Chapter Fi ourteen

NUMERICAL
INTEGRATION

() Important Points from the Chapter

1. Numerical integration is used to obtain the approximate answers for
definite integrals that cannot be solved analytically. It is a process of

finding the numerical value of definite integral _[ f(x) dx, when a

function y = f(x) is not known explicitly. But we given only a set of
values of the function ¥ = f(x) corresponding to the some values of x. To
evalute the integral, we fit up a suitable interpolation polynomial to
the given set of values of f(x) and then integrate it within the desired
limits. Here, we integrate an approximate interpolation formula
instead of f(x). When this teachnique is applied on a function of single
variable, the process is called Quadrature.
2. Some Quadrature Formulae for Equidistant Values of x

(1) General quadrature formula .

b xg + nf ” r n2 n° n2 Azyo 1
Ia f(x)d.'XZ:Jxo f(x)dx-h[ny0+?Ay0+[—3—*—-—5—]——2—!—+...J
(2005)
(i1) Trapezoidal rule
X h h
jx:+ " e de=_ [0+ )+ Or+ 3+ oot Gy + 30)]
h
=§[(yo+.}’n)+2(3’1+J’2+---+J’n_1)] (2005)

(1i1) Simpson’s one-third rule

xg + nh h
J' 9 xdx:g (Vo +¥) +4 L+ 3+ .ot ¥, g)

Xp

+2 Yo+ Y4+ ...+ ¥,_9)]
(iv) Simpson’s three-eighth rule

xn + nh 3h
j“ xdx=—-é—[(yo+yn)+3(y1+J’2+y4+3’5+»--+yn~1)

o

+20a+ Y+t Yuo3)]
(v) Weddle’s rule

X h 3h
I ks xdx-_—*la[_'}’o"‘s.ﬁ + ¥o + 693 + Ya +0Y +...]

xo
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4) Very Short Answer Questions |

@ 1. sShow that1.62is an approximate value of _[15 2, dx, if h=1in
x

the Simpson’s one-third rule. (2012)
Sol. In this case, divide the interval of integration into four parts by
taking A = B =¥,
4
y=lUx 1 V2 U3 V4 V5
Joo » W i Ma . M q  Na

e o e g i g s W e b Al 22

From Simpson’s one-third rule,
5 1 h
L ;dx=§ [0 + ¥4 + 401 + ¥3) + 2]
el (l + 3-) L2t Uﬁ]_: 162
gl "B \2" 4 3|7 315

@ 2. Prove that Simpson’s formula

2 £e0dn =220 f(xg) + 4 0x) + 2060 4.t £lx3,)]

where, xo = aand x,, = b.
Sol. We know that, Simpson’s one-third rule is

f:f+nhf(x) dx=§[f(xo)+ flxo + nh)+4{f(xy+ h) + flxp +3h) +...}
+2 {f(xp +2h) + f(xo + 4h) +...}]

Now, putting xg = a, n =2n, x, +2nh =x,, =band A = b_z;—_a’ we get the
n

required form of Simpson’s rule.

(E) Short Answer Questions

@ 1. Compute the integral I;z—l—dx by applying Gauss-Leggnu:.
x

guadrature formula. (2005)
Sol. Letn =3

First, we transform the variable x to « by substitution,

1 1
i.e. ==—(b-Du+—-(b+
i.e x 2( 172 2( a)




B.Sc. (Second Year) : MATHEMATICS Papers 127

= D =B = B
2 2 2
1 2
fo) = == = 0()
Tu+1
The corresponding absmssa and weights are gwen below
L ﬁ W ‘i’(u )
- J§ /5 ; 5/9 | 2
; | (T3 15)+ 17
0 & ent
V315 . 59 | 2
1 | (T3 15) + 17
1 5[ 3 V3l 8
[, ¢@du=21¢ (— {—} + ¢(~—)J+ “00)
& i 5 5
[ 26 245 8 2

9

5

9| 1745 - 75 17f+7fJ 9 17
5 zf—2-17\/_)+
9 153
=01

(1298 |
145523 + 01045751 = 0.2500981

Hence, by using J- fx)dx=— (b —-a) I & (x)dx, we get

12 dx
jﬁ == L qa- 5)] & () du = x0.2500981 08753433
e

@ 2. Calculate (upto 3 places of decimals) j -_%xd__ by dividing

the range into eight equal parts.

