Chapter Two

VECTORS AND TENSORS

() Important Points from the Chapter

1. A'ensor A tensor is a system of quantities or functions whose
coraponents obey certain laws of transformation of coordmates from
one system to the other system
e.g. The stress tensor, the moment of inertia tensor, the deformatmn
tensor ete. : (2006, 02)

= Note

(i) The rank of order of a tensor is defined as the total number of reai indices of the
component of a tensor, -

(i) Atensor of order zero is a scalar.

(i) A tensor of order one is a vector.

2. Contravariant Vector Let A’ (i = 1,2,...,n) and A’ be n quantities in
« and ¥-coordinate system which are connected by the relation

Zi=AJ§; (i,j=1,2,...,n)

Then, the quantities A' and A’ are known as the component of
contravariant vector ¥ and ¥-coordinate system.

= Note.The equations of transformation of components of a contravariant vector
possess the group property.

3. Scalar Invariant or Invariant A system of quantities which are
unchanged by the law of transformation of coordinates from one
system to another system, is known as invariant.

4. Gradient Let A be scalar function of # coordinate. Then, the gradient
of A denoted by grad (A) or VA, is defined in its ordinary partial

derivatives,

dA

i.e. VA =grad (4) = —.
=gradA)=—s B

5. Covariant Vector Let A ({=1,2,...,n) and A ((=1,2,...,n) be n

quantities in ¥ and ¥-coordinates system respectively and they are

connected by the relation Z =A; Bx' 1 G,i=1,2,...,n).
Then, the gquantities A, and A,- are said to be the component of
covariant vector in ¥ and *-coordinates system. (2007, 04)

s Note The equations of n'ansformatlon of components of a covariant vector possess
the group propetty.
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6.

8.

Contravariant Tensor of Second Order Let AY, A”ben quantltles
in ¥ and %*-coordinate system which are connected by the relation

0% o’
AY = 4% =
o 9l

Then, the quantities A; and A,-J are known as components of

G,5,a,6=1,2,....n)

contravariant of second order in ¥ and ®-coordinate system.

. Covariant Tensor of Second Order Let 4; and A,-j- be n quantities

in® and ¥-coordinate system which are connected by the relation

A= 3:; g"i (i, j,a,b=1,2,...,n). Then, the quantities A; and
X

A,J are known as components of covariant tensor of second order in ¥
and ¥-coordinate system.

Mixed Tensor of Second Order Let Al and AIE be n? quantities in ¥

ww#nd P-coordinate system which are connected by the relation

10.

1l

12.

ox' 9 .
Ved g Bl ’ ’ szlﬂz?"‘!n
= Ay W {,J;a )
Then, the quantities A} and Zf, are known as components of mixed
tensor of second order in ¥ and ¥-coordinate system. (2016)

= Note The equations of transformation of components of a covariant tensor or a
mixed tensor of second order possess the group property.

Symmetric Tensor The contravariant (or eovariant) tensor of the -

“second order whose components are A7 (or A;), is known as

symmetric, if 47 = A% (or A; = A;), Vi, ). (2008)
Skew-symmetric Tensor The contravariant tensor of second order
whose components are AY (or A;) is said to be skew-symmetric, if
Ij _ Ji _ . .
A =— A (01' A‘J = '—Aj_,:), Y L, J-

A symmetric covariant (or contravariant) tensor of second order has
nin+1)

2

tensor, it has

, while for a skew-symmetric covariant (or contravariant)

nirn—1)
2

mndependent componentsin spaceV,. (2008, 07)

Tensor Field If a tensor is defined at all points of the space V,, itself,
then it forms a tensor field.

= Note If a tensor is symmetric in cne of the coordinate system, then it is symmetnc in
every other coordinate system.
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& Very Short Answer Questions

Q@1 _,-"Deﬁne a tensor with example and write the law of
e transformation for Ay (2006, 02)

Sol. Part I Tensor A tensor is a system of quantities or functiong whose
components obey certain laws of transformation of coordinates from one
system to the other system.

e.g. The stress tensor, the moment of inertia tensor, the deformation
tensor ete.

Part II The law of transformation for mixed tensor A7 or order 3 or a
tensor of type @2, 1), if its components Ak n any other coordinate system
x' 1s given by

A i 4 ab
x Bxb ax

where, i, j, a, b, evaries from 1 to n.

