AXIS PASSING THROUGH CENTRE AND PERPENDECULAR%
TO ITS PLANE :-

()3 | YoRA JRT 9T P & a7 @ Taq oM & 9Ra —

The disc may be assumed as made up of a large humber of concentri«:}
ss

g =

ring with common centre at O. Let us consider a ring of radius x and thickne
dx. The area of this ring. '
s ®1 9gq I =09 ool | Aas” 991 gon | o woar 8 foraar
Sgfae & O 81 & 1 oo forr et Bwar x quar siarg dx &
= (X+dx)? - nx?
a =-2n x.dx
Therefore the mass of the ring = 2n x.dxc

Now, the moment of inertia of this ring about anaxus possing through itg
centre and perpendicular to it plane is

Wﬁwﬁa@mﬁv%mzﬁmaﬂa’wﬁa a1 7 Sreay eyl ¢
dI—me;.dxcx

dl =2no.x’dx e 2) .

The M.I. of the whole disc about the axis passing through the centre
and perpendicular to its plane is obtained by integrating the above
expression between the limit x = 0 to x = R, thus
W%ﬁﬁ$ﬁ%wﬁaﬁﬁam'aﬁ$amma$qﬁﬁmmgﬂﬁ

Sy @fo A WA X = 0 ¥ X = R don oo ¥ Ui o §&ar 81 39 SR

. R
I= j’zmx"‘.dx
0

. . 4R . -
or, I=2nc [—}5—-] =—noR*
4 |, 2
_ Now using eq" (1), we get -
1=1Mr?
2 .

(ii) ABOUT A DIAMETER OF THE DISC :-
(i) = & =3 @ IR® —

Let us consider two mutually perpendicular diameters AB and CD of the
disc as shown in the following figure.

HIFT AB RIT CD 7 1 3% & < GRUR, o gaq 919 8 orar T
fra % fawrar war g1
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Since the disc is homogeneous therefore
the moment of inertia about its diameter (I, ) are equal.
gie 3w gol wair & s g sl (1) @ oRa gae wsea sl e
BT | .
Now according to the theorem perpendicular axis, we can write
3 T3 P ORAY F 89 forg wd § &5 —

I, +1, m%MRR

fad

or, I, x—}{MRz

Ques(14).A soligd sphere and a solid cylinder have the same mass and same
redius. Will they have the same moment of inertia about their principaf
axis? Explain. (2004)
OR

A solid sphere has moment of inertia I, about an axis through its
cenire. The sphere is Kept in a cylindrical jar of the same radius as that of
sphere and heated. The sphere melts to form a solid cylinder when solidified.
The moment of inertia of the new solid about the same old axis is I_.State
I =XorX>X ori <X (2004)
Give argument only, not calculations. ‘
Sol» The moment of inertia of a solid about their principal axis is

2
SN e @ ge st W ufke srsed et I’:"gMRQ ............. (1)

Similarly the moment of inertia of a solid cylinder about their prirncipal axis is
T UPR ST o 951 gEg i & gRa: Sres syt '

I tinger = é MR* (2)

Since the mass and radius of both sphere and cylinder are same,

therefore from eq® (1) and {2) we can say that they will have different moment of
inertia about their principal axis.

HiE weumrT wen Rroan i) W0 we 365 ST WEE 2, 3o (1) @ 2) s ww
A & @ 9o qur W B SHes g et @ gRT: STea MLl TeT—aTerT BT |
From equation (1) and (2) it is clear that
I. >

Ques(15).State and explain the paralle! axis theorem for moment of inertia
of a rigid body. (2008, ©8, 2011,2015) .
Solr Theorem of Parallel Axis :- The ineorem states that the moment of

inerita of a body about any axisis equal to its moment of inertia about a parailei

-~
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axis passing through its centre of gravity
plus the product of its mass and the square
of the distance between the two axis.

AR & B &=~ g Rsara sear § &6
Fret ot @ ORa: Bl Rvs @1 siewr enygel, g9
s & ToraT a4 S B 99 gEw Bw Q@
TRl € 3 uia: sig@ gt aur fvs § e
& AN el B g @ g B ot el @ g B
UL Bt F

Let I, be the moment of inertia of the
body about the axis CD passing through its
centre fo gravity and let AB be another axis
parallel to CD and at a distance R. Then, B
the moment of inertia | ofthe body about
AB is given by—
7T 1, fyos %1 qEeE & B @ O el ot cd B WY wgw onysf ¥ ) 5w AB, CD
® FAr=X R g8 9X 0F JEIO @187 &1 d9 auas A9 @ Rgwra @ ot AB B afta: g o

