Chapter Four

CALCULUS OF RESIDUE

() Important Points from the Chapter

1. Residue at a Pole Let f(z) be an analytic function within a cirele C of
radius r and centre at z = ¢ except at the centre z = a, which is a pole of
order m. Then, f(z}1s analytic within the annulus0 <]z - a | < r, hence
it can be expanded within this annulus in 2 Laurent’s series in the
form

o

f(z)= Z a,(z—-a)" + i b,(z—a)™
n=1

n=10

ot f@ 1 n-1
where, o, o] jc Gy dz and b, = 5 jc (z—a) f@ dz.

] 1
In particular, b, = pos IC fz) dz

where, the coefficient b, is called the residue of f(z) at z = q.
2. Residue at Infinity Residue of f(z) at z =« is defined as

~5 de f(®) dz, where the integration along C is taken anti-clockwise
yir}

direction.
3. Computation of Residue at a Finite Pole

(1) Residue at a simple pole If 2 = ¢ is a simple pole of f(2). Then, the
residue at the simple pole z=a is given by lim (z - a) f{2).
Z->a ¢ (Z)

Another form is obtained as follows If f(z):T, where
vy (z

¢ {@)=0and y (@) =z ~a) f(z), f(a)=0.

Since, z = a is a simple pole of f(z), therefore v (a) =0and vy’ (a) = 0.

¢ (@)

v (@)

(ii) Residue at a pole of order m Let z = ¢ be pole of order m of f(z).
Then, f(2)is of the form b) where ¢ (2) is analytic.

(z—a)"

Then, the residue of f(2) at a simple pole z = a is given by

¢ @)
| m -1
z = q, is the pole of order m. (20186, 14, 07)

Hence, the residue of f(z) at the pole of order m is where
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(a) Residue at a pole z = a of any finite order (general method)
If z = @ is a pole of order m (which may be equal to 1), then the
residue at the pole z=a is
b, = Coefficient of % in the Laurent’s expansion of f(a + ), where

¢ 1s sufficiently small. {

(b) Residue of f(z) at o Residue of f(z) at z= I8 hm {-z f (@)},
provided the limit emsts

= — [Coefficient of — in the expansion of f(z) for values of z in
z

the neighbourhood of «]

4. Cauchy’s Residue Theorem Let f{z) be an analytic function, except
at a finite number of poles within a closed contour € and continuous on
the boundary C, then

J.c f(2) dz =2ni (sum of the residues at the poles within C)

=2n LR
If an analytic function has singularities at a finite number of points

(including that at infinity), then the sum of the residues of f{z) at all
these poles along with infinity is zero. (2011, 06)

5. Evaluation of Real Definite Integrals by Contour Integration
For this we take a suitable closed contour C and find the residues of the
function f(2)at allits poles which lie within C. Then, by using Cauchy’s
theorem of residues, we have

-[c f(2) dz =2xi(sum of residues of f(z) at the poles within C)

m Note
() If(z-a)f{z) >aas z—aand Cis a small circie| z - al = r, then we have

0, - 6, =27, 0 that { #(2) oz = 2.

(i) 1f{z—a){z) > Das z —» 3, then we havef Zydz - 0asz — 0.

6. Integratlon Round the Unit Circle We consider the integral of the
type I f{cos 0,sin 6) d9, where the integral is a rational function of

sin 6 and cos 6.

If we take z = &% so that dz = #%d0 = @ = do

2

and L (z+ 1] =cos O, o [z—lj =gin 6.
2 P 21 zZ
o . 1 1 1% 1 1Y] dz
Then, -[0 f(cos 6,sin 8) d9= 7 IC f[E (z + ;), = (z - —H 2
= J‘C F(z) dz (say)
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where, C is the unit circle [ 2| =1.

Clearly, F(2) is a rational function of z. Hence, by residue theorem, we
have

_[C F(z) dz =2ni % Res

where, T Res’ is the sum of residues of F'(2) at its poles inside C.
. Evaluation of jj; f(x) dx (When no Poles on the Real Axis) If the

function f(2) is such that it has no poles on the real axis and possibility
has pole in the upper half of the Z-plane, we can evaluate _[ ® [{x) dx.

Consider the real integral jc f(2) dz.

Taken round a closed contour C consisting of a semi-circle of radius B
large enough to include all the poles of f(2) and the part of the real axis
from x = - Rto x = R. The only singularities of f(z)in the upper half are
poles.

By Cauchy’s residue theorem, we have
Ic f(2) dz = 2mi [sum of the residues of f(2) at the poles within C]

= [0 f® du+ | F(z) de=2mi :

ey f; f@) de=- [ f() dz + 2 )
Taking limits on both the sides of Eq. (i), when R— o, we get
. did 2 ;
1%13; j—R il des _Rh—lﬁo .[r f(@)dz+2ni

= j"; f@) dx=~ lim jr F(2) dz + 2ni ...(ii)

All the poles of f(z) can be found by putting the denominator of f(z)
equal to zero. Then, using the method for calculating the residue at the
pole, we compute the residues only at those poles which lie inside C
and their sum is taken.

Now, if Rlim Ir f(2) dz exists, then the right hand side in Eq. (i) is
—

perfectly known. Hence, ro f(x) dx1s determined.

sin § <1

. Jordan’s Inequality If0 <9 < g, then Z <
T

. Jordan’s Lemma If ¢ (2)—> 0 uniformly as z-—> o and f(=) is
meromorphic in the upper half plane, then R]jm Ir ™ $(2) dz=0,

m >0, where, T’ denoteé the semi-circle | z|= R, I(z) > 0.
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10. Poles lie on the Real Axis Let the function f(2) has poles within the
serm-circle I' as well as on the real line. We exclude the poles on the real
line by enclosing them with semi circles of small radii. This method is
known as indenting at a point.

11. Integral of Many Valued Functions We consider the integrals of
the type

1 log x
I 27 f(x) dx or Io (x)
where, ¢ is not an integer and a > 0. Also, 4 (x) is not an even function
of x. These integrals are not single valued, to evaluate such integrals
we consider only those contours whose interiors do not contain any
branch point. For these integrals, we generally use double circle
contour intended at the centre.

