Chapter Five

DIFFERENTIABILITY

(O Important Points from the Chapter

f@@+h) = f(@)

1. Differentiability of a Function The value of the }}im

-0 h
or 1lim f@) — f(a) if exists, is called right hand or progressive
x —at x—a
derivative of f(x) at x = a and denotes by BEf'(a).
Similarly, the value of the hm fla—h)—f(2) or lim f&) — fla) if
h—0 - h " h—oa xXxX—a

exists, is called left hand or progressive derivative of f(x}at x = ¢ and is
denoted by Lf’ (a). (2019, 02, 91)

2. Differentiability of a Function on an Interval Let f be a function.
defined on an interval [a, ). Then, f is said to be differentiable on

la, b], if
() f is differentiable at each point of (a, b).
@Gi) f is differentiable from the right at @ and from left at b.

Geometrical Interpretation f’ (¢) is the tangent of angle which the
tangent at a point (¢, f{c)) to the curve y = f(x) makes with X-axis.

y=1x) 4

ol 7 x=a X=C X=b

3. Sign of Derivative at a Point If the function f:{a,b]—> R is
derivable at the point c e (a, ) and f' (¢} %0, then
(i) f is increasing at ¢, if f' () > 0.
(i1) f is decreasing at ¢ if f'{(c) <O. (2004, 1997)
4. Some Important Theorems on Derivatives
(i) Darboux’s Theorem If a function f:{a, b]-> R is derivable in
[a, b]; and f'{a), f’ (b) have opposite signs, then there exists at least
one point ¢ € (a, &)such that f'(c) =0. (2011, 03, 1998, 96)
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(it) Intermediate Value Theorem If f is derivable in [a, b] and
' (@) =f’ (b). Then, f assumes every value lying between £’ (a) and

f'{b)in [a, b].

(i11) Rolle’s Theorem If a function f: [e, b} —» Ris
(a2) continuous on the closed interval [a, b].
(b) derivable in the open interval (a, b).

(c) f(a) = f(b), then there exists at least one point ¢ e (q, &) such
that ' (¢) =0. (2013, 11, 09, 05, 01, 1999)

(iv) Lagrange’s Mean Value Theorem (LMVT) Let the function
f:la, 8] > Rbe
(a) continuous on [a, b].

(b) derivable on {a, b), then there exists atleast one point ¢ € (a, )

such that f (b; — /@) =% e). {2014,12,10,07, 1996)

{(v) Cauchy’s Mean Value Theorem If two functions f and g are
(a) continuous on [a, b]. (b) derivable in {(a, b).

(c) g’ (x) #0for any x € (a, b), then there exists at least one point cin

fB)~fle) '@ .
(e, b)such that gl

ci) Very Short Answer Questions

@ 1. Define differentiability of the function f(x) on an interval
and give its geometrically interpreted.
Sol. Part I Differentiability Let f be a function defined on an
interval [a, b]. Then, f is said to be differentiable on [, 4], if
(i) fis differentiable at each point of (a, b). '
(i1) f 1s dafferentiable from the right at @ and from left at &.

Part Il Geometrical Interpretation f' (¢) is the tangent of the angle
which the tangent at a po1nt (c, f(0)) to the curve y = f(x) makes with

X-axis.
Y fx) r'/

(2006, 02)
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Q 2. Discuss the deriVability of the following function at x =0.

f(x)— ‘v‘xe[ 1,1] except x =0, f(0)=0. (2009)
1
7 oy g FO— ) = FO) O-mF o1
SOl f-@=T ™5 "R —p e
i "
f(0+h) fO) .. ©+h?Z .
f0+ (x) 3 _%ln’l0 h —}}%_ﬁ_+w

fy- ()= f0+ (x)
Hence, f(x)is not derivable at x=0.
Q 3. Given an example of a function which is continuous but not
differentiable. (2014, 06)

Sol. Consider the function f(x) =|x|,¥Vxe[-1,1]

This function is continuous at x = 0, because for an arbitrary &> 0, there
exists & (= g) such that

[ f@-fO)I=lx|<e

= |x—0]|<8=¢ &Y
However, fis not derivable at x=0.
To prove this not differentiable ;
N ' if x< 0 _4l50 4509
f(x)‘{x, if x20 0 £

Now, f0+0)= }im M e

x—0* -0 250x—0
and f (-0)= M 1im19,_—__1

x——)(}_ 220 x—0

L FO)=FOY)
Hence, f(x)is not differentiable at x =0,

- @ 4. Show that a function is differentiable at a point, then it is
continuous at that point. (2013)

Sol. Let us consider a function f(x) = x* cos i, x#0, fO)=0.
First, we test the differentiability of f(x) at x=0.

