 hapter Five

INDETERMINATE
FORMS

b Important Points from the Chapter

. Indeterminate Forms The forms % y i ,0X 00,00 —o0,0°, 0 and 1~ are
called indeterminate forms and it has no definite value.

. L’Hospital’s Rule If ¢ (x) and v (x) are two functions of x, which can be
expanded by Taylor’s theorem in the neighbourhood of x=a and

(@) =y (@) =0, then
0@ _ 4 @ _ L 0"

Iim —_—
x—aY(x) xoay (x) e y?(x)

if ¢’ (@), ..., ¢ V(@) and ' (@), ..., " V(@)
are all zero, but ¢'? (@) = 0 and ¥ () = 0]

which is known as I’ Hospital’s rule.
In this while applying L’ Hospital’s rule, we are not to differentiate

—ql%% by quotient rule of two functions, but we are to differentiate the
v (x
numerator and denominator separately.

. Form [2) Suppose lim ¢ (x) = o= and lim y(x) = eo. Then,
oo x—a Xx—2a

tim 32 _ g5, O
x> W(x) r—a Y (x)

. Form (0 x <) Suppose lim ¢(x) =0 and lim y(x) = o=, Then,
x—>a rx—a

IIm ¢(x)- y(x) can be reduced to the form g or — by taking as
r—a oo

) & (x) . W (x)
I b A

. Forms (17,0°%,%) Suppose lim 6™, takes any one of these
xX—=>a

three forms. Then, let y= lim{¢®x)}¥™. Taking logarithm on both
sides, we get log y = lim vy (x)- log ¢(x).
x—=a

Now, in any of the above three cases, log y takes the form 0 X <, which
can be evaluated by the process of above point 4.
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v Algebraiec Formulae In many cases, the limits are easily obtained by
the use' of algebraic and trigonometrical expansions, which are as
tollows '

() A=) 1 =14+x+224+2% +...00, [xi<1.

x> 2 1t

(M) log(l+x)=x——+ ——"—+.., 00, szl<1

1) log( ) T

(i11) sinx—x~-+f—5—~—£+ oo

: YR T R TR .
4 6

. X x

{(iv) cosx-—1~§i+ZI——Hé—!+...oo

) tanx=x+-‘§—+—2—x§+...w

15
" ) e x
(vi) 81nhx=x+§?+ g?-r_-?}-f-.-.oo

4 6
(vil) cosh x= 1+_x_2+3:__+_a_c_+mm

2! 4! 6!
(viii) e"-——=1+—'75+352—+£3—+ oo
11 2! 38!
(x) sin' x= x+ 12-£+32-12-£+52-32-12-£+ -
31! 5! 7!
The following values of logarithms to the base e should also be

remembered
log1 =0, loge=1, loges=-co, log0=—oco, & =oco,e ™ =0,¢e° =1

d}— Very Short Answer Questions

@ 1. Prove that lim it A
x>0 X (2017)
Sol. We have, lim o L rf‘orm 01
x—0 x [_ OJ
On applying I’Hospital’s rule, we get
2
Iim i KL sec’0 =1
x— 0
1 X
@ 2. Evaluate lim (1 + -—J ; (2010)
x— 0 x

Sol. Let y= lim (1 + }-) [form 000]
x— 0 x



A1}

log y= lim xlog(l + -1-) = lim
x %

— 0 x>0

Iim = 5
x>0 (—llx)
=5 y=e°=1

log x>
g

Q 3. Evaluate lim
x— 0 cot x

log x*

Sol. Wehave, lim .
x=>0cotx

(5)o

22

= lim -
x— 0 —2x cosecx

i P—
N WS form —

|

[1 1!)(_1“‘2) 1|
= log y=lim —or =0

x=0

X

(2009)
[form g—]

[using 1’ Hospital’s rule]

2sin x° cos a2 2x

il
= lim (—%"’—]_ lim —

x>0 x x—0
= Jim— @2sin :Jc2 cosx?)=0
x—=0

Q@ 4. Evaluate lim (_t?_nwg_c_—_x]
x>0\ x—8In x

tanx—x
Sol. We have, lim ——-=
x~+0 x— sulx

(2006)
r1':'0rm 91
|70

. secix—1 A g
= im ——— [using 1. Hospital’s rule]
x—01~cosx
. 2sec’xtanx .
= lim - = lim 2sed® x=2
x— 0 s x x—0

1/x
Q 5. Evaluate lim (tan x] .
x

x—0

Yyl
Sok. Lot 7=t (1222)

Taking log on both sides, we get
; 1 tanx
log y= lim —Zlog( ]
: x—

0 x x

2
= lim ilog [1+£+%x4+...