(i)Very Short Answer Questions

2

@ 1. Find the sum of residues of function f(z)=

2 2

Z
Sol. We have, f(z) = — 21+a’ (2+ia)(z-ia)

Clearly, z = ia, — ia are the simple poles.
Therefore, Res (z=-ia)= lim [(z+ ia) f(2)]

5 atits poles.
55+ (2019, 16, 03)

=
= lim | (z+ ia) - -
z - -ig (z + za) (Z = za)
(—ia)* _ a® 1 ai
(g -ia)  -2ia 2
Res (2 = ia) = lin [(z - ia) f(2)]

% . 22
‘zﬂ?a[(z ~id) (z + ia) (z — ia)}

Gay) _a® 1 o
(la + ia) " %ia 2

.. Sum of residues = Res (2 =-ia) + Res (g =iaq) = ——;E ai + % at =0.

Q 2. Determine the pole and residues of the function cosec z.
(2018)

Sol. Here, f(z) = cosec z = _1
sin z

Then, the poles of f(2) are given by sinz=0=sin0
~.z=01s a simple pole of f(2).
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Taking £(z) = %(‘3?5 e §i=1, vl =sing

Res (z=0)=lim =& _pm L 1 4
20 y'(2) z-0cosz cosD
Res (z=0)=1.
Q 3. If f(z)has a pole of order 3 at z =g, then find the residue at
it. ' (2004)
Sol. Let fz)=—2@)
(z~a)

Clearly, f(2) has a pole of order 3 at z=c.

.. Residue at z= g = —— [dz ¢ ( )] [¢"( ) ¢”(a)
P = - d 2 = = G

@-1!
@ 4. Determine the residue of f(z)= 2 +;: at the respective
z° -2z
poles (2006)
z +3 ’

Sol. Let f(2) =

The poles of f (z) are given by 22 -2z =0
= 2z-2)=0 = z2=0,2

Therefore, z=0, 2 are the simple poles.
Res (z=0) = ]jn% [(z-0) (]

=11m - 2+ 3 - lim 2+ 3 “g
z=0 32—22 zo01z-2 2
and Res '(z=2)=;i_r§12 [(z—-2) f(2)]

_hm{(z gy 2+3 :|=1im|:z+3j|=—g~

22 22_22 22 z

23

@ 5. Find the residue of 4
(z-1)"(z-2){(z-3)

2
-1 =z-2)=-3)
Clearly, z=11s a pole of order 4 of f(z).
To find the resulue atz=1 wewill put z=1 + ¢ in f(2), then the

at a pole of order 4.

Sol. Let f(z) =

coefficient of : will be the residue at z=1.
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o
-1)* (2-2) (z-3)
On putting z -1 =1¢, we get
(1 + 2)°

Now, f(2)=

He)= t4E—1) (¢ - 2)
_ L 3 q_pnif;_28)"
_22:4[(144&) 1-9 (1 2J :]
=§-}Z[(1+3t+3t2+ta)(1+t+t2+t3+...)

1+—1—t+1t2+£t3+...}
2 4 8 -

=-1—4[(1+3t+3t2+ ts)(l-r~§t~{~j'-zf2+~—t3 +)
2t 2 4

-+ Coefficient o:)f1 =1 1+ 2,24 + E} e 101
r 2 2 4 8

Hence, the residue at z =1 is %

= —

€ 6. Find the residue of f(z) =23 cos( Jatz =Z. (2017)

SOZ. We héve, (@) =2 cos (ziZJ

On putting 2-2=1t, we get
FE+2)=(@+2° cos% = (> +8+612+ th)(lm——l—+i+ J

2132 41t
Coefficient of—1~=—1g+l:_ _;__1_: _143
'S 2! 4! 24 24
) . 143
Hence, the residue at z=21is| — T )

(f) Short Answer Questions

@ 1. Define residue of a function f(z) at a point z =a. If f(2) is

analytic within and on a simple closed contour C, except at a
finite number of poles z,,z,,...,2, within C, and if
Ry, Ry, ..., R, be the residues of f(z) at these poles, then

provethat | f(z)dz =2mi (R, + R, +... + R,). (2011, 06)

Or State and prove Cauchy’s Residue theorem. (2008, 05)



B.Sc. (Third Year) : MATHEMATICS Paper 2 69

Sol. Part I. Residue at a Pole Let #(z) be an analytic function within a
circle C of radius r and centre at z = a except at the centre z = a, which is a
pole of order m. Then, f(z) is analytic within the annulus 0 < lz-al<r,
hence it can be expanded within this annulus in a Laurent’s series in the

form f(z)= Z aplz—a)" + i b,z—a)y™
n=1

n=0

where, a, = 1 I /@) dz and b, = -2% Ic z-a)" ! f(z) da.

27i °C (z - a@)**!
; 1
In particular, b, = o _[C f(z) dz

where, the coefficient b, is called the residue of f(@)at z=a.

Part {I. Cauchy’s Residue Theorem Let f(2)be an
analytic function, except at a finite number of poles
within a closed contour C and continuous on the
boundary C, then

-I'C f(2) dz =27 ‘
(sum of residues at the poles within C) =2xri SR

I an analytic function has singularities at a finite
number of points (including that at infinity), then the sum
of the residues of f(2) at all these poles along with infinity is zero.

Let z;, 2,,..., 2, be the poles of order My, My, ..., m, respectively of f(z)
within a closed contour C. Let y,, y,,..., 7, be the circles with the centres
2y, 29,..., Z, vespectively and each of radius r, so small that all the circles
lie entirely within C and do not overlap. Then, f (2) is analytic within the
region enclosed by the curve C and these circles.