© — h)%cos -0

N B . 1
. _ A "ﬁﬁ( e h]
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= lim (- )- lim ((:os %)

h—0

=0 x (A finite quantity persist between —1 to +1) =0
fO+ h)—-fO)

h
- 1
0+ h)?co -0
. ¢ ) So+h . 1
= lim = Hm hcos};

CR

h—>0 : A h—>0

. - 1
- fim e jm oo 7

=0 x (A finite quantity persist between -1 to +1) =0

f {;— = f ’+
Hence, f(x) is derivable at x = 0 and therefore it is continuous at x = 0,
because every differentiable function is continuous. Hence proved.

@ 5. Explain whether the Lagrange’s mean value theorem is
applicable for the function defined by

f(x)=| x|, Vv x e[— 2 1] or not.  (2016)
Sol. Since, f(x) is continuous on [- 2, 1] but not derivable at x=0 and '
such on [~ 2, 1], hypothesis is not valid.

Clearly, f () = {_ﬁz, llfffc i [[5:21’]0 ]
and fl@=f(=2)=2and f(b)=f(1)=1

Then, by Lagrange’s mean value theorem,
oy SO =@ L fM-fC2) _1-2
="y e 19" Tcmy  1=2

1
3
which shows that there is no point ¢ in (~ 2, —1) such that f'(¢) = — %

Hence, the conclusion is also not valid and Lagrange’s mean value
theorem is not applicable.

Q 6. Find the value of ¢ in the Cauchy’s mean value theorem for
the following pair of functions.

f(x) =+fx and glx)=2x+1in [1, 4] (2017)

, o L
Sol. We have, f(x) =vx= f'(x) =5
TR I
e f(c}_2—JE

and g)=2x+1 = g'x)=2 = g'lc)=2
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Now, by Cauchy’s mean value theorem,

O -f@  f© .
b —g@ - g@°
it
f@-fQ) _f© _ 2-1_2e
s - sy &  9-3 2
Y 1 _3
= ST Rk
3
c=.{—
2

b Short Answer Questions

Q@ 1. Examine the continuity and differentiability of the function

fx)=

I—;—;l—}?,for x#0

Sol. First, we examine the differentiability of the function at x=0.

- h
0O-k o
. Lok NOER 1 -V
=p -t b e theoy
O+ h
O+ -fO) _ 1 4B ¥
e f0+ () = h—>0 h I]ijlw h
h
-}11_1)1101+th =0 [ lim e/” = o]

Fr b= £ 69

So, f(x) is not. differentiable at x=0.
Now, we examine the continuity of this function at x=0.

© - h)
f (x)—llmf(() h)-wl 0——m1+e”° =
= 9 o
0] g g% 140
: ; O+ h)
/e Y ,}"‘l}if(ﬂ-% h)—hm —— 5T

h->0] -+ €
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—1/h
T -0

= lim —_— =

h—01 + e

f, ) =FO)=f,. @

Hence, f(x)is continuous at x=0.

Q 2. Show that the function f: R > R defined by f(x) =|x|is
both left and right differentiable at O but not

differentiable at O. (2017)
Sol. Given function is f(x) =| x| ¥ x ¢ R, which is continuous at x= 0.
Now, we show the differentiability of f(x) =1x|at x=0. AY
—x, ifx<0O

: fx)y— f0) . x—0
"rO+0)=1 = 1 il 2 3
f(x).is right differentiable at x=0 '

f{O—-0)= Iim fx) = F0) = lim :3:;0_ . N
x>0~ x—0 x—o0 x—0
F(x) is left differentiable at x =0.
/oY= QO
-, f(%0) is not differentiable at x=0.

and

@ 3. Discuss the differentiability of the function f at the point x =1

and x=2 where f(x)=[x-1]+|x—2|; V xeR. Draw its
graph in the interval [0, 3]. (2012)

