Cbapter Four

SEQHENCES

® Important Pdints from the Chapter

. Sequences Let < X, d >be a metric space and N be the set of natural
numbers. Then, a sequences in X is a mappmg f: N — X such that
f(m)=a,e€X, VneN, where a, = f(n) is called the nth term of the
sequence f.

. Subsequences Let f: N —» X be a mapping and defined as
f(n)=a,,VneN,lie <a, >be a sequence in X. (2007, 1990)
. Range of a Sequence let f: N> X be a sequence defined by
f(n)=a,. Then, the set A = {a,, ¢y,... , @, -..} is said to be the range of
the sequence < g, >. _

. Bounded Sequence A sequenced <a, > is said to be a bounded
sequence iff is a range set A ={qa,, a,, ..., a,, ...} is a bounded set X, i.e.
A has a finite diameter.

. Convergence of a Sequences Let <X, d > be a metric space. A
sequence < a, > in X is said to converge to a point a € X iff for each
€ >0, there exists a positive integer 8 such that d(a,,a) <¢, Vn 24.

In other words, a sequence <a, >in X is said to ¢converge to a point
a € X iff for each open sphere S, (a), centred on g, theére exists a posn:we
integer & such that a, € S,(a), V n29.

Here, a is called the limit of the sequence and we write

limea,=a = a,>aasn—> o
n— e

. Cauchy Sequence A sequence < ¢, >1n a metric space X is said to be
Cauchy sequence iff for each € > 0, there exists positive integer 5 such
thatm,n 28 = d(a,,, a,) <&. For the sufficiently large values of n, the
terms of a Cauchy sequence are getting closer and closer to each other.

. Complete Metric Space A metric space <X, d > is said to be a
complete metric space iff every Cauchy sequence in X converges to a
point in X,

. Nested Sequence Let < X, d >be a metric space. A sequence < F, >of
subsets of X is said to be monotonic decreasing or nested sequence iff
BoFoF ..o, oF, (9.

. Cantor’s Intersection Theorem Let < X, d > be a metric space and
<F,> be a nested sequence of non-empty closed subset of X such that

diam F — 0 and n — . Then, X is complete if and only if n F,

consists of exactly one point. : . (2007, 01, 1999)
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10. Cluster Points Let < a, > be a sequence in a metric space X. A point
@ € A 1s said to be a cluster point of the sequence < a,, > iff for every
£>0 and any positive integer §, there exists a positive integer n >8§
such that

d(a,a,)<cora, €8,(a).

(E)Very Short Answer Questions

Q1 {Prove that every convergent sequence in a metric space (X, d)
“is a bounded sequence. (2016)

Sol. Let <a, > be a convergent sequence in the metric space (X, d) and
lim a, =a .Then, for € = 1, there exists a positive integér nge N such that

- dla,,a)<1,VYn2zn,
Let k =max {1, d(ay, a), d(ag,a), ..., d(a, ,,a)}. .
Clearly,  is some positive real number and d{a,,a)<k 'VneN.
Thus, the range set A = {a,, ay, ..., a,, ...} is bounded.
Hence, the sequence < g, > is bounded.

Q 2. If Y is a complete supspace of a metric space < ¥, d >, then
prove that Y is closed in X.

Sol. Let x € X be a limit point of Y and there is a sequence <x, >inY,
none of which equals x, such that X, = X

Since, < x,, >is a convergent sequence in Y, then it is a Cauchy sequence
ny. ‘ '

Thus, X is the limit of the Cauchy sequence <X >cY.

= Y is a complete metric space.

Therefore X ¢ Y.

Thus, Y contains all its limit points showing that Y is closed.

@ 3y prove that in a metric space, every Cauchy sequence is
bounded but its converse is not true. (2010, 08)

Sol. Let<a » >be a Cauchy sequence in a metric space X and takinge = 1.
Then, for £ =1, there exists a positive Integer 6 such that

m,n28=d(a,,a,) <1
Let m > & be some fixed positive integer, then am?is finite.
Therefore, n2d=dae,, a;)<1- ...(1)
Thus, Eq. (i) holds, except for a,, a, ..., a5 _, _
Let r‘=max {d(a,, ag), d(o:z, as), .., dlag_, ag), 1},
Since, the maximum of a finite set of real numbers cannot be infinite.
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Therefore, ris positive finite real number.
dla,,az)<r,Vne N

Hence, the range set of the sequence < a, >is bounded, i.e. the Cauchy
sequence < @, > is bounded. ‘

To show the converse, we consider a sequence
<@,>=<1,0,1,0,1,0, ... > in the usual metric space R,.
This sequence is bounded, in the range set {1, 0}.