Now, by Cauchy’s theorem for multi-connected regions, we have

jc flz)dz = Ll f(z) dz + jm f@ dz+... + j?n f(2) dz /(1)
Bui  ResGe=2)-;-| f()dz [by definition of residue]
wL N
= j{ f(2)dz=27i Res (z=2z)
11

Similarly, L f(2) dz =27 Res (z = z.)
2

f f(z) dz=2mi Res (z=z,)
Y3

-[r f(z.) dz = 27:;2 Res (z = Z,)

On putting these values in Eq. (i), we get
jc f@) dz=2mi Res (z=2) + 2ni Res (z=2y) +...+ 2i Res (z=2,)

=2mi [Res (z=2) + Res (z=2,) + ... + Res (z==2,)1=2ni ZR
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22 _ 92z

@ 2. Find the residue of 5 at all its poles in the finite
(z+1) {z°+4)
plane.
2
Sol. Let @) = 2" -2z 2 -9z

@+12 @@ +4) e+ 1) @+ 2i) @ -20)
The poles of f(2) are given by (z + 1)* (z + 2i) (z — 2i) =0
Since, z = —1 (pole of order 2) and z = 2i, - 2i (simple poles)

K . 292 :I

Now, Res (z=2i) = zh-_’fg _(2_21)- (z+ 1)* (= + 21) (= - 2i)
= Tim [ P22 }= @i)° -2@24)
z——>2i_(23+ 1)2 (z + 21) 21 + 1)2 (22 + 2i)
__—A-4 (-1 (-1
@i+ 1%4i @i+1)? (3+4d)
_ @G- (3-41) T+i
= 25 25
Res (z=-2i)= lim [(‘5 +22) - £t }
i (z+1)* (z+ 2i) (- 2i)
- lim [ (-2i)? - 2(-2i) J: 7~
-2i+1)*(-2i -20)] 25

z->-2

and Res (z=-1)= % [$' )], -4

. d (2 -22
o ]

_|22°+82-8 14
@+ 4)* . 25

23

(z-1(z-2)(z-3)
infinity and show that their sum is zero.

2
Sol. Let f(z)= -1(z-2)(E-3)

Clearly, z=1, 2, 3 are simple poles of f(z).

| &
Besie 1)“,-}1_‘311{(2 Ve he o (2-3)}

= Ty Z -4
| oD -5 2

@ 3. Evaluate the residue of at z =1, 2,3 and
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Similarly, residue at z =2 1s —8 and residue at z=31is ?_?_

' -~ -1 -1
o r0=(i-3)" (-3 (-3
z Z z
=(1+~1~+...)(1+g+...}(1+§+...J
& 2 2

6 .. : : ]
=1+ — + Terms containing higher powers of z in denominator
z

- Residue at infinity = — [Coefﬁcient of . nf (z)} =6
P

Hence, sum of residues of f(z) at z=1,2, 3 and infinity

=£+(—8)+?-Z-6=0
2 2

dx =
1+ x?
2 (2013, 11, 05)

Sol. Let jc f(2) dz= {C 3 - (@)

22

@ 4. By the method of Calculus of residues, evaluate I:

where, C is the contour consisting of a large
semi-circle I" of radius R together with real axis ,
from —~Rto R. :

So, z =1, —i are the simple poles of £(z). _
Out of these, only z = i lies inside C. R o R
~Residue at z=i=1lim (z - i) f(2)

A 1 1
=lim (z~1 smeale
z~+i( )(22+1) 21

By Cauchy’s residue theorem, we have

R d d
o f@d=ly oot oo

= 2ni (sum of the residues within C) ...(11)
z
=0

Since, lim z f(2)= lim
Z=m zswo ]+ 2

im [ %2 -0
Roodl 14z

2

From Eq. (ii), we have
7 omls o

~ 1+x 21 0

j‘m dx T
0 1+4% 2

dx _
1+ 22

i




T
Q@ 5. If f(z) has a pole of order m at = = g, then show that residue
at a is the limit

' [(mll)‘ ;;m 1{(z —a)™ f(z)}Jasz —>a (2016, 14, 07)

Or If f(z) has a pole of order m at z = g, then show that residue

1. 4m! -
atalsllinu om 1}' T T [z -a)" f(z)]. (2018)

Sol. Since, f(z)hasa pole of order m at z = @, so that f(2) may be expressed as

fley=—2. )
(z—a)"
where, ¢(2) is analytlc and ¢(a) = 0. Residue of f (z)) at z=a is b, where
1 ¢ (2
'[ e de= 2ni IC (z—a)™ az
4 (m —1)! ¢ (2)
= (m_l)! o -[C (z—a)m'1+1 dz
— " a) [by Cauchy’s integral formula]
{m —1)! '
= b, =Res(z=aqa)
_ 1 gn—+ o ;
211_} D g7 Lz —a)” f2)] [from Eq. ()]
3z2+2 +1

Q 6. Evaluatef

(z2-1)(z + 3) dz, where C is the circle|z | =2
2 z +

Sol. The poles of the integrand are given hy
@-1)(z+3)=0 = z=-1,1,3

Out of these three poles onlytwoz=-1and z=1lie
ingside the circle{z| =

Res(z=-1)= hm [(24_1) (32 + 2+ 1):1
(> -1 (z+3)
« ': 322+ z+1 3

=zl}-)n—11 =

b

\\Ez[=2
) 3 » X

AN

@-1)(=+3)] 4

2 2
and Res(z=1)=lirri’i(z—1) o2 6 Dkl }:Hn}l[ 32 hatl }:S
z2- z—

(22 ~1) (z + 3) +1)(z+3)
Hence, by Cauchy Residue theorem, we have
fC f(@) dz=2mni [Res (z=—1) + Res (z = 1)]

[ & 5} Tl
=2Ri|——+—|=——
4 8 4
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3
7. Find the residue of f(z2)= % at its poles
Q f F-D'(z-2(-3) P

and hence evaluate IC f(z)dz, where C is the circle | z | = g

SO Z. Poles of f(z) are gjven by Y

(z-1)* (2-2)(z-3)=0 |2j=5/2
= z =1 (pole of order four), z =2, 3 (simple poles)
+—t X
Here, Res (2=2) ol 1%
=lim | (z—-2) - 2
el -1*=-2)(z-3) _

= lim ig ]zl
22| (2-8)° (z-8)
2

=
== = 1 -
Res (z=3) b _(z & (z-1)* (z-2) (z~ 3):|

i [ 2 27
= lim : = —
z»3_(z»~]_) (z-2) 16

1 d 4 2
and Res (2-'— 1)‘— (4_1)!{(:{23 {(z 1) (2_1)4 (z-—2) (2_3)}}2“1
__1_qu & _1 £(2+5+MJ
61dZ (-2)(-3))| 6| d7 2" -bz+6)|
1] & 19 1 1 |
_ip e + 8 -
8 2,3{ z_3 ((z—3) (3“2)}}j|z=1
R 2Ty B
_Ghdz2 z-8Y° (z2-2) z=1