Sol. Given function may be written as

— 2548, gl
f(x) = L. ifl=s=x<2
2¢~3, Hx=2

Atx=1,
£ @ = Tim FA-1) = fQ) _ =20 —h)+3-1
h >0 — h A—>0 iy
r 2h+3——3=_2
h—>0 - h
s " (9= Hm [+ Ry~ Q) g t-L. 5
>0 h A0 h

fl@) = £ )

So, f(x) is not differentiable at x= 1. 2
At ¥ =2
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¢ s G S Sl JAE)  ae L=l
fy @)= fm = — 5
T ks weeh )
g ()= ;ET}) >
= et B8 =8 5 2
A0 h h>0 A
L= ) @
So, f(x}is not differentiable at x=2.
The graph of f(x)in the interval [0, 3] 1s
YA
|
=2+
y=1
: } t »X
O x=1 x=2 x=3

Q@ 4. Prove that the necessary but not sufficient condition that a
function be derivable at a point is that it is continuous at that

point. (2014, 13, 05, 04, 01)
Sol. Let f: [a, b] = Rbe derivable at any point x = ¢
Then, f o= lim M, x # cexists, because

x—>0 - x—C.
f(x)=‘[M] @—0+ f©
xX—C

We have,
lim f(x) = hm [M] Hm(x— o) + f{©
X x—=>cC

X —+rC —-C
=f"(0+ fla=f(o)
and as such f(x) is continuous at x=c¢
Thus, the derivability implies continuity.
In order to prove that the condition is not sufficient we given the counter
example.
Let f)=1x|,vxe[-1,1]
Thus, f(x)is continuous at x =0, because for an arbitrary &> 0, there
exinin 8 (= ¢) such that | f(x) — f(O)i—lx] <g
l x--0 ] <3==¢g
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However, f is not derivable at x = 0. To prove, we first note that

ox == H=1lZLuw<h
f(x)_{x, ifo<x<1

Now, 'f’ (x) = hm I —r@y = lim o St =-—1
x—0 x>0 x—-0
ey i PG — FO) x=0 _
A f0+ (x)—il_r&) x—0 _.1]:-1—9-0_1' O .

for @) # s (%)
So, f{x)is not denvable at x=0.

Hence, the continuity is not a sufficient condltmn for the derivability of
function at that point.

The graph of function f(x) =] x| is shown in the figure below for x e R
Y4

— 45° 45° N
o) P

Thus, the graph i1s an unbroken curve and therefore gradient of the curve

y=|x]|at (0, 0) is not unique. _ Hence proved.
' x(elfx e le} .
@ 5. Show that the function f(x) =4{ (el/x 4 o /xy ’ _when x i 0
0 , whenx=0

is continuous at x =0, but not differentiable at x =0.

(2010, 02)
Sol. Differentiability at x=0
1 1
D—5% __.. OB
e —e
O-mE——— -0
i o g =Y FO) .. O-h, R
e o =7 = — A
o Vi _ Ik ¥ _1 g-1
s 1- = 1i —_ xo. TR —
h%evh+e1m ,}Ij‘,‘},e-th+1 o+1 1 e 0]
1 |
o+ A o+ h
o+mit—% _ o
= 0+ h O+ A
£ 0% Yiim fO+ R)Y-fO) _ Yim e + e
h~>0 h—0 h
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i € Qb _ Uk . 1 2k 1-0
T hr0ehy e VP hsol+ e PP 140

fro @ # [ (@)
Hence, f(x)is not differentiable at x =0.

Continuity at x =0
(0 R) (eh'{o By —1!(0-—:‘1)

fo- @ = lim f@ — h) = lim, :
eﬁ =
B —hEVh - . - -1) 00-1) _
"le—% (U 4 My T :th (e % 1) © + 1)

(0 4 h) (e WO+ Ry e-—lf(ﬂ+ h))
(e O+ B __ —14"(0+ h})

Far (x):giwf})f(ﬂ+ h)=%ij}no
i PER ) RA - 0 -0)
h->0 (eyh+e ]J’k) =Y (1+e‘2”’) d+0)

f () =fO0)=f

Henece, f(x) is continuous at x =0,

1+ xif0<x<1 3 ;
@ 6. Define j"(x)—{3 e a2’ Prove that f is continuous

at x =1 but not differentiable at x =1. ~(2008)
Sol. Here, f(1)=2
Continuity at x=1
- @0 = lim fQ-h)=lmil + d-h)]=

fo @=lim f(L+ R)= lim[8 -+ )] =
- @ =FD) = f @)