Sol. Here, k L T yv—l—
8 14
The required values are gwen in the followmg table
X Ly
2 U3 |y
3 1/4 | »
4 1/5 5 V2
5 | 1/6 L
6 1/7 by,
7 1/8 : Vs
8 1/9 1 Ye
9 | 110 | 5
10 | 111§ g
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By Simpson’s one- third rule,

10 1
J ——dx=— [J’0+y3+4(.}’1+y3 ) +2 (Yot Y4+ .

1+x
h+ = +4:{—1~-:-—1-+1~-i-l}+2{l~:~-1—+}-}-I
3711 476 8 10 5 7 ofl
(1143 30+20+15+12 63+ 45+35] |
+4 + 2

33 120 315

[14 308 286)1
33 120 315

il

cw 1—t oal:—' <:.t=||-—l ('.OIL-J co
{

il

= {0.424 + 2.567 + 0.908)

" % % 3.889 =1.29

i
1+x

@ 3. Show that j; = log, 2=0.69315.

Sol. On dividing the whole range (0, 1) into 10 equal parts making use of
Simpson’s one-third rule, we have

1 dx 1 { 11 i 1 1 }
_[ B SR P A o e —
8 T+x 3l 2 |l L8 16 17 198

+2{1+1+1+1}'E
12 1.4 1.6 18]

=§16 (1.5 4 4 x 3.45955 + 2 x 2.72818)

_ 20.79456
30

But j; —L dic = flog (i + )1 =log, 2

=069315

Hence, _[ — dx log,2 =0.69315
@ 4. Find the value of log, 5 from js TE using Simpson’s
4x
one-third rule to four decimal places by dividing the range
into ten equal parts. (2011)
Sol. Here, A =§——_—P~ =0.6,y= 4

10 4x+ D
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The table is as follows

. W P g
0 0.2 L o
0.5 | 0.14286 |
1 . 011111 | 3,
1.5 0.09091 {
2.0 | 0.07692 |
2.5 | 0.06667 |

30 : 0.05882 |
35 | 005263 | gy

4.0 . 0.04762 |
4.5 | 0.04348 | y,
5.0 0.04 . Yo

By Slmpson s one- thlrd rule,
fo ydx=§[yo.+ Yo+t 2o+ y,+ . ) +4( + 3+ 35 +.0)]

= %5- {02 + 004 + 20011111 + 007692 + 005882 + 0.04761)
+ 4(0.14286 + 0.09099 + 006667 + 005263 + 0.04348)]

»«é (040252) )
5 1 ) 5 _ 1 1 B
and 0drt 5 dx =Z [log 4x + 5)]% = Z (log25 ~ logh) = Z logh .. (i)

From Eqs. G) and Gi), = 7 log5 =040252 = log 5 = 4 X 040252 = 161008

5 dx by dividing the interval of integration

Q 5. Evaluate J;

1+ x2
into six equal parts by Weddle’s rule. (2015)
Sol. Divide the range.(0, 8) into six equal parts each of width A = ! e " . é

The values of y = . +1 . at the end points of intervals are given below

x | D e

S B I T
0 B 1 ¥
116 @ x+h | 097297 | y
2/6 | xy+2h | 0.9 Loy,
3/6 | xy+3h | 0.8 ¥
4/6 | xy+4h | 0.69231 | 7y,
5/6 | x+5h | 059016 |

1 | x+6h | 0.5 |
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By Weddle’s rule,

1 1 3h '
IO T-_l?dx—-—fa [¥o + Yo +5n + ¥s)+ (ya+ ¥4) + 65]

= 1_36 x é [1+ 0.5+ 5(0.97297+ 0.59016)+ (09 + 0.69235) + 6 x 0.8]

= :210_ (1.5+ 7.81565+ 1.59231+ 4.8)= 2—16 (15.70796) = 0.785398

c!) Long Answer Questions

Q 1. State and prove general quadrature formula. Deduce
Trapezoidal rule from the formula. (2005)

: . . ‘
Sol. Let I = I vy dx, where y= f(x) and f(x) be the given for certain

2
equally distant values of arguments, say X, %o + h,x,+2h, ....
Again, let the range (b—a)be divided into n equal parts, each of which 1s
of width ‘%, i.e. b—a = nh.
Suppose, Ygs Yi»---» Y WhETe ¥; = f(x) are the entries corresponding to
arguments x, =@, % =a+ h,...,x, =a+ nh = b respectively.