O

f @m- [ I=1, +MR? |

Where M is the mass of the body. ,
Proof:- Let AB be the axis about which the moment of inertia is to be determineg

and CD be another axis parallel to AB and passing through the centre of gravity.
Now we consider a small element of mass ‘m’ at a point P at a distance x fromi
the axis CD. The moment of inertia of the element about the axis AB is

: = m(x +R)?
AT AB ST & Ui stee anyel i % ¥ qar od 3E% o § St AB % | ¥ aan
Us 3 T&" = @ Yoa 1 79 a9 9ty CD § 'a' @WPﬁﬁww@amW

& TP {AWE T A1 50 ad @ AB 315 B 9 STgT ATyel -
And therefore the total moment of the body about the axis AB is

[=> m(x+R)’
or I=) m(x*+R?+2xR)
or . I=> mx*+>» mR?+2% mxR
or I=1g+R* > m+28> mx

or I=1;+MR? +0

or =14+ MR? ] Proved

G Ques(;le).How will you find out graphically the radius of gyrationofa com-
pound penduium? (2006, 2011,2015)
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Sol": Arigid body, which is capabie of oscillating freely about a horizaontal axis
passing through it, is known as a compound pendulum. Bar pendulum is one
of the most convenient and simplest form of the compound pendulum. It has
been used to determine the value of acceleration due to gravity and also the
radius of gyration in the laboratory. The bar is suspended on the horizaontal
knife edge k, which can be inserted in any of the holes, and is allowed tooscillate
in the vertical plane. the bar is alloued to oscillate after inserting the knifeedge
in various holes, and time periods are obtained with the help of a stop watch.
A typical variation of time-period of oscillation of the bar pendulum versus the
distance of the knife edge from one end of the bar is shown in the foliowing
figure. ’

T2 g3 fvs N B 0@ @Y e gt e e & oRa: Q9w N B R @
& @ 5§ Wy Swerk eq €1 g Yvgad (S ) O gl aur avead G A9
I IAET & | THH WAl § Qe @ w1 A aur omeee # B Feeem @
fare Sudnr fen smar €1 a) Y AR Bt K @ Freifem Prear onar %) BE B Ree oh
Bz ¥ oyaRem frar o g €1 BA N aR Iala a9 3 9w

yRER e @ R BE ¥ e Q99 SOa ofar € O W@ ard @ SerE
@ omad s w A @Y ¥ AW F oonadEm qw AR F o fg @ e R
% g8 & 9 aRacdtt R # Ramr @ €

In order to find the valve of radius of gyration graphically, draw’'a line in the
graph corresponding to a choosen time
period T. It cuts the graph at four points
SQOP as shown in the above figure.
Determine SO and QP. Find out it smean T

k2
value It gives the valve of | £+ |. Time

£ period|- é'i; _:K;?(_ S
The radius of gyration of the compound} [ A~~~

pendulum is calculated by the formula Ghtaroe of Kars odge from
, 1 ' . Qone end i
k=— AB -
2

1
{

]
i
1
1
]
1
1
!
i
1
]
1
]

-

AB is determine from the graph. Once AB is found radius of gyration is calcu-
lated from the above formula.

mE § M H B P D R e § omead e T g @ e dik |
9% W6 H °9R Brgall SQOP, RE & STgER HEar €1 SO T QP P I §d HTh U

" "M P o (7 orrar) B awEx Sler ¥ aAr mglem A e P g | R
STt 21 -

1
k=— AB
2

ABﬁmﬁﬁwwm%ma:qﬁ:ABwaﬁqmaamﬁta@aﬁ
i B Pt st ogwar g1

Q.17 Calculate the moment of inertia of a thick spherical shell
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about an axis throiugh the centre. (2007)
Sol. Let us consider a thick spherical shell of mass M inner radius r

and outer radius R. The volume of the thick spherical shell is
a1 foram 16, ta gden Wiela @i goaaT M, arafees e roaer

aredl ear R 81 gdsl Ml BIer &7 3aad

=inﬁ‘3 ﬁi'm:} =in {R3 —r3)
3 3 3 "

p=—"
Thefefore the mass density 93 n(ﬂ3 mra) .............. (1)

Thick spherical shell can be considerad as a number of concentric
thin shells. Let usconsider a shell of thlcknes dx and radius x.
AT ST hIel Eﬁgﬂqu@f‘tﬁﬁi ® WY H AT ST qhar 21 q9¥971 %

TP gdel Hiel P drers dx i f&ioar x &

4 4
The volume of the shell = -§7c(x +dx)® —-3—7tx3

= 4 nx?dx

and mass of the shell =4nx%dxp

Thus the moment of inertia of
the shell about its diameter is

dI = % mass (radius)’