Hence, it is non-convergent.

Q 4. Prove that if a sequence < a, > in a metric space is not a

Cauchy sequence, it can never converge to any point in the
metric space. (2012)

Sol. Let (R, d) be the usual metric space d(x, y) =} x~ y|.

Since, the sequence <@, >=<-1>"=<~1,1,-1,1,...>is not a Cauchy
sequence. If {a,} is a Cauchy sequence, then € =1, there exists a positive
integer m such that | a, - a,l<1,Vr2m. If m is an even integer, then
a,, =1.

Wetake n=2m+1>m from which @, =—1 and
la,—ayl=l-1~1|=|-2]|=2 &1, a contradiction.

If m is an odd integer, then e, =—1

We can choose » =2m >m for which a, =1 andla, -a,|l=[1+1|=2¢1
a contradiction,

So, the sequence < {~1)" >isnot a Cauchy sequence.
Now, < ¢, > can never converge to any point in metric space. Since, "

Lm a, = L.
f1—> o
Then, for £ =1/2, there exists a positive integer m such that

la,—1ll<1/2forn>m i)

From Eq. @.,1-Ill<1/2forn>mand niseven and|—1—1|<1/2 for
nz2mandnisoddor|l+1]<1/2for n>mand nis odd.

So, 2=[A+ D+ 0 -D]

= 2<[1+1|+|1-1]

= <1/2+1/2=1

=5 2 <1, which 1is a contradiction.

Hence, < (- 1)* > is not convergent.

@ 5./By an example, show that the limit of convergent sequence
need not be a limit point of the range set of the sequence.
i - (2013)
Sol. Let a constant sequence<a, >, _; =<1,1,1,1,...>is8 a metric
space in K.
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Since, a, — 1as n—> «, therefore 1 is limit of sequence < a, > ..y Then,
the range set of sequence a,, is

E={,1,11,..}={1}cR
Since, E is finite set and E has no limit point.

Hence, the limit of convergent sequence need not be a limit point of the
range set of the sequence.

Q6. et< X, d > be a complete metric space and Ybe a s‘ubsi)ace of
X. Prove that Y is complete iff Y is a closed subset of X. (2009)

Or Let(X,d)be a complete metricspace and Y be a subspace of X.
IfY it closed in X prove that Y is also complete. (2018)

Sol. Let <x, - ve a Caurhy sequence in Y.
Therefore, < x,, >is a Cauchy se quence in X.
Since, Y < X and X is a complete metric space.
Then, there exists X, € X such that X, — X a8 n — oo,
= Every neighbourhood of X, contains all but finitely many terms of the
sequence < x;, >. :
=> Every neighbourhood of XO intersects with Y.
= X,eY : :
= X,eY [-Y is closed iff Y =Y]
Hence, Y is complete.

Q 7. Prove that every coni?erge'nt sequence is' a Cauchy sequence.
v By an example, show that converse need not be true. (2015)

Or-Let < q, > be a convergent sequence in a metric space (X, d).

K Prove that < a, > is a Cauchy sequence. By an example show
that the converse is not true in general. : (2017)

Sol. Let < a, > be a sequence in a metric space X which converges to q.

Then for every € >0, there eﬁs‘té‘é ﬁomhvemfegei'ﬁ 30,

such that n28=d(a,,a) <§ b ofl)
If m 26, then from Eq. (i), we have
S d(a,, a) < "Z' § e : (i)

Thus;when m, n >§, then by triangle inequality, we have.

d(a,,a,) <d(a,, a)+ d(a,a,)

& g 5 58 - [from Egs. (i)and (ii)]

: <€
Hence, <@, >is a Cauchy sequence.

To show the converse, take X = (0, 1] with usual metric d(x, y)=|x - vl
yeX.
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_ . 1
Now, consider the sequence < — >.

n
Let € >0 be given, then
——-= l ‘ <g, if L il 1
m+n €
12t 8 € N such thatd > i Then, for £ >0, there exists is a positive
m+n

integer 8 such that n, m > 9
1

n m

= la,—a,l= <€

1 .
- <— >1s a Cauchy sequence.
n

But the sequence < 2 > does not converge in X = 0, 1].
n

o e, A5 1
L.hm 0e(o1]J

A

Q@ 8. Given an example of a Cauchy sequence which is not
converse, (2006)

Sol. See the solution of Q. 7.