Clearly, from the given (n + 1) values, we can find the differences upto
nth order and hence higher order differences will be zero.

I=jb ydx=J:::+nh ydx=_[: Yagrun ™ PAU o b1 )

[where, new variate u = x—hxo and dx = hdu]j

u{u-—-1) Ay + u (-1 —-2) ASJ’O

ﬁh'j:{yo +u Ay +

21 i 3!
u(u-—i)(u! n+1)A"’yo]dx
; n!
2 3 2\ A2 4 3
n n n= ) Ay n 3 2| A Y
=hiny,+ —Ays +|— — & n+n 0
[y" A (3 2) 2! (4 JS'!
" n® #3n4+11n3 _3n? Alyo
5 2 3 4
6 4 3 Y AB
4 } 5!
7 6 4 3 6 T
4 n__irz_+17n5_225n +274n —60n® -A—ﬁ+... -..{11)
7 2 4 3 6

- Eq. (ii) is the required general quadrature formula.
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In this, we have integrated function f(x) over all the n-intervals at the
same time. In other words, we have found the area of all the n-strips at
the same time. '

Part II On putting n =1 in Eq. (ii) and neglecting the second and higher
order differences, we get

h 1 h
I:O ' segu=h (.’}’o o= —2—Ay0) = ] [¥o + 1 [." Ay = ¥ — Yol ---(11)
0
Here, Eq. (iii) gives the area of one strip bounded by the ordinates x = %,

and x=x,; + A.
Now, from Eq. (iii), we get

xg + 2h h
jx0+h ydx~'§[.’,‘v’1+y2]
Ix0+2f: ydx~—2—[y2+ 3]

xg + nh A

jxo-i-{n—l)k ydxﬁg(yn-IHF y,-,-,)

b 73
Hence, sz Vix= Jxo s ydx
a %0
: xg+ h xp + 2R xg + nh

= + dx

Xp ydx ng+h ydx+ * Ix0+(n~1)h y

h A R
=§(y0+y1)+§(y1 C 3’2)+---+“2-(J’n—1 G

=§~ [0 + Y] +20% + ¥p+ o+ 3. )] e

Here, Eq. (v) gives the approximate value of the integral 7.

A formula which is obtained by integrating over the subintervals and
then adding, is called composite numerical quadrature formula.

Thus, Eq. (v) gives the composite formula known as Trapezoidal rule.

Q 2. Derive Simpson’s one-third formula.
Sol. On putting 7 =2 in Eq. (ii) of above question and neglecting the
third and higher order differences, we get

xo+ 2 i— 22 23 22 1 '&23) -I
dx= R By, a.c Mgl e @ 12 0

g
= h[z.}’a + 2(» ~ Yo) + 5‘2— (J’z -2y + yl)):lr

h !
5= 3 (Yo + 431 + ¥5) (V1)
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Clearly, Eq. (vi) determines the area of two strips, bounded by the
ordinates at %y, X, + i and x, + 2k at a time, now by using, Eq. (v, ifnis
a multiple of 2, i.e. is an even positive integer, we get

xg + 4h h
L;)Jrzh ydx""g [ye+ 4y; + 4]
x0+ 6h d h 4
J.xo+4h Y x~§[y4+_ y5+y6]
x ‘-;-'nh h - B
J‘x;];,(,,fz}h ydx= 3 [¥re2 + 4 Y0 +.0) ...{(vi1)
b A
Hence, I = JG y dx = I:(': ek f(x) dx
%o + 2h xo + 4k el
“Lg ydx+ L“zn f(x) dx + ...+J'x0+(n_2)h F)dx

h ; h
:(g) (3o +4y + y2) + (“3—} (v + 435 + ¥4)
+ ...+ (%) (ynu2+ alynﬁl 3 yn)

= (—g) [(yo + ) +4( + 33 + oo+ Yau1)

+2(¥ot Yy + .ot Ypo2)] ...(viii)

Q@ 3. Derive Simpson’s three-eighth rule.
. Sol. On putting n =3 in Eq. (ii) of Q. 1 and neglecting fourth and higher
order differences, we get

%o +3h ! 32 33 32\ A%y, (3% . Ryl
do=hl3yg + S Ayg+ | = -2 |22o ¢ [ g% 432220
f, ooy e (3 2 ) 21 4 31 |