So, f(x) is continuous at x = 1.
Differentiability at x=1

e
= T (1+(1 ) e s LW
>0 h h—>0 —
_ f@A+ A)Y— Q1)
f+(x) }1_)0 %
e G R . sl
= lim . S e T
76y s [l @

Y, fOvr s not ddTereontinble at x =1,
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Q) 7. State and prove Darboux’s theorem. (1998, 96)

Sol. Statement If a function f: [¢, b] > Ris derivable in [a, b] and
f'(a), f’ (b) have opposite signs, then there exists at least one point
ce{a, b) such that f'(c) =0.
Proof Let us suppose that f' (@) >0 and ' () <0
Now, fflay=F(a+0)>0
= f is increasing function on the right at ‘a’, such that
f> fle)Vxela,a+ )
Again, ffO)=fHB-0<0
= f is decreasing function on the left at ‘»’, such that
f@)>f(B),V xe(b— 38y, b)
Therefore, f is not supremum at x= g or x = b.
Since, f is derivable in [a, b}, it is continuous in [a, b]. Therefore, 1t is
bounded in [a, b].
Let M = supremum of fin [a, b].

Since, a continuous function in [a, b] attains its supremum for ¢ € (g, b)
such that f(c) = M.

We will prove that f' (c)‘= 0.
If f' (¢) >0, then f is increasing at ¢
Hence, there exists ad > 0 such that f(x) > f(c), V xe(c,c+ 3)
which is impossible as f has supremum at c
If /' (©) <0, then f is decreasing at ¢
Hence, there exists ad > 0 such that f{x) > f(¢), ¥V xe{c— §, ©).
Again, this is impossible as f has supremum at ¢
fl(e=0 Hence proved.

@ 8. State and prove Rolle’s theorem. (2013, 11, 09, 05, 01)
Sol. Statement If a function f: [a, b] > Ris

(1) continuous on [a, b].
(ii) differentiable on (a, b)
(i1 f Sc(xg)i {) (b), then there exists at least one point ¢ € (a, b) such that
Prt)::f Since, f(x) is continuous on [a, &], it is bounded and attains its
supremum and infimum at some points of [a, b].

Let M =supremum of in [e, b]
m =-1nfimum of in [a, b]
Now, eithex M =m or M =m
If M = m, then f(x) is constant on [a, b].
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Hence, ff{)=0,V x € [a, b]
Thus, the theorem holds in this case.
In other case, if M # m, then at least one of M and m, if not both, must be
different from the equal value f{a) and f(b).
Suppose M = f(a) = f(b)
Then, there exists ¢ € [a, b] such that f(c) =
Also, f’ (c) exists because of condition (ii) holds.
Now, we will show that f'(¢) =0
If f’ (¢) > O, then there exists § > 0 such that
fxX)> fley=M ,Vxe(c,c+ &)
But f(x) <M,V xe[a, b]
where, M being the supremum of f.
Thus, we arrived at a contradiction, so ' (¢) 3 O.
If ' (¢} <0, then there exists 8 > 0 such that f(x) > f(c) = M, ‘a" xel{c— 05,0
Again, this is not possible, so f'(c} 4 0 i
Hence, f'(¢) =0. Hence proved. -

@ 9. Verify Rolle’s theorém in case of function f(x) =e" sin x in |
[0, =]. (2012)
Sol. Given function f(x) = €° sin x is obviously a continuous function as i
well as differentiable in the interval [0, n].
Now, f0)=¢° =sin0 =0
f(rR)=¢€"sinn =0
)= @)
Thus, all three conditions holds of Rolle’s theorem. Therefore, there must
be at least one value of xin the interval ©, =) at which f' (x) 0.

Now, (X)) =0=é"sinx+ e cosx=0
= e (sinx+ cosx) =0
1
= J—ex[ sin x + cosx) ={)
V2 V2
= ﬁe"cos(x ﬂ:) 0=>cos[x Ejzt}
T 4 4
T 7t T T
- cos{x——|=cos—=>x——=—
(#-5) =cong=n-5=3
37
:? x:-——
4
3
— e,
- € ©, n)

Henee, Rallev's theorem verified.