(E) Short Answer Questioné

Q 1./Let< a, >, be a Cauchy sequence in a metric space< X, d>
and <a, >;., be a subsequence of (a,);.. If a,,—>a as
n; — oo, find the lim a,, if it exists (n— ). (2005)

Sol. Let< a, >be Cauchy sequence in metric space< X, d >and< e, >,
be a subsequence of < a, >, which converges to a. i
Since, < a@,, > is a Cauchy sequence, for given € >0, there exists a positive
integer n, such that . '

d(a,, a,) < -Z- Ym,nzn | .G)

Since, @, —> aasm— e, then there exists positive integer n,, such that

d(a,,a) < %,vni > 1, ..

Let n, = max {n,, n,), then by triangle inequality, we get

d(an, G) = d(an, a’g(ﬂ-}) + d(ag(n), a)

<% + % Vn2ng [from Egs. (i) and (ii)]
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Thus, for every € <0, there exists a positive integer n, such that
d(a,,a)<e,Vn> ng

Since, a,— a asn— oo, then lim @, =qa
n—r oo

Hence the sequence < a, >converges to a.

wf;.et, E c X, where (X, d) is a metric space. Prove that ‘@ is a
) limit of E iff there is a sequence (a,) cE, a, # a such that
a,— aasn— co, (2015, 13, 09, 05, 02, 1995, 94)

Sol. Letabe any limit point of E, then every neighbourhood of a containg
point of £ different from a.

Vn={xeX:d(x,a)<l,VneN}
n

Since, (V,)5., is a sequence of neighbourhood of ‘@’
Then, V, " E /{a} = ¢, Vn e N.
Choosing a, eV, N E Ha}, we get a sequence (@,) c E. Since, a, # a and
@, — @ as n— c and for let £ >0 we choose ng, such that —<e
0

1 -7
For n 2 ny, we have —~ < -— <¢.
n Ny

; - 1
Since, a,, e V,, then d(an,a)-(lsu— <§a,->aasn— o
n no )
Conversely Ifa, > aas n—
= Every neighbourhood of ¢ contains all but finitely many term.

= Every neighbourhood of @ contains al] but finitely many points of the
range set A ={q,, a,,...,qa,,...}. .

= @ is a limit point of A. [ AT E]
Hence, a is a limit point of E.

Q 3, Aet(X,d)bea complete metric space and Y be a subspace of

X.If Y is a closed set in'X, prove that Y is also a complete
metric space. In particular, prove that [q, b] is complete in R.
(2006, 05)

Sol. LetY be a complete subspace of metric space X. Then, we have to
show that ¥ is closed. ..

Let ~Xbe a limit 1:;0int of Y. Then, for every positive Integer n, the
open sphere S, (@) must contain a point @, of Y.

Therefore, the sequence < a, >converges to q.

= It is a Cauchy sequence in Y.

Since, Y is complete and a,, — g, then we have g < V.

Hence, all the limit poihts of ¥ belongs to Y showing that Y is closed
conversely, let Y is closed. Then, we have to show that Y is complete.
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Let < a, >be any Cauchy sequence in Y, Then,l it is also a Cauchy
sequence in X.

Since, X is complete < @, >will converge to a point a € X.
Now, we show that a ¢ Y.

If the range set of the sequence < @, >consists of finite number of distinct
points, then < a,, > will be of the form

<@,0Q9...,Q,,a,a,q,,..>
where, n is finite and hence g e Y.

If the range set of < @, >has infinitely many points, then a is the limit
point of the range set of < @, >and so @ is also a limit point of Y.

Since, Y is closed, then g ¢ Y,ie.<q,>isa convergent sequence in Y.
=Y is complete.

We know that Ris complete and Y = [a, b]is a subspace of R.
Also, Y = [a, b]is closed, because Y’ = [q, bl cY.
Hence, Y = [a, b is complete in R.

Q 4. Let x, be asequence in a metric space X and x € X. Prove that

Xn = X @5 N— oo if and only if every neighbourhood of x
contains all, but finite number of terms of the sequence.