3

(2005)

|
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1 (2x+ 82% J :
.1+£+£x4+... % A8 §+%+... "
= lim 3 15 2‘ ~ lim 3x2 15 =3
X —> & X —>
) A1r e T ]
.oy=ée?
Q 6. Evaluate lim X°03x —log A + x)
x—> 0 x2
g —X81In x4+ cos X~
Sol.” We have, lim X25% log Q-+ lim 1+x
x— 0 2 x>0 D
[using L' Hospital’s rule]
xcosx+sinx—sin x+ ~1—~—2
-+ . .
hm 5 {2s+0) [using I’ Hospital’s rule]
x—=0
_1
2

(f) Short Answer Questions

@ 1. Evaluate lim (12 —_— )
X

x— 0 sin? x
Sol. We have lim (i— )... lim )B}/ x
x>0 x? gin?x x— xZ/Sr].‘ﬁ x x2
: sin® x— x? x ) . sin?x—a2)[ .. x )21
= lim - =t lim ————2 || im]| —
x— 0 x4 s x x— 0 x“-" y x—= 0\ sInx
g L %, -
_ Ti [E__{i_] s g e |
x— 0 X | xx—0s1nx J
= lim B % Con -2 [using I’ Hospital’s rule]
x—>0 4:(3
- ,}1_,"}) e 2:3" 2% _ xll_:)% < cc;szf;-—2 fusing I’Hospital's rule]
e T 2 [using 1’ Hospital’s rule]
x—0 24x
= Jim b [using L’ Hospital’s rule]
x~30 24
1

= e —

3
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Q 2. Evaluate xh—lﬁ} log,_ »_ (tan? 2x).

i . log (tan?2x)
Sol. lim lo tan®2x) = lim
0 gm2x( )= z— 0 log (tan®x)

= lim FrDpean b [ log a® = blogal
x—=0 2log tan x
= lim log vandx rform 21
-0 logtanx I_ °°J
-2sec?2x s
= lim tan%x = lim —
x>0 - x— 0 gin 2x cos 2x
tan x
= lim =1
x— 0 cos2x
Q 3. Evaluate lim Jogsiniay
x— 0 logsin x
SOZ We have Iim M rform_of_1
x— 0 logsinx L ©0
= lim 2 jsn,l 2%)- i 22 Tusing L Hospital’'s rule]
z—0 (1/sinx)-cosx
= hm 2cot2x ) form —_|
x—0 cotx l_
2 b
- 4 cosec:22x rf()rm ___] .
x*x—0 —cosec’x l.
.2 . 9
« Fiin SEUL gy, o SO i =1
x> 0sin“2x x> >0 (2sin xcos x)® x—0. cos® x
| &
¢ Long Answer Questions |
i
] 3.3)%* e
Q@ 1. Evaluate lim ( ) ;
x—0 o o
Vx
Sol. Here; im A% %) € is of the form 9, because lim (1 + )Y =e
x—=0 x 0 x—0

To evaluate the given limit, first we will obtain an expansion for (1 + 0V
in ascending powers of x.

Let y=(+xY"
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s 1 i 8 A x  x2
Ihen,logyz;log(1+x)=;[x—?+—é——...):1—§+~é——-...
=142, Wherezzl—§+%2...
y—el+"'—-eez=e(1+-—z-i+§-2§+ J
x

=e|l-— g + % i 2?2 + Terms containing power of x higher than SJ

26(1——1—354-—1—1—::2—...}
2" 24 |
e[l —_}-x+Ex2—...J —e

Yx _
Now, Iim g+ B 2 24
x>0 x x—0 x

= Iim
x—0 X x—0

2
@ 2. Evaluate lHm log log 4 — ).
| x—0 log log cos x

Sol. We have, lim 108108 ¢ — 1) g =
x—>0 log log cos x ;

1 1
. log (1—x%) 1—«2
x— 0 1 . 1
logcosx cosx
. xqo_sxlogcosx
-0 sin x {1 - x%) log (1 — x%)
=2 lim ~%— lim S22% . 1y 10EC0S7
t—08Inx x—>01—x2 x—>Glog(1—x2)

log cos x . [ form ol
0]

- (—2x)

- (—sin x)

=2x1x1x lim z
- 0 Jog (1 ~x%) l.

-(—sinx ,
=B Tavp, LOB ( )——-ZX-]l-]im 311'13;:_1—-;\:2
x-— 0 i (-2) x>0l x cosx

-

="