" 3h A
=73: [¥g+ 3y + 3y + ¥31] sl X))

[put the values of Ay, A%y, & 3o and then simplifying]

Clearly, Eq. (ix) determines the area of three strips at a time, which are
bounded by the ordinates x=xy,x =% + A, x =%y + 2h, x = x5 + 3h. Now,
using Eq. (ix), if n is a multiple of three, we get

jxg + 6h

3h

--------------------------------

x.t..+nh e 3};’. SEEGRR  ORGEs  semwwedes
Jxo—l"(n—?:)h ydx= ~8—[yn_3 +3Yp 2+ B8Yn1 F Inl (%)

b R
Hence, I=jaydx=jx°+" ydx

X0
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xg + Bh xg + nh

)+ 3h ;
= jxo Y dx = -{xn-&ab Y dx+ '".+ xXg+(r--3)h
= @Bh/8)yy + 3y +3x + wl+ ...+ (Bh/8)
[yn—3 * 3yn—2 <k 3_}’,,_1 *+ yn}
=@y + )3 et o Yot Yug)
+20n + Y+ ...k Y3 xD)

Here, Eq. (xi) is known as Simpson’s three-eighth rule.

¥y dx

@ 4. Derive Weddle’s rule.
Sol. On putting n =6in Eq. (ii) of Q. 1 and neglecting the differences of
orders higher than six, we get

x 6/ 3 2 2
.LO + ‘ydx=h 6y, + 18Ay, + [% - i)ﬂ
0

2] 2
+ §i_63 62 23:2194_ 6" _3.6' 11.6° _3-62'%
3 5 8 3 24
6 - 5
+|& sy 39 g4 _5043 | 19,2| A%
6 4 3 15
7 } ‘ 4 6
w8 18 g0y 1765 2206 274 o g2| A0
6 6 4 6!

~h [Gyo + 18Ay, + 27A%y, + 24A3y0 + }izl]—gﬂ“iyo
33 ., 4 s ]
+— Ay, +——A
TN P T
3h .
e 60 + 53 + yo+ 633 + ¥, +5y5 + ¥ ...(xii)

Here, we have found the area of six strips at a time.
Now, from Eq. (xii), if » is a multiple of six, we get

xp+12n ah
| I ydx =S V6 + By + g + 635 + 310 + 531y + N2l

----------------------------------------

----------------------------------------

3Ah
i 10 (Yn-6+5Vn5 + g +6¥, 3+ Yn_s

+5y, 1+ ¥,] ...(xdi1)
xg + nh

ydx+...+j vdx

xq + nh tho + 6h
Xp + {ﬂ-"‘ G)k

Hence, I = ydx =
X

xg

3A ;
:‘E[y0+5y1 + Yo+ 6y + ¥, +5y +2y, + ...] --(xiv)
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Here, Eq. (xiv) gives the Weddle’s rule of numerical integration.

In this, we integrate the function over six subintervals at a time. The
drawback of this method is that it reuires at least seven consecutive
values of f(x). Also, this method is applicable when »n is a mulple of six.

@ 5. Evaluate Ls.z log x dx by taking h = 0.2 or by dividing

the interval of integration into six equal parts and by
using
(i) Trapezoidal rule.

(ii) Simpson’s one-third rule.

(iii) Simpson’s three-eighth rule.

(iv) Weddle’s rule.

After finding actual value of the above integral by direct
integrating, compare the values obtained by using the
above four rules and decide which of the four rules is

most accurate? (2014)
Sol. Here, h =0.2,x, =4.0, y= log, x
x40 T 42 | 44 | 46 1 48 | B0 52
.y 0 1.3863  1.4351 | 14816  1.5260 | 1.5686 1.6094 & 1.6486

(i) By Trapezoidal rule
5.2 0.2)
L log, xdx=-—=" [1.3863 + 16486 + 2 (14351 + 14816
+ 15260 + 15686 + 1.6094]

= 18276
5.2
Also, L log, xdx = [xlogx — 2152 =521log52 -22 -4 log 4 + 4 = 1.8280

. BError term = 18280 — 1.8276 = 0.0004
(11) By Simpson’s one-third rule
5.2 h
L log, xdx=§ [0 + ¥ + 40 + 33 + ¥5)+ 2 (yo + y)]