(2011, 08)

Sol. Leta, > aasn—s wand Ube a neighbourhood (nbd) of ‘¢’
i3 acU”
Then, € >0 such that

Sa,e)cU ...(i)
Since, @, — @ as n — oo, .
Then, there exists a positive integer n, such that

d(e,,a)<e,Vn> ng
= a, €S(a,e) Vn 2 n,
= a,e8(@,e)cu,Vn2n, [from Eq. (i)]
= U contains @y, VR 2 n,
Here, every neighbourhood of ¢ contains all but finitely many terms of

x=1-

Conversely If ¢ >0 be given. Then, V ={xe X |d(x, a) < g}
Se, Vis an open set which contains q.
Therefore, V is a neighbourhood of q.

&scording to question, every neighbourhood of a contains all finite terms
af the sequence,

e for some positive integer ng and for n > n, we have a,, € V, which
mmplies that for n > ng,

d(a,,a)<e

Oy —> aasn— oo
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@ 5. Prove that a subset E of X is closed iff every convergent
sequence of points of E has its limit in E. (2009, 1999)

Sol. Suppose, E X be a closed set and let (a,) be a sequence in E such
that a, = @ as n — <, then there arise two cases.

CaseI <aq, >is a constant sequence, it implies that a, = ¢ except at most
for a finite number of terms, therefore a € E.

Case Il If < ¢ >1is not constant, i.e. if < ¢, > has infinitely many distinct
points, then ‘@’ is the point of the set

A ={a1,az-,...,an,...}.

vAcE
AcE=DA)cDE)CE
Since, a is a limit point of E.

than aeDE)cE=ack

Conversely Let a be a limit point of E.

Let (X, d) be a metric space and E c X. Then, q is a limit point of £ iff
there is a sequence (¢,) c E, @, #asuchthata, - q as n— o,

Therefore, there is a sequence < @, > < E such that g, — a by the
hypothesis of the theorem g € E and hence F is closed.

@ 6. Prove thatifa subsequence of a Cauchy sequence converges,
thén the whole Cauchy Sequence converges to the same limit.
(2011, 1991)

Sol. Let<a, >be a Cauchy sequence in a metric space X and < a, >bea
subsequence of < @, >such that @y —> @ asn;— w

Let £ >0 be even.

Since, < a,, >is a Cauchy sequence, then there exists a positive integer §,
such that

n,m28, =d@a,,a, <-2‘5 ()
Further, a, - a as n; —> oo
For every ¢ 0, there exists a positive integer §,, such that

28,5 d@,,,0) < -..(i)

Letd =max {0, ,05}. Then, for n, n; 29, applying triangle inequality, we
get ¥

d(a,,a)< d(a,, Gn,;)"' d(a,, a)

- g + g [from Egs. (i) and ()]
< E

Hence, < q, » converges to ¢ as n — oo,



-

B.Sc. (Third Year) : MATHEMATICS Paper 1 57

7 /‘Let(a,) c Xbe asequenceina meizx'ic space (X, d). Prove that
¥ (a,) is a Cauchy sequence iff diam as N — o, where

Ey={ay,ay.yay,.5ay,5...}and (N =1,23,4,...).
(2004, 01)

Sol. Let <a, >be a Cauchy sequence, then for every ¢ >0, there exists a
positive N, such that

m,n2N,=d(a,,a,)<¢e ..

ENO ={aﬂno,an0+1, ano_'_z,n.}
k. a, e Ey iffn> N,
fa,, a, € Ey,, then d(a,,,a,) <€

= diam Ey <¢ Y
Now, for N 2N, Ey < Ey

= diam Ey < diam By,

= : diam Ej < diam Ey, ¢ ifrom Eq. (i)]
= diam Ey, <¢

= diam By — 0, a8 N — e

Conversely Let diam (Ey) — 0 as N — oo, :
Then, for every € >0, there exists a positive integer N, such that

diam EO <E "‘(jj-i)
= nmzE,=a,a,ckE, ]
= da,,a,)<e - [from Eq. (iii)]

Hence, < a, >is a Cauchy sequence.

(E) Long Answer Questions

Q 1. Prove that a metric space X is complete iff every Cauchy
sequence in X provides a convergent subsequence. (2006)
Sol. Let X be a complete metric space. |

Then, there exists a Cauchy sequence < @, >in X converges to a point in
X and consider < a,,, > be a sequence of <a, >in X.