Q 2 _Define mixed tensor of second orQer and show that
= " Kronecker delta §, are components of a mixed tensor of
second order. (2016, 1998, 96)

Sol. Part I Mixed Tensor of Second Order Let A; and A be n’

quantities in ¥ and T-coordinate system which are connected by the

relation

— ox o«
A3 = Ag‘ ax® a—-i’

Then, the quantities AL and Az are known as components of mixed tensor

of second order in ¥ and #- coordmate system. ‘

Part IT Let us consider the Kronecker deltas 5‘ and 8" in # and ¥
coordinate system, then

5i_ OF _ 9% o _ p T o

G, j,a,b=12,.,n)

% o 9w Ko o [ Vel
On comparing Eq. (i) with definition of mixed tensor of second order, we get
= wn
Al = Al
kA ow

Hence, 8'; is a mixed tensor of second order.

Q@ 3. Find the independent components of symmeiric and a
skew-symmetric covariant tensor of second order. (2010, 0'7)
Sol. Part I See the solution of Q. 3 of Short Answer Questions.

Part XI Let A; be the components of a skew-symmetric covariant tensor
of second order. v
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Then, A;=— A,
On taking i = j, we get

Ay=—A;=224;=0=4; =
= A11=A22=...=Ann=0

Thus, number of independent components corresponding to repeated
index is zero and number of independent components corresponding to

Yi,j

distinet indices due to skew-symmetric property is L

Hence, total number of independent components

nz—n_n(n——l)

=0-|- =
2 2

Q Prove that a symmetric covariant tensor of second order has
10 independent components in four dimensional space. (2018)

SOI. We know that a symmetric covariant {or contravariant) tensor of

nin+1).
2

second order has mdependent components in n-dimensional

space V.
. For four dimensional space, = =4, the required independent components
_4(4+1) _4x5

= =10
2 2

e

LIJ Short Answer Questiohs-

QL ;.Show that a mixed tensor of second order possess group

~¥ property. . (20186, 05, 01, 1998)
Or Prove that the equations of transformation of a mixed tensor
of second order possess group property. (2009)

Sol. Let A‘ be the component of a mixed tensor of second order in
x‘-coordlnate system.

Consider the coordinate transformation

PR TN x
. ‘ A — A~ A
In case of ¥ — x*, we have
m 0% Ox” . .
A= — <1
- ’*“-axm ox" . @
In case of ¥ — x°, we have
= ox ox”
Al'zAl e 3 [ 1]
PR 5 oy )
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On combining Egs. (i) and (it), we get

= m 0% ") 9% 9x* (0% oxt 3F dx”®
AJ— An'——'—:;; *:7““5—-=An P e
ox™ odx" ) oxt aF’ ™ 9x* 9x' ox’
= o o’ w
= AJ, = An 'a—::;l' —a"—z—? ....(111)

which proves that, if we make the direct transformation from Eq. () to
Eq. (iif), we get the same law of transformation. The equation of
transformation of the component of mixed tensor of second order possess

group property.

at is the, difference between contravariant and covariant
components of a vector in rectangular cartesian system?
(2013)
Sol. Contravariant Vector Let A (=12, n) and A’ be n quantities
. In ¥ and ¥-coordinate system which are connected by the relation
i, - . . .
A= A7 % , G, 7=1,2,...,n). Then, the quantities A* and A’ are known
>
as the component of contravariant vector & and ¥-coordinate system.
Covariant Vector Let 4 G =L2,..,n)and 4, (; =1, 2,...,m)ben
quantities in # and ¥-coordinate system respectively and they are

— ox:
connected by the relation. 4, = A, —7, G, i=12,..,n)

J
ox’
Then, the quantities 4; and A; are said to be the component of covariant
vector in  and X'-coordinate system. ”

3 Define a symmetric tensor of second order and find its
*""number of independent components in V,. Also, show that if
a tensor is symmetric in one system of coordinates, it is
symmetric in every other coordinate system. (2008)

Or Prow that a symmetric covariant tensor of second order has

+ - - 1 : i
—_..___"(n D independent components in n-dimensional space V,.

(2014, 11)
Sol. Part I Symmetric Tensor of Second Order The contravariant (or
covariant) tensor of the second order whose components are AY (or Ay;), is
known as symmetric, if A7 = 4% (or 45=A4;), Vi,
Part IT Let A,; be components of a symmetric covariant tensor of second
order, then A=A, Vi,
Hence, it has n? components given by number of independent
components corresponding to a repeated index is ‘7.
Number of components corresponding to distinct index is n2 — 7.
nZ—n

Due to symmetry property, this number is reduced to
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Therefore, total number of independent components
nz—n_n2+n_n(n+1)
n 2 2
Part IIT Let A; be the components of a symmetric covariant tensor of
second order in x‘ coordinate system.

Then, A=A, Vi, ...(i)

Again, let A, be the components of the same tensor, i.e. covariant tensor
in @-coordinate system.