2

B.Sc. {(Second Year) : MATHEMATICS Paper 2 73

Q 10. Verify Rolle’s theorem for the function
F(X)=(x+D{x—-2)(x—-3), V xel[2 3]. : (2010)

Sol. Given function f(x) is a polynomial, so f(x) is continuous and
differentiable for all real value of x.

Also, fx)=0= 3> —6x>-11x—-6=0
—* x+D{x—-2)(x-3)=0
= X=—1.2.8
Thus, fED=f@)=f@)=0

In the interval [- T, 3], f(x) holds the all three conditions of Rolle’s

theorem. Therefore” there must be at least one value of xin the interval
(-1, 3) for which f"(x)=0

Now, ¥~ (x)=0=>3x2—12x-—11 O

= x= 12 :I: ‘/1:4 = _132 2+ — o [by Sridharacharya formula)
[ J69

2——6—]5(—1,3)

Hence, f(x) verified the Rolle’s theorem.

& 11. Verify Rolle’s theorem for the following function.
fX=(x-2(x-4)Y,Vxel2 4] (2007)

Sol. We have, f(x)=(x—2)% (x-4)P°,V xe[2,4]

The given function is a polynomial in x, so it is continuous and

differentiable in [2, 4].

Also, f@)=0=f@&)

Thus, all the three conditions of Rolle’s theorem holds, therefore there
must be at least one value of xin (2, 4) for which f’ (x) =0. >

Now, f'()=2x~2)(x—4® +3x—-2)%2(x—-4)?=0

=N x—-2) (x—4)%- Rx—-4)+3(x—-2)]=0
= (x—2) (x—4)* BGx—-14)=0
= x=2,4,2,§

Since, 2 <2§ <4or2—§— e(2,4)
Hence, Rolle’s theorem satisfied.

Q 12. Discuss the applicability of the Rolle’s theorem on the
following function.

f(x) =] x——ll, v x=(0, 2)
Sol. Given function f(x)=lx—1§ V x e (0, 2).
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Then, fO®) =1and f2)=1
Given function can be written as

esilop—), nE e
f‘(x)_{(x—l), s 1

Differentiability at x= 1
; o  fA-R) - FQ)
h-O= 15

-~ h
-(@Q-A)~1)-1 -
= s Ry FETc
ST . A — &
. 1-h i 1
—}}1:_% Z h}{lm(z—l)-—wml—+m
‘ fA+h)—f@)
1*(’0)_;%15?) A
A+m-1-1_, h-1
h—>0 A A A

L@ Fl @)

S0, f(x)is not differentiable at x =1 < (0, 2).
Hence, Rolle’s theorem is not applicable.

@ 13. State and prove Lagrange’s mean value theorem and give
the geometrical interpretation. (2014, 12, 10, 07, 1996)
SOI Statement Let the function f: [a, b]— Rbe

(1) continuous on [a, &].
(1) derivable on (a, b), then there exists at least one point

¢ e {a, b) such that f(b; e =af ey

Proof Let us consider an auxiliary function 4 : [a, 8] — R defined by
hix)= f(x)+ Ax
where, A is to be determined such that A(a) = A(b),

ie. fl@)+ Aa=fb)+ Ab = - A= ffb;:i(a)

Now, the function A(x) is the sum of two continuous and differentiable
functions, therefore it is also
(@) continuous on [a, &].
(ii) differentiable on (a, b).
(ii1) A(a) = A(d).

Thus, /i (x) satisfies the conditions of Rolle’s theorem.
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Therefore, there exists a point c € (a, &) such that
AE)=0= Ff )+ A=0

Because A @@=+ A
Hence, f {c)= ! (b; - f(a) Hence proved.

Geometrical Interpretation The graph of this function f: [a, b] > R,
from the point A : (o, f(a)) to the point B: (b, (b)) has neither breaks nor
sharp corners anywhere between A and B.

If the chord AB makes an angle o with the X-axis, then
: f(®) - f(a)

tan o = = F’ (o)
b—a
[by Lagrange’s mean value theorem]
where, a <ec< b
YJL‘ A
if (b)
f (i)
é M E ‘!r‘
O a2 ¢ TR

Thus, according to the Lagrange’s mean value theorem, the graph of the
function f has a tangent parallel to the chord joining the points on the
graph with abscissae a and b, for at least on point cin (a, ).