Now, < @, >be a Cauchy sequence in X and let ¢ >0be 4 given, then
there exists n, € N such that

£ .
d(::zHR o B 5 VR, n2mn ...()
= ' a,—ainXasn—
Then, there exists n, € N such that

d(an,a)<—§~,Vn2n2 ... (i)
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If, ng =max(ny, ny). Then, for n, ngy 2 ny, applying triangle inequality,
we get €3

d@,,,a)<d(a,,,a,)+ d@,,a)
=5 d(a,,,a) sg + g —¢ [from Eqs. (i) and ()]
= d(anR ,A)<g
For every € >0, there exists n, € N such that
~ d(a,,,a) <&, Vng 2 n,

Qppya—>amXasng— =
From the above, every Cauchy sequence in Xis a convergent
subsequence.
Contradiction Let < a, >be a Cauchy sequence in a metric space X and
< @,,>be a subsequence of < a, > such that Cpp —> @ AS N —> .
Suppose £ > O be a given.

Since, (@,) is a Cauchy sequence, then there exists n, € N such that

d(a,,a,) <§, Yo,mzn ..

am%aasn—>oo

For every ¢ >0, there exists n,, € N such that
: € , -
d(a,,,a) < E Vng 2 n, ... {1i)
Let ny =mag {n,, n,}. Then, for n, n, 2 ny, applying triangle inequality,
we get :

da,,a)<d(,, a,)+da, ,a)

= d(a,, ) <§ + g s [from Eqs. (i) and (ii)]
= da,, a)<e | | )
= a,~>amXasn— e

Thus, there exists £>0,ny e N -
dla,,a)<e,Vn> ng
= a,>ainXasn— e

Hence, every Cauchy sequence in X, is convergent and complete metric .
space. -

'Q 2. Define a subsequence and show that limit of a
convergent sequence is unique. (2007, 1990)
Sol. Part | Subsequence Let f: N — X be a mapping and defined as
fh)=a,,VneN, ie. < a, >be a sequence in X.
Part II Let f be a sequence in X given by
fin)=a, . a

andlet g: N — N be an increasing seciluenée in N
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Le. Ny <Ny

= &(m) < g(ny)

Then, fog: N — X is a sequence in X called subsequence of .
Thus, (fog) ()= f(g(n))=ay,y, ne N

Therefore, < a4, >1s a subsequence of < g, >.

Since, a subsequence of < g, >depends on g, where gis arbitrary
Jincreasing sequence, then a sequence can have several subsequence.

I <a, >is a sequence in a metric space (X, d), which converges to a point
aE X

‘Then, we have to show that it cannot converge to any other point of the
'space. Let < a, > converges to another point b € X.

Since, @, — a, for every ¢ > O then there exists n, € N, such that

d{a,, a) s g ,Vnzn,
Since, @, — b for every € >0, then there exists n, € N, such that
d(a,, b) < g V12 n,

Let ny =max {n,, ny}. Then, d(a,, a) <§

and Ay, ) <2, Vn 2 g

Now, let n = ng, then
d{a,b) < d(a a )+ d(a,, b)

= 5 .l - <€ [by triangle inequality]
Since, € is arbitrary positive real number, then we have
d(a, b) ={) ®
= " a=b

Hence, the limit of a convergent sequence is unique.’

Q 3/Prove that (R™ , dp), n >1, is complete metric space,

1/2
where d, (x,y) =[2|X leJ » X=(X1,X5,...,X,)

i=1

andY =(¥;,Y,,...,Y,)eR". (2010, 03)

Or Define R", n 22 and d,(x, y) where x, YeR" Prove
that d, (x, y) is complete metric on R".

Eel Let (X *)z_, be a Cauchy sequence in R”.
n, we may write 2* as follows

O =0f, k. ) E=1,2,3, .

'd: € > 0 be any given real number.

(2013)
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Now (x*) is a Cauchy sequence, there exists a positive integer n,, such
that d(x*, X*) <€,¥Y P, k2 n,

n

= ZIX;‘—Xiplz<szfori=1,2,...,n VP kzng
i=1

= | Xk - X P<e*fori=1,2,..,nand VP, k21,

The sequénce (X[);; is a Cauchy sequence in R.
Since, R is complete to any real number.