2 2 2 _8m 4
=— 4uax“dxp.x* =— p.Xx dx
3 & 3 P

The moment o inertia of thick spherical shell about an axis through
the centre is obtained by integrating above expression between the firit
Xx=rtox=R.
qﬁﬁ?ﬁ?ﬁamaﬂ B Q TF g 9T 3 B uRa: S e, Sugad weie
Hﬁx=rﬁmx—R$%ﬁ?WEﬁ?€ﬁ;ﬂfﬁﬁTmWWﬁT%I“ﬂW

Thus we have '*J““ = 3

- &R
l=Bﬂ:p X
3 [EJI’

[ = 8 p (Rs_rs)-

8w

15 (R5 _rs) %n (33 —r3)
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) RY — ¢ 4
or | = Y M R3 _ 3 Ans.
0.18 A ball start from rest and roll. down a 30° inclined plane. Find

acceleration and time to cover 7 m. _
Sol. The expression for the acceleration of a body rolling down an in-

clined plane is
gsin®

[1 + Ef_) ............... (1)

The moment of inertia of a solid sphere about its diameter is given by

, 2 k? 2
2 2 _
s = —MR = —
= MKk 5 = R2 =
putting this value in equation (1), then we get
_gsin®_ _ 5 e
= ( 2) B
1T+ —
5
5 9.8 x sin 30
or a=-§-><9- X sin
1 7
— .4 = =
a=5x1 ><2 2
a=35 m/ sec?
1
Now Sﬂ|U'E+-‘£at2
Y g 1-7]2 ., TIxA4
or  7=0 2(2 or .
or t =2 seC.

Ques 19: (a) Find an expression for the time period of a compound pendulum.

(b) Show that cemtre of suspension and oscillation are interchangeable.
Find the condition of minimum time period. ‘ (2009, 2011) -

Soln. (a) See Q. No. 6.
p (b) Interchangeability of Centre of Suspension and Oscillation :
About the centre of suspension, the time period of the body is

=terT 9 Sodvoar d e Pl Ia: aRadT -
) fAvg ¢ Scd—wdl B & UR: Madard

k2 /1+1
T:Z?TJ'(—_’““-F—) ................... (1)

g
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Now, the body is inverted and suspended from the centre of oscillation. In this
case the new time period' of oscillation 7" will be obtained by

substituting (2 ;) in place of / in equatlon (1) i.e.

HI BT FIDB qlad fa tgﬁaaeaﬂﬁwsvwﬁw
amé‘cﬁm(r)wﬂwlﬁ(l)'cﬁww( )wﬁwmgﬁm—

(kngz) +(k12)

g

2
o Tzzﬂ\[fy_c__/_f:r
. =

That is, the time periods of compound pendulum about the centre of suspen-
sion and oscillation are equal or the centre of suspension and oscillation are

interchangeable.

T A g SohRdT B B UG GYF dlerd BT IMAdHIe A
gResi= 8T € |

Condition of Minimum Time Period :
A compound pendulum, suspended at a point d:stant [ from the center

of mass, oscillates with a period
=T Arad®Ter B TAT - B WgEd Aad g By 9 () @ W
v faeg v Rera 2, smadetel (7) W <o HvaTl -

2
T;z,,\/_(f__f’_flti

g
‘Squaring on both: side, then we get

2 2
T2 :—"—“—4;7 [—]fl‘—“'i'[)
g

Differentiating it with respect to /, then we get

2 2
AT _ 4% [_k +1]

= 20

dl g /
] . ) drT
Period T will be minimum or a maximum when “gl- = 0, that is

2

‘——!f"i— +1=0

'
k2
or e 1

or !l =%k
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d>T
is positive. Therefore, the time period T will be minimum

dr* .

FOI' [ - ik >

when 7 = +%.
Putting / = % , minimum time period is given by

2
Ty =27 (%)+k — g JETE

g
2k
or Tinin = 2ﬂ1f“—
- 8

Q20. Employing the energy conservation law for a flywheel in rotational
motion obtain the expression for determining the moment of inertia of the
flywheel. ' (2oL

Sol". A Flywheel is a large heavy wheel with a long cylindrical axle passing
through its centre. Its shape is such that its most of the mass is concentrated at
the rim. Its centre of gravity lies on its axis of rotation so that it can come to rest
in any desired position. A fly wheel whose moment of inertia is to determined is

shown in the following figure. -
T A TH qG A o @ R B ¥ o aml SR sk
T 31 TR AR T YR Q e & R SIS 9w S T9E 4n 9 el
THHT PO R T0h YRR 3187 W wiar & e ae et aifoa saeen § %
TH T W = e sige omepl Y fraeen & fre fam F waivla 81
When the mass is allowed to fall under gravity the flywheel rotates about
its own axis. Let v be the velocity acquired by the wheel and n4 is the rotations
performed by it upto the instant, when the cord just leaves the axle. '

The loss of potential energy in dropping mass m through a distance h is
ingh. This potential energy is used up in giving the kinetic energy to the system
and against frictional work done i.e.