_1fd[ .54 16
6| dz{(z-3° @-2°]],_,

1| -162 48 ] 1[ 162 ] 27 101

+ = 8——=—1+
6 (z-3)" (-2)*| _, 6 16 16

16

Clearly, only the poles 2=1 and z = 2 lie inside the circle | 2] = g

Hence, by Cauchy’s residue theorem, we have
Ic f(z) dz=2ni [Res (z=1)+ Res (z = 2)]

Bt [391”2] ;{69} 691
16 16) 8
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@ 8. Show that Im 4 il
0 2+cosB 43
Sol. We have,I:J.%Ic m%gi—-='|’h a9
¢ 2+cos® -0 2+_}_(eie+e—ie)
Put39=z:>ie"9d9=dz:>g_£=d9
iz
I_l dz 2 dz
_?IC 1(_  1V] i 2iaz+1
z 2+-—(z+—]:]
[ 2 2
where, C is the unit circle |z} = 1.
The poles of integrand f(z) = - are given by 2% + 4z + 1 =0
i@+ 4z + 1)
4+ 164 -4+
= z= 216 == Zmbzi@

Out of these two poles, only z = —2 + /3 lies inside A

the circle C. ‘ 2] =1
~Residueat z=-2+ /3 / \\
-2+ 5
2 |/
= lim +2-43
z—a—2+~f§[(z )i(z"3+4z+ 1)]

= lm 2
z->-2++3 i(z+2+\/§)
{'.’22+4z+lE(z+2-ﬂ-/§).(z+2+J§)]

oy 10, e, B
i2+/3  iV3
2n de ; i
_[ = 2ni [sum of residues of f(z) at the poles C]
0 2+cosh
= L 2r Hence proved
i3 43 '
@ 9. By the method of contour integration, prove that

p i 21 . n
Io € ® cos (sin 6 —nO) do = — where n is a positive

-

integer. (2005)
Sol. We have, I = jf" ¢ ® cos (16 ~ sin 6) d8

== J.Ozn e % cos (sin 6 — n0) do [ cos (—8) = cos 6]
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] 9n G o . y
Now, consider 1 =_{D PR eI D=n0) d9=!0 doos O+isin ) ~inb gg

- | CeMde=| oL put 2= d® = dz= idde]

e

= A dz= I f(2) dz (say)

T n+l

C iz
. Y.
where, C is the unit circle. *

So, f(2) has a pole of order (n + 1) at z=0. / ‘Nz|:1

s v Y| el €

..Remdueat(z—(])—-——'[D [TH i Q? >X
1

n!
=— ) =
m!( #=07 int

I'=2mi (sum of residues at poles inside C)

= 21:i-_—1- 2“
in! n!
. 2 05 0 ilein 0~ 78) g0 _ 27
0 n!
Now, equating the real parts on both sides, we get
I;n € ® cos (sin 0 - n6) do = 2—7: Hence proved.
n!
@ 10. Prove thatr ] . de=-T
T S+ 4cost 3 (2004, 01)
cos i n cos ¢
ol.LetI=| ——T- _gi=2 %' g as f(-t) = f(¢
S -Lt S5+4cost IO S5+4cost [as =) = £ 2]
2n cost
= — dt ropert
I 5+4cost iby property]
i
= Real part Izn ei — dt
O 5+ 2(d + ™)
dz YA

Putz=¢'= dz=id'dt = di = sl

iz
1 2 C
~Real part~ | f(2) dz D) KJ
i “C

=
22 + 5z 4+ 9

The poles of f(z) are given by 2z% + 52 + 2=0
1

= (2z+1)(z+2)=032=—§,—-2

where, f(z) =
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Out of these two poles only z = —% lies within C.

1 : 1 ) 1 z
Res (Z"HE) “z]-‘ﬂrz(“ E]f(z)‘zgl?uz(” E) @z+1)(2+2)

L ...(ii)
z>-122(z+2) 6 :
. By Cauchy’s residue theorem, we have
_[C f(2) dz =2xi (sum of residues within C)

—n (“ %J .. | (3

3

Using Eq. (iil) in Eq. (1), we get
T=Real part - (ﬁz E} SO

L 3

_[ . . t=-r Hence proved.
= 5+4cost 3

Q 11. Apply Calculus of residues to prove that

2
J'" Cogay > do :ﬂ? 0<p<l (2006, 02)
1-2pcosO+p 1-p

Y
Sol. Let1=[" — %20 4

1"‘2p cos 6 + p2 /‘Nzlx-l
1 2= cos 20 :
=— - dB ropert 2,
270 1-2pcos@+ p? by property] QJ T
20
_1 Real part of J.zn ¢ 5 do
2 O 1-2pcosO+p
27 dz
l—p(z-!--l-]-i-pz %
z , .
fput z2=¢° = dz = ié*d6]
dz

1
= = Real part of jc

1 2?
= — Real part of_[ -
2 C il - pz)(z-p)

= % Real part of J. - f{2) dz (say) [where, Cis the unit circle]

On equating (1 — pz) (z — p) equal to zero, we obtained, z = p, 2 as simple
‘ P

poles of f(2).
~. &= p1is the simple pole which lies inside C.
Residue gt z= pis
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2 9 2
lim (z - Z)=lm (z - % = lim i —. P
z->p( 20 z—w( p) il-pz){z~p) z2-pi(l— p2) i(l—pz)
Thus, by Cauchy’s residue theorem, we get

Ic f(2) dz =2mi (sum of residues at poles within )

2 2

B z N 3. 2np2
il-p%) 1-p
rt cos 26 zder_ERea] part Of‘l‘ f@ d=
¢ 1-2pcosO+ p 2 ¢
1-p?

@ 12. Using the method of contour integrations, prove that
ro cos x
2

T .
dx=—sinag a>0. (2010, 08)
6 g - x 2a ;

Sol. Let fz) = ﬁ_é_e‘;, then poles of f(z)are a? - 2> =0or z=+ a.
a” -z
Both the poles lie on the real axis.