Then, law of transformation is given by

=n+

e o 3" )

Y= o

= I " -
= A=A, o [ App = Apy, ¥ A, K]
= AU ﬁ,Vz J

which shows that it is also symmetric in ®-coordinate system,

Q 4/Find the independent components of a skew-symmetric
covariant tensor of order three. (2013, 03)

Sol. Let A;;, be components of a skew-symmetric covariant tensor of order
three,

A =— Ay,
Then, A.ij =— Al.hj ."(i)
Ay =— Ayy

Taking i = j= kin Eq. (i), we get
Ay=—Ay = 4;=0,V i
Thus, the number of independent components of Aiik (for i = j = k) is zero.
Taking i =jin Eq. (1), we get
Agp=— Ay = 4 =0
In this case, the number of independent components of Ay, (for i = j)1s zero.
Thus, the components of A having any two indices equal, has the value
. zero. Hence, number of independent components of A;j,
oL = n! _n{in-1Y(n-2)
3 =
3! (n - 3)? 6
& 5. A tensor Ai} is skew-symmetric in suffixes i and j. Find the

number of its independent components and also that at
remain skew-symmetric metric in every coordinate system in

same indices whose i, j, k take the value 1 to n. (2012)
Sol. PartILet Ai? be the components of a skew-symmetricin i and j, then
k _ p-] ]
A;J = AU ] v i, J

Hence, it has n®-components.
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Taking i = j, we get A1?=—Ai? =24k =0 = Ak =0

Hence, the number of components corresponding to distinct index
i Bl
nd —p?

Due to skew-symmetry property, this number is reduced to

Hence, total number of independent components of A,f
_ n® —nz_» nz(n-—l)
2 2
Part IX Let Z,ff be the components of mixed tensor A,-? in ¥*-coordinate
system. Then, law of transformation is
<k _ aq 9 X 9" « 0% 0 ox*
VR W e
= A=AV, _ ... (@)
Let A; be the components of the same tensor in %’-coordinate system.

Then, law of transformation isg given by

- W ot - 0x” 9

oo A B - - P A E n

e e = A= A 9%’ %

which shows that it is also symmetric in x'-coordinate system.

[ Ape = Al

é& Long Answer Questions

Q 1,/Define the covariant vector and show that the equation of
=" transformation of components of covariant vector possess
the group property (or transitive property). (2007, 04)

Sol. Part I Covariant VectorLet A; (i=1,2,... ,n)and E t=1,2,...,n)

be n quantities in ¥ and ¥-coordinates system respectively and they are

v B dx;
connected by the relation A4; = A ; @’T, G, i=12,...,n).
Then, the quantities 4; and ;1: are said to be the component of covariant
vector in & and ¥’-coordinates system.

Part IT Let A; and A; be the components of a covariant vector in ¥ and

xf-coordinate system, respectively. If coordinates of ¥ is transformed to
x‘, then _ _ .

-H____%g Aj,_(i,j::l,,?,___,n) oo (3)
F — oF oo
sl LI L Y
= i uk gF TR
_ =% 7 (i)
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We take transformations o -5 # — ¥

Then, A= A A __
The relation (ii) is the law of transformation for the components of a

covariant vector when the coordinates ¥ are transformed to the
coordinates x.

From Eqs. (i) and (ii), it is clear that the relation between two sets of
components is reciprocal.

Let A, be the components of same vector in third coordinate system .

= 0% — . .
Then, A = 5o A; G, 7=1,2,..., n) ... {111)
x
On putting the value of A ; in Eq. (iii), we get
= 0x 3 = ot
A= T =4 ax *

This relation is of the same form as the law of transformation for the
components of a covariant vector, when the coordinates « are
transformed to the coordinates %,

‘Thus, the equations of transformation of components of a covariant
vector possess the group property (or transitive property).

Q %’rove that the law of transformation of a contravariant
tensor of second order possess the group property
(or transitive property). (2007, 02)

Sol. Let A7, A7 and AY be the components of a contravariant tensor of

second order in #, ¥* and %’-coordinate system, respectively.
Consider the coordinate transformation

D

Then, AY 5 AY 5 AU

_ _ . = .
In case # — ¥, we have A% = 4™ oz - ..(1)

ox™ "

. =. s A AT

In case ¥* — ¥, we have AY = A% % . % ...(d)
‘ x

On combining Eqs. (i) and (i), we get
= mn 0% O%F) (9% %)) ., (9% 9% oF 5
AV = gm0 — =A . e
X" 9" JloF ox 02" 92" Ix oF
= ox' Jx’ . -
AY = A O O ...(i
= " )

which proves that, if we make transformation from Eq. (i) to Eq. '(*i-ii), we
get the same law of transformation. :