= 02 [13863 + 1.6486 + 4(14351 + 15260 + 1.6094)

3
+ 2(1.4816 + 1.5686)]

- 93% [3.0349 + 4 x 45704 + 2 x 30502]
02
== [30349 + 182816 + 6.1004]

= 933 x 274169 = 18278

- Error term = 1.8280 — 1.8278 = 0.0002

Py T
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(i11) By Simpson’s three-eighth rule
5.2 3h
[, Togexdx="21y0 + ¥+ 3 (L + Y+ ¥a + %) + 2351

- "80'2 [1.3863 + 16486 + 3 (14351 + 14816+ 1.5286 + 16094)

+ 2 x 1.56260]

=0.075 [30349 + 3 (6.0547) + 3052} =0075 x 24251 = 18279
. Error term = 1.8280 — 1.8279 =0.0001
(iv) By Weddle’s rule '

5.2 3h
L log, xdx = Ia[yg + ¥ +5(n + ¥ )+ (Yo + ¥4) + 6331

=22 22 [13863 + 16486 + 514351 + 16094) + 14816

+ 1.5686 + 6 x 1.5260]}
=006 (30349 + 5 x 30445 + 30502 + 9156)
=006 (30349 + 152225 + 30502 + 9.152)
=006 (304596) = 18275
~. Error term = 18280 — 1.8285 = 00005
_dx

> by dividing the interval of

Q 6. Evaluate j; -
+ X

integration into 6 equal parts and by using
(i) Trapezoidal rule.
(ii) Simpson’s one-third rule.
(iii) Simpson’s three-eighth rule.
Compare the values so obtained with the exact value of
integral. Hence, obtain the approximate value of t in

each case. (2016, 13, 12, 09)
Sol. Divide the range (0, 1) into six equal parts each of width ~ = %
T x 10 16 2/6 . 3/6 | 4/6 “5I6 11 N
1 ! =‘
¥= > | 1 :10.97297] 0.9 : 0.8 10.69231 0.59016 0.5
XX = e o
Yo i K Y2 | ¥ | s ¥ _ . e

(i) By Trapezoidal rule

1 1 Yo+ Ve 1
dx=h{Z0—=8 4 y & yo+ y3 + ¥, +
J.G 3 ol [ 5 Mg Tl Yo v Vet Vs J

111+ 05 ]
G| 097297 +09 + 08+ 069231 + 059016 |
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- % [0.75 + 3.95544] = ﬂ%‘iﬁ =0.78424
Actual value of integral
f L = [tan™! x]} = = = 1l 0785714
0 1+ a2 4 14

~. Brror term =0.785714 — 0.78424 =0.001474
(i1) By Simpson’s one-third rule

1 h
Jo F@ dx=2[30 + yg + 4 01 + 32+ 35)+ 301 + 34)]
=— [1L5 + 4 (097297 + 0.8 + 059016 + 2 (09 + 069231)] = 0.75397

Error term =0.785714 —0.76397 =0031744
(iii) By Simpson’s three-ecighth rule

1 Sh . .
_[0 fx) dx=? [Yo+ Y6+ 3O+ Yot Y3+ yg+ ¥5) + 2]
_ % [15 + 8 (097297 + 09 + 069231 + 059016 + 2 X 08)]

- % [15 + 8 x 315544 + 16] = "1’15 [L5 + 946632 + 16]

= w =(0.785395

~. Brror term =0.785714 — 0.785395 =0000319

@ 7. Evaluate _[(1) %x—x by using Simpson’s one-third rule.

Divide the interval [0, 1] into 5 equal parts. (2017)

Sol. Divide the interval [0, 1] into six equal parts, each of width A = 1—;0,
1e h= -1
6

are given below

The values of f(x) = L
1+x

s e e

x 0 U6 | 2/6 [3/6! 4/6 516 -
______ Ty 1 | 67 /8 ? 69| 610 | 6/11 12
Yo I N i Yo i Y4 Ys i Ya

A AR A+ 181 2 2t i e T A e s s st e Ay e e L i wo e s s e A2 T e e e s

% By S:mpson s one-third rule,

jl dx:“" [(yo + ¥6) + 2y + yg) + 4(n + y3 + ¥5)]

0 1+x
| {( )+2(§+§J+4(6 6 3)1=12.4771=0.6937
U 6 10 A RETY ] BT