& 14. Verify Lagrange’s mean value theorem for the function
() =(x+D(x-2)(x—-3), V x [0, 1]. (2014, 11, 09, 06, 01)
Sol. Given function f(x) is a polynomial in x, hence it is
(i) continuous in [0, 1].
(11) differentiable in (O, 1).
Therefore, Llagrange’s mean value theorem is applicable.
Now, f(O)=6and f(1)=4
Fy=f0) A=6
1-0 T1-0
Form any x {0, 1), we have
Ff@=-2)x-3+x+1E—-3)+&+1)x—-2)

=3x"-8x+ 1
w80 pgveeon

— —2=8c"-8c+1

=—2




76

= 3¢ ~8¢c+8=0
_ c=+8t\/@——36=4iﬁ
2.3 3
J7

- ~~31 & ©, 1) such that £'(c) =0
Hencé, Lagrange’s mean value theorem verified.

@ 15. Verify Lagrange’s theorem for the function
fFlxX)=(x-1D(x~2), VO <x<1. (2013)
Sol. Given function f(x)is a polynomial in x, hence it is
(i) continuous in [0, 1].
(ii) differentiable in (0, 1).
Therefore, Lagrange’s mean value theorem is applicable.
Now, f0)=2 and f(1)=0
f®)-fl@) _fA)-f@) _0-2 _
b—a 1-0 1-0
For any x < (0, 1), we have f'(x) =2x— 8

M:f’(c),VCE(U,l)

-2

1-0

—> —2=2¢c-3=¢=

b | =

B = % {0, 1) such that /() < 0.
Hence, Lagrange’s mean value theorem verified for the function.

Q 16. Verify Lagrange’s mean value theorem for the function
fF(xX)=x(x-D(x-2),Vxe [0, %] _ ~ (2005)

Sol. Given function is a polynomial in x, so it is continuous in [0,1/2]

and differentiable in (0, 1/2). Therefore, f(x) holds all the conditions of
Lagrange’s mean value theorem.

Now, f{©)=0and f[l) -

2)°8 |
Y 3
f(b)—f(a):f(ZJ e
b-a = kg B
2 2

Now, =@ -1)(x-2)+xx—-2)+ x(x—1)
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— f1(x) =32 —6x+2
ff(©0=38c*—6c+2,V ce{(},%)

Now, according to Lagrange’s mean value theorem,

b—-a
=k %:3c2—~6c+2:‘> 12(:?——24(:4—5:.0
=% C—-l""*———'\/33

: 1--_4336 e[ 2) suchthatf[l—-—«J33 )MO

Hence, Lagrange’s mean value theorem verified.

(_f; Long Answer Questions

@ 1. Prove that a necessary but not sufficient condition that
a function be derivable at a point is that it is continuous
at that point, also discuss the continuity and
differentiability of the function f(x)=|x~1[+|x -2}
¥ x e R at the point x =1 and x = 2. Draw its graph in
the interval [0, 3]. . (20186, 09, 06, 01)

Sol. Part I See the solution of Q. 4 of Short Answer Questions.

Part IT Given function is f(x)=|x—-1|+ | x - 2],\7’xeR
—~2x+ 3,if x<1

It can be written as f(x) = 1, i LZ2x<2
2x -3, if x=>22

Continuity at x=1
fl_ (x) =;1,,T.‘£};.f(1 —h)=§1_t)n(ﬁ-—2(1 — h)+ 8] :gl_rﬂ)@h-l— 1)=1

fi+ () =%i_rﬂ) fQ+ h)= ’}i_l}})[l] =1
[ @=fQ)=f. @
So, f(x)is continuous at x = 1.

Continuity at x =2
fr @ =lim f@ - k)= lim (1) =1

fpr @=1lim@+ k)= lim 2@ + h) 8] = lim @A + 1) =1
fr @ =f@=f,.

So, f{x)is continuous at x = 2.
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Differentiability at x=1

s s LB Y o B =l o Bl
- s s " h e
£y @=tim LEF Ty 12135 D0

h—0 h h-»0 h h->0h
fl'—(x)?ﬁfll(x)
So, f(x)is not differentiable at x = 1.
Differentiability at x =2

oo o f@-B)=f@ _ . 1-1_ . 0 _

=T b =i T Ry

e f@+R)-f@ .. 2@+R)-3-1_ .. 2k _

fy @ = m, A =a R =

£ = F, @
So, f(x)is not differentiable at x =2.