S B KU i TEETT @O & 31T iR 2 § 9 vord st o
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M&%#W:W'W%I-Wv‘éﬁﬁmﬂﬁvIﬁ“‘gﬁﬁ%ﬁw nq 9 @
T @ wwe g% el gR BRd T Seee W e 2

FHa: mEeau™ @ fuvs wihsaR @ @ 9 o g o foafts sl
= mgh

g Teafas oot feem ) wfas st s aen adn & faeg vl @
F = B 21 e :

mv2

1
(1) Gain in kinetic energy by the dropping mass = —

e gT S99 & gR0 TS (@) @l i SSl =-;—mv2

. . _ - 1
2) Gain of rotational kinetic energy by the flywheel = p @’

TeArs Sdtel s g UEOT (TN) @ Ml HUH s o =—:;—Ia32

(3) Work done against force of friction = nqF where F is the amount of work
done per revolution against the force of friction.

o % favs fdar T wE =ngF

gl Fucder waeRt | wdur % faws feen e w8
Thus from the law of conservation of energy

3 Soff @ W & faga & San

1 2

mgh = Emv + -%— w? + mF D

When the cord is detached from the axie the fly wheel rotates with the
maximum angular velocity o but due to frictional force acting on its bearings the
wheel comes to rest after perferming n, rotation. The whole rotational kinetic
energy of the wheel is used up in doing work against friction hence

W uvm v e B ot o ¥ wEal € 99 =i oA sifuead
Wi =T o @ T ST B AT udor @ SRer 3Rt g w8 S @ eI
AT ny, TER B TIE wh KN Tl TS DA w1 wA goia fast FSl wefor
faeg = H& o @4 & 9E 2 I

nF = —;- Io* |
substituting the value of F, obtained from equation (2) to equation (1) we
get,
mgh=lmv2 +-—1—Ia;2 +—Iwn1 Ly
2 2 2 n;
) mgh‘--=—1—mr2w2 +-1—Ico2 1+-0 e vEro
2 P 1, :

where r is the radius of the axle.
Now the energy eqguation can be written as
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45

A

2 n
2mgh = mrtw® + Icoz[l -+ —--1—]

7= 2mgh — mr? w?

or S . W 3)
L)
At the time, when the card leaves off the axle, the wheel possesses the
maximum angular velocity ® and after making nj rotations in a time t seconds,
its velocity is reduced to zero. Assuminy that the friction is steady during this

w+0 ]
time, the average angular velocity during these t seconds is (“*“2“"" ) =5 Thus,
I T SIS I EOi 3T T Srs A § e w1 woha A s
ZI © A ny, TEHRT t Qv T YU wEh = T oA © ST THEHT A A

21 ST S wr fe T T B oy wer Froa twa ? 9 39t Tag | ofraw
i a1 22 = Z g s

2 2
@ 2nn,
2 t
. 4nn,
or W = 5 < ce= @)

substituting the value of ® from equation (4) to equation (3) we get,

2mgh — mr 2(1223)

_ m(ght* — 8r%n3 r?) d
8?,?."2 (n[ % nz) ............ (5)

It is an expression of moment of inertia of a Fly-wheel about axis of
' rotation. | ,

Que.{21) Find the moment of inertia of solid cylinder about its own axis.
Sol. Moment of inertia of cylinder about its own axis :- Let O be the tensity

or

of ifs material YXx'! is its geometrical axis about which its moment of mertia is

to be determined. This cylinder may be assurmed to be made up of a large number
of thin coaxia! discs. Let mass of each of these discs is m. Moment of inertia of

one disc PQ about Y X1 is

i
X masx(radius )2

ket

= —]— mRz
2
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T 7 M.