Consider the integral Jf(_ f(2) dz, where o

C is closed contour consisting of a large
semi-circle of radius R and real axis

fromx=-RtoRandatz=a,z=-aby N N
small semi-circles of radii be n, r, L T
respectively,
Since, f(2) has no poles within C.
Hence, by Cauchy’s residues theorem, we have
j f(z) dz =2mi = Res = 27 (0)
R V@ de [ fe)dz 4 [ dz+ [ () dz
+ LH f@des [ f2)dz=0 ..
Since, lim — Z 5 =0.
lzl-sw g —z
Hence, by Jorda_n’s lemma, we get
o ; e
R_m_"r az_zzdz=0 j;;gh_l}lljr f(z2)dz=0 .. (i)

& e’
Again, hm (z+ a) f(z)= lim =
io-aa—z 2a
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We have, lim [ f(2) dz=—-i(n - 0) = =lim j f@dz=—""1¢" (i)
n 01 1 -0 2a -
| | | o
Since, lim (z—a)f(@E)=lm (z-a¢)—5—==
zoa zoa a“ -z ~2a
lim I f(@) dz=—i{n—-0) ik T ge . (1v)
m—30R -2a 2{2

In Eqgs. (3i1) and (iv), we have chosen negative sign in the result because
r; and r, are described in clockwise direction.

Using Eqs. (i), (ii1), (iv) in Eq. () and making R—> «©, > 0, > 0,
I~ @ dx—m e r [0 fedr+ ~v~e‘“+f f() dx+0=0

= I fx) dx=~~w2i sinag [.é%—e™ =2ising]
~0 2a
o g% T,
= _f - dx=—slna
o g? % a
©w [CosSx+isIinx T .
s f Z dx=—sina
5 a® - x? a
i J-oo Cos X +iro SIn x -ﬂ:%ina,
0 g?_ a2 @ q2_42 g

On comparing the real parts from both sides, we get

©  COS X T,
f gy dX = —gin @
g —x a
©  COS X T
-5 J‘ -y s dr=—sina Hence proved.
0 g~ x? 2a

@ 13. By the method of contour integration, prove that

Im sin mx

= a2+x2

dx = 0. (2004, 1999, 96, 93, 90)

e
Sol. Consider the integTalj'T f(2) dz, where f(z) = ——;,
g a’+ z

round a contour C consisting a large semi-circle of YA

radius R along with part of the real axis fromx=-R

tox=~R. 7
Hence, by Cauchy’s residue theorem, we have

Ll Cal

_[C @) dz:_'.i f(x) dx+jr f(2) dz = 2mi ZRes ad 0 R
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where, £ is sum of residue of f (z) at its poles lies within C.
R e”"“’

I— a2+ i

Poles of f(2) are given by =z

dx + j o > dz =27i SRes (i)

*+a%=0= z=tai
Out of these two poles f(z) has only one simple pole z = qi lies inside C.

Res (z=ai) = 11m (z~ai) f2) = lim (z — ai) ™
z ol (z + ai) (z — ai)

— Res (2= ai)= > ¢™@ 6D
2ia
Now m 1
T 2w gty g2

=0

Therefore, by Jordan’s lemma, we get
. e :
1[;:115)‘1?:G - c:'lz—}_t,lﬁrgO Ir f@dz=0 ...(i1)

Using Egs. (i) and (iii) in Eq. (i) and making R — «, we get

—mna

@ gms ’ . & T
I ~T-dx=2nz—vf—=—ema
o g2 4 42 2ia aq
w  eoSmx+ isin mx T _
j 5 dx="1g M2
- a +Jr:2 a
©  COS MX . e sinmx T
I —2——~——dx+ lf "—2—"~d'x=ﬂ“ema
g + X o gZ 4 42 a

On comparing the imaginary parts from both sides, we get
Iw sin mx
-0

a’+ x°

dx=0 Hence proved.

@ 14. Using the method of contour integration, prove that

® COS MX T ma =«
T dx=—C¢e ma/J2 gip (A (2008)
'[0 x*+a* 2q° [\12 4}

Sol. Let_[ - dz= _[ f{2) dz 5

where, Cis the contour consisting of a large
semi-circle of radius R containing all the poles of _ N
the integrand in the upper half plane and the
part of real axis from ~R to R.

By Cauchy’s residue theorem, we have
R »
jc f(z) dz = j_R F(x) dx+ jr f(z) dz = 2ni>Res

By Jordan’s lemma, we have
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Jim jr f@dz=0

When R — o, then we have

|” f) dx=2miTRes )
Poles of f(z) are given by z* + a? =0
= z=qeXT Vit 01,23

Thus, z = ae™?, a4, ae®™* ae™* are the simple poles of f(2). Out of
these, the first two lie within C.

Let us denote any of these by o.

~.Residue at (z = o) = lim [(z— o) fl 4} [9 form}
Zx 25+ a 0
. 1 @) im s ™| g ;

= .E_)n; [ i = s fusing I ' Hospital's rule]

Sum of the residues at poles inside C
1 !ieimaez‘mq eim’4 eimain 14 }

[ gre _ cos%%— isin—z- =17%£
J

1 Fmall + DiVe ma(—~1 + 1}/2 . . —14i]
e [ d 05 3T i B8 Z Lt

— - +
4 aS el.3m’4 CIS egmff-l

: - + : Cos—+1 — =
do ___e-mhl emf‘l 4 .Jé‘ |
o 2 ejmah".—‘% enima INE o ) . o 25 -
“. JORI4 _ m inf4 —-nld _ im
Ry _g T4 + 4 [ = e s )= Y

g2 ma i ma =«
== | e i P 4 — exp 7—2— *
e [... eQi:rrf‘l _ ezin_einM _ (1)6;'1!1'4 - eim’cl]
—ma {2
e

1 T ..
S 2i sin o d%- e —9ising
4a® (\F 4) [ ]

From Eq. (i), we get

0 gmx T . (ma =
_f T T dx=—e gmelgn | Ma L T
= gty gt a

Now, comparing the real part on both sides, we get

©  COS MmX R aid a T
I_m R dx= —y sin f
X+ ¥4 2 4

©  COS M T _ ma
J 7 dx=——5 ¢ ¥2gin Hence proved.
¢ x*+a 2a wf— 4



B.Sc. (Third Year) : MATHEMATICS Paper 2 81

Q15. Apply Calculus of residues to evaluate

o X sin mx T _
_[ ———5 dx=—¢€¢";a>0,m>0. (2012, 1995, 94, 92, 90)
0 x*+aqa 2

Sol. Consider the integral
eimz
[ g dz=[ f(z)dz

2+ a?