Part III Geometrical Interpretation The graph in the interval [0, 3] 1s
YA

t } } »X
C x=1 x=2 x=3 .

@ 2. State and prove Rolle’s mean value theorem. Give its
geometrical interpretation, also verify it for the
functionf(x) = x{x + 3)e *’? in[- 3, 0}. (2015, 07, 04)

Sol. Part I See the solution of Q. 8 of Short
: Y
Answer Questions.

Part II Geometrical Interpretation of S
Rolle’s Theorem Geometrically Rolle’s

theorem says that the curve representing
the graph of the function f, under the slated A ; B
conditions, has a tangent parallel to X-axis
for at least one point between @ and b, as f(a) f(b)
shown in the figure. The given function is

f{x) =x(x+ .‘E’»)e_”m:(5i:2+€’::\f:)e"“'2 @) a c b

Then,

f. % ;
RN L o iy @k ﬂ)e‘ﬂzz—%e_ﬂz(xz—-x—ﬁ)
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Here, f’ (x) exists for every value of x e [ 3, 0]. Thus, f(x) is differentiable
in (- 3, 0) and therefore it is also continuous in [- 3, 0]

Also, f3)=0= fO. :
Thus, all three conditions of Rolle’s theorem holds, so f’ {x) =0 at least
one value of x € (— 3, 0).

Now, for f’(x)=0,—%e“""'2(xz—x~6)-——0 = x*-—x—-6=0 l:-,-_%e“ﬂz :;:0]

== (x—3)(x+2)=0= x=-2,3
Since, — 3 < — 2 < 0, therefore Rolle’s theorem is verified.

@ 3. State and prove Rolle’s theorem. Give its geometrical
interpretation, also explain why f(x) =1 —|x —1|does
not satisfy Rolle’s theorem in [0, 2]. (2017)
Sol. Part I See the solution of Q. 2. v
Part II Given function is

e be ey W 3F sl
feoed-lx—1l {2—3:, if x>1

3 L. o<1
B e =1-1,x>1 ; > X

L%
v

- The given function is not differentiable at x=1, so
f () is not satisfies the condition of Rolle’s theorem.

@ 4. State and prove Cauchy’s mean value theorem and show
that Lagrange’s mean value theorem is a particular case
of Cauchy’s mean value theorem. (20086, 02)

Sol. Statement Let the function f: (a, b)— Rand g: (a, b)— Rboth be

(@) continuous in the closed interval [a, b].
(ii) differentiable in the open interval (a, b).
(iii) g’ () 20, V x € [a, b], then there exists ¢ € [a, b] such that
f®) - f@) _ f'©
g - gl@ g @@
Proof Let g(b) = g(a), then g satisfies all the conditions of Rolle’s

theorem and hence there exists a point A € [a, b] such that g'(A) =0,
which is a econtradiction.

Hence, g(b)= g(o)
Now, let us consider an auxiliary equation
A =f(x)+ Ag), VvV x € fa, b]
where, A is a constant to be determine such that k(a) = ~(&).

Phies 200 & AgGd=T e dgl) = Am=lod 1) )
g(d) — g(a)
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Since, A(x) is the function of f(x) and g(x), then A(x) is continuous in [a, ]

and differentiable in (a, b) and also A(a) = A(d).

So, A(x) holds all three conditions of Rolle’s theorem, so there exists a

. point ¢ € (a, ) such that A’ {c) =0.

fflo+ Ag'(©)=0 = A=-£~g€)— ...(i1)
g ()

f®) - f@) _ @

8) - gla) g'@©

Hence, Cauchy’s theorem proved.

If we put g(x) = x, then A(x) = f(x) + Ax

Then, from the condition A{a) = A(b)

From Egs. (i) and (ii), we get

a=-18) -1 i)
b—a _
and hx)y=f(x)+ A
Then, R=f+ A,V cela,b)
= AR=0= f'(+ A=0 :
=2 A=—f"() sukIV)

From Egs. (iii) and (iv), we get f (b; hi . f' (0, Vee(a, b)
= :

which prove the Lagrange’s mean value theorem.
Hence, Lagrange’s mean value theorem is the particular case of Cauchy’s
.mean value theorem. _ Hence proved.