Let J}i_l):?:ﬁXf =X,i=1,2,...,n,we have

: x =g Xgsissily;) -

Then, xe R"
So, the sdquence (¥*);_; in R" converges to x € R”.

Since, for every i(l i £ n), the sequence (Xf)};;l in R convérges to X; in
R for € > (), there exists n € N such that '

| X" ~ X{<J_ Vizn

= |Xg“-x;|2<-,wezni
n

If Ny =max {n,, ny,..., Ny, ..., N,}, then we have
n 2.
5 T
SIXf-XFP<—-n
i=1 n
Hence, B* is a complete metric space.

Q%tiy])eﬁne a complete metric space. Let (X, d,.) and (Y, d,

be two complete metric spaces and (Z, dz) be the
product metric space, i.e. Z =X xY and

dy e, 1), (' Y0} = a2 e, x) + 42 (7, 1) 1

where, (x, ¥), (x’, y) e X XY,
" Prove that (Z, d;) is also complete metric space. .(‘201;

Sol. Part I Complete Metric Space A metric space <X, d >1is said
be a complete metric space iff every Cauchy sequence in X converges i
point in X.

Part II We know that d(< x, y >, <z, ¥’ >) is a metric on X X Y

Let < x,,; ¥, > be Cauchy sequence of elements in X xY. Then, for every
£ >0, there exists a positive integer 8 > 0 such that

nm28=d(<x,, Yy > < Xpy ¥y ) <E

.ﬁ, . ! Jdﬁ(xn‘) xm) + dyz(yn! ym) <€

= AR, Xy + (Vs V) <E
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= | d2(x,,x) <2? and & Vs V) < €2

= dy %y, %) < € and dy (3, 3,,) < €

=< x, >18 a Cauchy sequence in X and < ¥, >1s a Cauchy sequence inY.
Since, X and Y both are complete.

So, there exists x< X such that X » —> X and there exists y € ¥ such that
Y. Yas n—> o,

NOW, d(< ps Vu >, <X, ¥ >) = Jdg(xn, X) + df(yﬂ,) Y) < £

For the sufficiently large 7 or the Cauchy sequence,
<X,, ¥, >converges to a point < x, y>e X' x¥ i)
Hence, Z = X xY is complete.

Q 5. Prove that C[a, b] is complete metric space with respect

to the supremum metric, where Cla, b] is the collection

of all continuous real valued function on [a, b]. (2014, 04)

Sol. Weknow that, d(f, g)= sup{| f(£) - gt)|:tela, b)) ..(d)
defined on Cfa, b], where f, ge€Cla, b)is a metric.

If < £, >be Cauchy sequence in C [a, b]. Then, for every & >0, there exists a
positive integer 3 such that n, m = 8.

= dlfy. fy<s : ...()
= supi{| f,(2) - @, tela, b} <e
= | )~ £, | <e, Vi ea, b] .. (11)

=< [, (#) >is a Cauchy sequence in R for any fixed ¢t € [a, b]. .

But Rbeing complete, this sequence converges.
[Let f,()—> f)asn— «

|ie. lim £,() = /) ..(iv)

Therefore, we can associate to each ¢ e [, b] @ unique real number f ().
This define (point wise) a function f on [a, ). Now, we will show that
fela,bland f, > f.
From Eq. (iii), we have

[, -£,@<e,Vn,m=8 andViela, b] @)
This verifies that the sequence < f» > of continuous functions converges
uniformly to the function fon [a, b] and hence the limit function fisa
continuous function on [a, ).

Consequently, f € Cla, b]

Also, from Eq. (v), we have
sup{|f,()—-f@®)|:tela,b]l<e, V>

= d{f,, )<e,Vn=28

= . = finC [a, b}

Hence, C [a, b] is complete.
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£

s
@ 6./State and prove Barie’s Category theorem.
a4 (2008, 06, 04, 1995, 94)
Or Prove that every complete metric space is of second
category. (2012)
Sol. Let <X, d > be a complete metric space and let X is not of secbnd_fi
category. Then, X must be of first category. So, X can be expressed as the-J

union of a countable family of nowhere dense sets. We arrange this family
of nowhere dense sets as a sequence < A, >,

Since, 4, is nowhere, (}énée and X is open, then there exists an open
sphere S; < X of radius less thgn 1, such that
- S NA=¢ ...0)]
Let F be the concentric closed sphere whose radius is one-half of that of
1;
Since, A, is nowhere dense and F is an open set, then there exists an
open sphere S, ¢ F;?of radius less than -21—, such that