> » »X

where, Cis the circle consisting of a large 0 =

semi-circle of radius R containing all the poles of
the integrand in the upper half plane and the part of real axis from —R to
R- .
By Cauchy’s residue theorem, we have
R xd™ 2d™?
IC fley dz ZI—R x% + a? ’ '[F 22+ q? ae
= 2ni (sum of the residues within C)

i g Z
S].Ilce, hm "“"‘2—-'—2'-2
z—=w (2°+ a”)

Therefore, we have Rlim -[r f@dE) =0 [by Jordan’s Lemmal]

. R xd™ ; . _
Hm —— @x=2mni (sum of the residues within C)
Ro=dR 424 g

I N i@ dx=2ni (sum of the residues within C) )

=2 2
=x+a

The poles of f(z) are given by
Z+a®=0>= (z+ia)(z—ia)=0 = z=+ia.
Out of these poles z = iq lies inside the contour C.
Res(z=1ia)= lim [(z-ia) f(2)]
7 -ia
i 2 e

z —>ig (z +a2) zosia (z + ia) 2

From Eq. (i), we have

LI —ma
_[w o 5 dx=2ni g - pigTe
=% g 2
Comparing the imaginary parts on both sides, we get
o X Sin mx _
S dx=ne ™
~o 42 ¢ g
w xsin mx Tt i

— 5 dx==¢
0 x4+ g 2
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€os mx T
dc=—2e™ m=>0,a>0.
2 2a

x+a

@ 16. Prove thatj

(2015, 09, 07, 01, 1999, 96, 93, 30)
Or With the help of residue theorem, prove that

_f cosmxdx__e mm>0,a>0. (2018)
0 x2 4+ g2 2a
Sol. Consider the integral y
& r
I dz= I f(2) dz
2. 3
¢ 2+a . A 0 AT

where, C is the contour consisting of a large semi-circle I of radius R
containing all the poles of the integrand in the upper half plane and the
part of real axis from ~R to R.

By Cauchy’s residue theorem, we have

o @ de=[ Fdus | 2T

=2ni. (sum of the residues within O)

dz

22+ g

Since, Hm [ L 2] =0, therefore we have lim I f(@) dz=0
R T

2

zool z°+ g
[by Jordan’s Lemmal]
lim R 6 dx=2mi ( of the resid ithin C)
—5——5- dx=2ni (sum e residue within
‘Roo R (3 + g?)
w g
— —5———- dx=27i (sum of the residues within wekl
[ Frab ( ) ©
Since, z = + ig are the simple poles of f(z) and the pole z = ia lies inside C.
. g™ . g™ g
Res(z~za)mhm (z-m)—2-—2 = lim — =
z ->ia @+a®)| z-w|l (+ia)| 2ia
From Eq. (i), we have
o @™ e .
dx =2mi =—eg™
L” 2+ a? "% @
® COSMX+ L s mx T
= dx=—e™
'L” £+ a? a
o cosmx © $in mx di= T gma

= I 0 52 4 g2 LL’G frat g
On comparing the real parts from both sides we get
J-oo cos r_nx dx ma
o 52y g2 Ta

© CosSmx T
I ~—5 A= Hence proved.
0 2y g 20
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Q@ 17. By the method of contour integration, prove that

© COS IMX T o_

_[ e dx =— e ™, Hence, deduce that

O x*+a 2a

o XxSin mx T
I 3 = g7 e (2011} .
0 x*+a 2

Sol. Part I See the solution of Q. 16.

: © COSMX , . T
Part II Since, ——dx=—¢¢™"
| IO %+ a? 2a
On differentiating w.r.t. m, we get
d Joo cos mx

_('m“)

dmdo 22" Ed_ dm
> () e
,[: %{1-1_3%12:_: dx = % e Hence proved.
Q 18. Prove thatj' c;)s T: dx :g e ™, where m >0. (2004)

'mz

Sol. Consider the integral I ——dz= I f()dz
+

where, C is the contour consisting of a large semi-circle of radius R
containing all the poles of the integrand in the upper half plane and the

part of real axis from ~R to R, By Cauchy’s residue theorem, we have
mz

g d
jf(z)dz jR p dx+ | mdz

=2m (sum of the residues within C)
Since, lim [ 1 J =0

zose | 2241

Therefore, we have Rh'm L_ f@ dz=0 {by Jordan’s Lemma]
—»an
L

. (R
Rh—lﬂo LR (% + 1)

LI

= -L’-‘ % + 1)

dx =2ni (sum of the residue within C)

dx=2zi (sum of the residues within C) o1}
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Now, z =+ i are the simple poles of f(z).
and the pole z = { lies inside C.

Res (zzi)z[lim_(z—-i) e }

z -3 (% + 1) /\R
[ g }_ g™ " 5 5

= hm SRS o ”
E+ 1) 2 o

- Y 21

From Egq. (i), we have
© LI —n
[ BT MWL g
= x“+1 21

On comparing the real parts from both sides, we get

«©  COsSmx = “w  COsSmx T
dx =™ T x-S H ed.
J._m x2 1 X =Tne -[G x2+ 1 X 2 e e€nce prov
19. Prove that | _sin i = (2012)
@ '[0 x(1 - x?)
, &=
SOZ. Con81der -[C f (Z_) o= -[C m dz

where, C is the contour consisting of a semi-circle of radius R in the
upper half plane intended at z=-1, 0,1 as clear from the figure.