NV U

Moment of inertia | of whole cylinder abgunt x ! will be equal to the sum of
moment &firertia-of-these-dise--Fhat-id-—------- -->1

1’=l R? + lmR2 —1—mR2+—-———
2 2

or I = Z«—z—mR2 mRZZm

But Z m = M is the mass of the cylinder -

7 =1 MR2
2

Q.22 Describe practical method of determination of acceleration due
to gravity with compound pendulum. Deduce the formula used.(2015)
Sol. To determine the value of g with the help of a bar pendulum, we
find two points in the pendulum lying on the opposite sides of its centre of
mass at unequal distances from centre of mass such that the period about
them are equal. Out of these point one is the centre of suspension and other
is centre of oscillation. Let this distance be L. The period T is given by

R TR I WAl ¥ g W AM T T @ fOg ¥H IR s W R
farg fagdia faan ¥ W @ € SET W STad el A g 21 3 A faegei
AW T GO T DR AU A SRS T =% & 2 W a8 g4 L
21 e HI BA-

' 2
T=2mn ’(-—EJ — T2 =57y
4 g

47[2 ' : .
g =[ T2 JL ............... ] (1)

Bar pendulum consists of a rectangular metallic bar about one
metre in length Equidistant holes are drilled along its length. The bar
can be suspended through any of there holes by a knife edge. The knife-
edge is attached to a wooden plate which rests on a table and carries a
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screw.
AR TR T Hiet e 9R B ® faad v g ™ o e @
¥ SR TerE S oW fRdl UF Bl @ WeR o
Method — The bar pendulum is put in the hole at one end and
displaced slightly to one side and released. It makes oscillation about the
horizontal knife edge. The period of oscillation is determined by recording
the time for about fifty oscillations similarly, the period is determined with

the bar supported on the knife edge successive through each of the holes
from one end to other.

fafl- ar elerw it wednem % g @ WeR wewn ¥ ol ey e
Taafya s S W ¥ Nad ¥e e w0 o ¥ 50 e I 99 =
FTUHT A HE W FT Y €| TH YR R ek H T g B TR
TEH B AAIHTA AT L O B

Caiculation — A graph is plotted between the period T and the
distance of knife-edge from the end of the bar. It consists of two parts
symmetrical about a line, whick intersect the x-axis at point C, centre of
mass of the bar about which period is infinite. A straight line is drawn
parallel to x-axis, intersecting the y-axis at T. This line cuts the curve ar four
points BQ, R and S. Period

' Y

Time | & 1:
Period

o
¥

A3

E i F

Distance of Knife Edge frora
» ——
One cid of the bar

about any of these points is T. The pair of poinss P and R (or Q and §) are
situated on opposite sides of the centre of mass C at unequal distances
from it. So these points correspond to centre of suspension and centre of
oscillation. The distanice PR or QS is the length of the equivalent simple’
pendulum. )
L = (PR+QS)/2
putting the value of T and L in euqation (1), the value of g is
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calculated. Similarly we can draw other lines parallel to x-axis, cutting
the curve at four points and calculate the value of g. -

TMOFAT- NS FHIST G (R AP 6 TH TR 9 8 &I 58 & 9 urs
e ¥ ae uE W arern faufeee W € S B x-o1e w C fag W
el  SEl Nad wie S 21 wes vl Y St R x--3181 % guEwR ® y—
‘e1er WY T farg W) wmredl ®1 9w Y Wi R 9r fag BQ, R a9 SOt skt
21 = Tagen = gmer mEd s TR SR & farg PR Ram Q3R S
g™ % Bs C % fagda fien o frem €1 g8 PRI QS S99 WHERd 6@
e B s 21 T aen LShT W WHrRToT (1) W WIHT g 1 a19 |id R
o €1 St gl Wi Rl @1 x--31 % gERa Sl ® S T g R fasged
W HIE T A g HT AE AG H QA B
Q.23 Derive the expression for moment of inertia of a ring about an
axis passing through its centre and perpendicular to its plane.

(GKP-2016)
Sol. Moment of Inertia of a ring : Let us consider a ring of Mass "AL'
and radlus 'R' as shown in the following figure-

mmﬁﬁ@ﬁw%mmwdemRﬁﬁn%a
M

We want to calculate the Moment of Inertia of this ring about an axis
passing through its centre and perpendicular to its plane.

T 39 o1 o1 Sige ool Sy o1 @ ufa: ﬁ%amfar%ﬁ%a‘fsuaﬁ‘?:ﬁ?
@g‘m%awmwﬁq%m%i

Consider a particle of mass '#2’ of the ring. Its moment of inertia about
an axis passing through 'O" and perpendicular to its plane is 72R* . Therefore
the moment of inertia of the entire ring about the given axis will be -

T T @ T 0T HT RETHM oz B TUST Sigw ool 3 ot % ufia:
SR OQ TSR | Gl 9 B wEEq ¥, mR? BPN oW R v w1 s
ATl 3§ & T qfE: B

I=2mR*=R*>m
ofr, . I=MR2

D009 5000809D