Sgr"nA2=.¢ ; '"(ii)l

Let F; be the concentric closed sphere whose radius is one-half of that of
Sz. )

Since, A, is nowhere dense and FY is an opeﬁ set, then there exists an
open sphere S; ¢ on of radius less than i— = %é-, such that

Sy N Ay =0 ... (iiD)]
Continuing this process, we get a decreasing sequence < F, > of
non-empty closed subsets of X, where F, is concentric closed sphere

whose radius is one-half of that of S, i.e. less than 2% as the radius of S

n

18 less than

Qn—l
Consequently, diam F, < -2?5 —0asn— o Thus,<F, >isa decreasing

sequence of non-empty closed subsets of X and diam F —0asn— co.

Since, X is complete, therefore by Cantor’s intersection theorem, such
that a point

x € X such that al F, ={x}.
n=
Since, for everyn e N

xeF,c8,andS, nA,=¢
x¢ A, forany n

Also, X €& u;l A,
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Thus, xc X andx ¢ U A,
n

‘Thus, X can not be expressed as a countable union of no'where dense sets

so that X is not first category, which is contrary to our supposition.
Hence, otr;appomtmn is wrong. Therefore,. X is of secorhd category.

Wtﬂ& and prove Cantor s lnte_rsectlon th¢orem.
' adhid peles "*’fszs 13,10, 07, 01, 1991)

Or Let Xbe a complete metnc space and (E ),,H,1 be a
sequence of closed and bounded sets such that
E13E23E3 B oK, 1D andthathmil am E, =0.

—3 oo

Prove that u E, co.pswts of exactly one pomt " (2018)

Sol. Statement Let (X, d) be a metric space and let < F, > be a nested
sequence of non-empty closed subsets of X such that dlam F = 0asn— oo

Then, X is complete if and only if ﬁ F consists of exacﬂy one point.

Proof Let X is complete for each n, we choos¢ @, € F,.

Since, diam F,, — 0, for every ¢ > 0 thén- there existsa pdsmrve integer ny

such that d;am F < g

Since, F:)FQQFE,; QF QF+1:
We have, n, m > n,
= F,F_ ;F —-an,a..mEF =d(a,, an)<8

Thus < @, >is Cauchy sequence in X. Smce Xis complete a,— afor
some a & X

We will prove that a e hl F..
n=

Letm € N be arbitrary.
Then, n>m=>F, cF,= a,eF,

Since, a,, — @, every neighbourhood of a contains an infinite number of
point of F, . ' '

Thus, a is a limit point of F,.

Since, F,, is closed, then a E,

Since, m is arbitrary, we have

aemF l
=

Now, suppose that there exists another point b < ("1 F ’ﬁ,‘hen diam

(Am)=s>0

L
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Since, ; F,cF,V¥n,then
n=1
diam ( :':1 F"‘J <diam F,,Vn
n=
= | 0<é6<diam F,,Vn

s diam F, does not converge to zero which contradicts the hypothesis

Hence, a = b and so :‘:1 F, ={a}
n=

< F, >of non-empty closed subset F, of X such that diam F, — 0. Then, w
have to prove that X is complete.

Conversely Let nl F, consists of a s'ingle point for every nested sequenc]
n=

Let < a, >be any Cauchy sequence in X.
Construct the subsets S, of X as follow
| S, ={ay,a5...}
Sy ={ay, ag,....}

Sn :{am Upi1s el
Since, < @, >is Cauchy sequence, for a given £ >0, there exists a positivel
integer n, such that

da,,a,)<e,Vn,m2n,

. nznyg=diam§S, <¢

Consequently, diam S, — 0as n— o
Also, 8; 28,28, ... so that

§IQ§'2;§3 > [‘.'AQB‘::}ZQH
We know that, |

: diam S = diam S

Hence, < S, >is a nested sequence of closed subsets of X whose diameterll
tends to zero. o
Then, by hypothesis, there exists a unique point ¢ € X such that

ae NS,

n=1

We claim that the Cauchy sequence < e, > converges to a.
Since, diam En — 0, for a given € >0, there exists a positive integer n,,
such that diam g,,o <& _
Consequently, n>ny, =a, a egno
= d(a,,a)<e
4 ' ‘<a,> converges toaeX.
Hence, X is complete.