Since, f(z)is analytic within and on C, therefore by Cauchy’s residue
theorem, we have _[ f&dz= .f f&) dz+ J.Lu o fx) dx + I f(2) d=z
C r ~R n _

-r

1-r B
+ j'_(lzﬁ " Fx) dx + J-?2 (=) dz+ j'rz P flo) dx+ Laf(x) dxt L . fl@) de=0

Since, lim ——*1—5— ={), therefore we have
s 21— 2) |
Lim I f@dz=0 [by Jordan’s lemmal]
Rowdl

Since, lim1 (z+1) fie) = %, therefore we have "
zZ -

1 I
h fRdz==i0-n)=--",
111:50 » {2) dz 10— m)

Since, limq z f(z) =1, therefore we have
z -3

Im f(2)dz=—ixn “T=r =0T O Izi-ry 141,
B0

Also, since liml z-1) fi)= %, therefore, we have
& —F
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lim j f@dz=— —2—

04y
Hence, whenr, -5 0, r,—» 0, 73 —>0and B — oo, we have from Eq. (i), we get

I f(x)dx——m+j f(x) dx— m+_f f(x)dx-—~—+_[ fdx=0

el‘ltx
== ' x)dx=2ni o - dx =21
'[ 1) = x(l - x2)
On comparing the i umaginary parts from both sides, we get
e
~© (] - xz)
© SN 7t
———dx= Hence proved.
Js (1 - ) F

I L]
b Long Answer Questions

@ 1. By the method of contour integration, prove that

T
(a) = (a>0) .
‘!;az +sin®0 A 4 42 @09
2 _x+2 ST
(b) J' dx (2019)
xt+10x2 +9 12
ol. (a) Let I= @
SolErLe ‘£02+sm '([2a +1—cos28 ®
i . add
Put 20 = Eq. (i), we get, T=
" $in Hg. () e £2a2+1—cos¢
Now, using transformation z = ¢¢ , We get,
I= _[ al 7 ﬁf[ cos¢:=%(z+lﬂ
2a? +1———[z+ ] e ®
2 z
2ai .
T dz=| g(z)dz =2niR" il
'[22}2(202+1)z+1 (J;g()_ e )

Here, C :}2 =1 is circle

2ai . 3 :
2) = and in g (z), sum of residues of poles is TR*.
@) 25 -2@a’+ 1z +1 &) P

Now, roots of poles equation of g(2)is _
@ -2@a%+1)2+1=0= 229 Ca’+1)z+1=0



86

s 2@Qa%+ 1) % \f4(2a2+ 1) —4x1 2@a*+ 1)+ 2J4a4+ da®+1-1
B 2 - 2
z=(1+2a%) + 2a./(1 + a?) =« (et)

and z=(1+2a¢% —2a+/(1 + a,g) =f (let)

Then, z = a and z =B is simple pole, and aff =1
S'mce,la{-—-l(l+2az)+2a 1+ a?l>1 .'.iBI:](1+2a2)—2a 1+a?<1

Therefore, only one pole z =p is inside of C.

! - . 2ai
R =offi= - B h
esidue of g{z) on z =B ‘121_133(2 Brg(2) !;1_1)%(2 B) CE—B)
2ai 2ai k SR* -..(1ii)

:ﬁ—a=—4a\/-m:ﬁ—2—ﬁ+:cagz

Now, using Cauchy’s residues and from Eqs. (i) and (iil), we get
f add yis
s a? + sin®0 (1+a?

(b) Take integration I f(@)dz, where
5

22—z +2
2* +1022+ 9
are z =11 and # =+ 37 and all poles are simple. Since pole of f(z) are not
on real axis. So, we take segment of circumference C in the mid between

the upper semiplane of large semi-circle y ;| zf = R and real axis —~R and R,
Therefore, in C, z =i and z =3i are only two pole of f(2).

Residues on simple pole at z =i is

f2)= . Poles of function f(2) =2* + 1022+ 9 = 2%+ 1)(z%+ 9)

22—Z+2 Y

e - ) e g

_ @ -i+2  -1-i+2 1-§ /\i |
G+ )E*+9) 2i(-1+9) 16i ) . x

A O R .

And, residues on simple pole at 2z =3i is
22 —z+2
2+ 1) (z+ 30) (z - 3i)
@)’ -@i)+2  -9-3i+2 7+3i
(B2+1)Bi+3) (9+1)Bi) 48

lim (z-8i)f(2) = im (z — 3i)
z—3t z—3i

R
By using Cauchy’s residue theorem I f()dz= J- f (xX)ydx+ I f(@)dz=2=iZR"
& -R P

= j- 2 -x+2 o 22-z+9
et + 102 + 9 Lzt +102%+9
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=2m'[1“ 7’“3‘} omi i(l} (D)
16: 483 483
1 __1_ 2
Now, hm zf(z) =lim 24(2 —2 Rl im = 22 =0
Zo +10z +9 Z—0 1 10 9
+ -2-4-

Therefore, im _[ f2)dz=0
B r

: o]

Hence, take lim B — o and from Eq. (i), we get _[ T %2

x +10x%+9

= Zni[i_ = o Hence proved.
24i] 12

Q 2. Ifa,Band y are real and o ? — B2 — y2 > 0, then prove
that j:“~ d5 S 20 . (2000)

(u,l+Bcose+'ysin9) \f(az—ﬁz—yz)
Sol. Let I = jj" 5 _lfe [putz = do = -‘—if]
+e A B iz
*¥ B( 2 ) 2 @ )
1 dz “

I=] HE
¢ Q+E[z+-1—J+—Y-_—[z~-1] ke f\\]ziﬂ
2 Z 2i z
[where, C1s a unit circle}{z{=1] 0 X
_2 dz
i ¢ (B -iy) 2® ,

iy) 2°+ 20z + (B + iy)
. 21 ..‘ dz
S B-mC . 20 B+dy
' B-i)" B-iy
‘], f@rdz =
1
2, 20 (B+ w) . (B + 17)2
B+ y* B+ y”
2a B+iy) B+ i) w)g
B2+ 4® B2+ y*
—2a Briy)  (4aiB+ i) 4B+ W)z
B+ ¢\ (BE+yRE Bieqt
2-1

where, f(2)=
2z

The poles of f(z) are given by 22 + =0




38

_ o B+in) £ B+dy) ol -pF -4
B B+ v
—atJat-pioq?
B -y
Let z; and z, be the two poles, then

— }azmﬁz_yz —o ~JaZ - pE_

2 = : and z,=

B-2) B-w)
Out of these two poles only z = 2, lies within C because o2 ~ pZ—v%>0.
Res (z=2)= hm (z—2)— L
(—2) (2 2,)
_1* __ (-

s o e ...(ai)
Z1-2y 2. a” —pE-y2

By Cauchy’s residue theorem, we have
.[c f(2) dz=2ri (sum of residues lie within O)

_op— B [from Eq. (ii)]
2 Jo? - g2y
From Eq. (i), we get
I=- 21, 2w (b= ) B an Hence proved.
(B—IY)Z\/OLQ—Bz—yz \Jaz—Bz 3

@ 3. By the method of contour integration, prove that

(i) rj SN mx dx = E, m> 0. (2018, 13, 10, 07)
X 2

(i) I © log @+ 2x 2 dx = n log 2. (2013, 09)
1+x

Sol.
(1) Consider the integral

jc f(2) dz = jc E;.:zz

where, Cis the contour consisting of

(a) the upper half of the circle}z]= R.

(b) real axisfrom rto R, where ris small and
R 1s large. / \\
(c) real axis from —Rto —r > LI -
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{d) upper half of the circley,jzl=r.

Clearly, the function f(2) has no singularity inside C, therefore
by Cauchy’s residue theorem, we have

o r@dz=[] f@ax+ [ f@+ [, f@dx+ | F@=0 .0
By Jordan’s lemma, we have
Jim J‘r f@dz=0
Also, - 211_13}) z2fzy=1
lim | () dz=i@Q-m)=—ir

Hence, when r— 0, then R «
From Eq. (1), we get

[" f@dx+ [0 fe)de-in=0
= [© fe de=in=> I O et
— —o0 x
Now, comparing the imaginary parts on both sides, we get

Im sinmxdx_n
B -

x
J-oo sin mx v

du= Hence proved.
0 x 2
o3 : logE+2) ,
(1) Consider Ic e dz = _[C f(@) dz
where, C is the contour consisting of a y

large semi-circle of radius R containing
all the poles of the integrand in the

upper half plane and the part of real axis 3
from —-R to E. ) -
By Residue theorem, we have C A o] R 7

[, f@dz=" f@dx+ [ f) dz=2ni% Res )
Now, im zf(2)= lim z:vlog G+ z_) = lim _%_ Iim w =0

2@ 2w ((+2)(2-10) 2-w2—0 250 1+2
When R — oo, then from Eq. (i), we get .
[ F()dx=27i% Res ...(i1)

So, z =+ i are the simple poles of f(z) and only z = { lies inside C.
. Residue at (z=1i)=lim (z - i} f(2)
- lim log (i + z) _ lcg'Zz, _ log 2 + in /2
z=i oz 2t 21
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- From Eq. (ii), we have

.[:; 10? Ej ;296) dx=n (log 2+ %t-)

On equating the real parts from both sides, we get
;- log (% + 1)

J: Zi1 dx=mnlog 2
_..: 10g1 (j'_ _:;2) 7t log 2 Hence proved.
@ 4. Using the method of residues, evaluate the following.
(i) I ,a>0 . (2016, 05, 01)
x% +at
" 2 3
(ii) j -(-loﬂ)— de =2, (2016, 03, 01)
1+ x2 8
Sol. |
(1) Consider IC f(@dz= -[c g, c—f-za < )

where, C is the contour consisting of a large 4
semi-circle of radius R together with real axis . .

from ~R to R. -~ 0 7 R
Poles of f(z) are given by

2+ at=0
= z=g' T mid wheren=0,1,2,3,...

z=ad™t, ad™?, ad™* ae™* are the simple poles of f{z).
Qut of these only z = ad™*, ad®*™* lie inside C.
It o denotes any of these poles, then

Residueat(z=0) = 11m (z—-a) f(2)= lim —f:-a—4 [9 farm}
290 2" 4+ 0
1 1 o — QL 4 4
= hm — SO0 =—q
z—a 423 408 4(14 4 [
Now, sum of residues at poles inside C
= : -1 2i -iJ2 .
3 aem"i + aeﬂm“l — - L1
4a* ( ) 4a® V2 4d® ®
R dx dz
= .[c f(z)dz:.[_ﬂ x4+a4+'[‘" A oA

= 2ni (sum of these residues within C)
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Since, Rlim z f(2) =0, therefore

’ dz
Rh-lﬂﬂ IF 2t + gt =0
Im " i

=2n (sum of the residues within C)
Row B 14 g4

w0 dx

= 2
~© x4 q

7 =27 (sum of the residues within C)

Now, from Eq. (i), we have

J‘w dx — o [—iﬁ] 3 )

o 214 gt 43 20
o dx 2
= _[ % 7 S Hence proved.
0 x*+q 4a

(i) We have, I (1 gx) I (log 2)2 dz—-f [ dz

r
where, C is the contour as given in the ¥
figure. _m i
~. By Residue theorem, we have _ A 0
R 5 .
o r@dz=[" fx)dx+ Jo f@dz+ [ fled™) é" dx
+ L f(2) dz = 2ni 3 Res ..0)
Now, we have “ [ dz[
02 | _ ;
<|, g"g gzjzg Rid®|d®  [putz=Re®= dz- Ridds
- 2 2 _ a2 :
<.[ | Jog R+ i0)*| Rd® _[ (log R) 82 +2leogRRde
R*-1 0 k-1
3 .
- RQR—I [n (logR)Z—%-+ 2 ilogRJ
2 2 .3 _
_Rf—-.l[ (101‘3) —;‘R+ nziloiR:‘—aOasRﬁ %

2
f: logR__}h 0,as B— o and lim _ﬁ___(log ) = lim 2Uog B) A/R) =0}
R Roxw R B 1
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Similarly, we get

0 (log ré®)*

|| f@ el <], oy 49

+1

2
[ i coliomrelees T OBV e 2 e
ro0 r—-0 1/

r 0 i
= lim ALOE B LT r); L4 = lim 2 16877 [E form |’
r—0 ~1/r r->0—(1/r) o0 A
= lim 2210 _ gy 27 =0
r->0 1/r r—+0
When r — 0, BR— o, then from Eq. (),
[ fe- {° f@d™ dx=27i ¥ Res (i)

Now, z =+ i are the simple poles of f{z) of which only z=1i lies
within C.
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From Eq. (i1), we have
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On comparing the real parts from both sides, we get
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Hence proved.



