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Ch apter Six

RIEMANN
INTEGRATION

¢ Important Points from the Chapter

1. Partition A finite set P ={a = x5, %, %5, ..., X,, = O} of points is called a
partition or subdivision of the closed interval [a, &], iff
Q=X <X <Xp<dH <..<x,=0b
2. Refinement of a Partition A refinement P, of a partition B, of [a, b]is
a partition of the same closed interval [a, ] such that B B,.

3. Darboux Sums Let f be a bounded function defined on [a, 5] and
P={a =:xy,x,%5,..., %, = b} be a partition of [a, b].
Let my, =glb{f(x):xe[x,_,, %1}
and M, =lub{f(x):ixex;_ 1,21}V &2=1,2,8,...,n.

Fi9
Then, the two sums are L{f, P) = ka(xk — Xy _1)
k=1

and U(f, P)= > M, (x, —x,_,), where L(f, P) and U(f, P) are called
k=1

lower and upper Darboux sums respectively of f for the partition P.

4. Lower Riemann-Integral The supremum of the set of all lower sums
1s called the lower Riemann-integral of f on [&, 8] and there exist
numbers m and M such thatm < f(x) < M,V x € [a, b}

It is defined as J‘i’ £ dx=Tub{L(f, P)}.

5. Riemann-Integral A function f bounded on [a, ] is said to be
Riemann- integrable on [a, &], if its upper and lower integrals are equal,

1.e. I~ integrable _[: f{x) dx = _{Z fx) dx= Ij f(x) dx, it 1s denoted by J:: &

{2006, 05)
The function f is integrand where a, 8 are the limits of integration.
The set of all Riemann-integrable function denoted by R [a, b].

6. Norm For a partition P ={a = x5, %, %5, ..., x,, = b} of [a, ], there are
n-subintervals [x,_;,x,] where £=1,2,3,..., n. The length of the
greatest subinterval is called the norm of the partition P and is denoted
by i Pl
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7. Oscillatory Sum For a given bounded function f:[a, b]— R and a
i3
partition P of [a,d], U(f,P)— L(f,P)= > (M ~m,) (x;, — x,_,) is
k=1
" called the oscillatory sum and (M}, - m;) is called the oscillation of the
function in the subinterval {x; _,, x.].

8. Darboux’s Theorem Given a bounded function f: [a, ] - R, and a
real number € > 0, there exists a real § > 0 such that the relations

DL P> [ fede—e @ U, Py <[ fo)dx+e
hold for every partition P of [a, b] for which [} P[] < &.

(i) Very Short Answer Questions

@ 1. Prove that the lower Riemann integral cannot exceed the

upper Riemann-integral. (2006)
Sol. Let us consider the interval [a, b] and P, P, be two partitions of [a, b].
Then, L, P)Y<U({, B) swild)

fix P, and consider the lub {L(f, P,)} for all L. Then,
[, f@ dx<U(f, Py
Taking glb {U (f, Py} for all P, then ]
[0F 6 da< [0 f@) dx
Thus, the lower Riema—nn-integral cannot exceed the upper

Riemann-integral. Hence proved.

Q@ 2. Prove that a constant function is R-integrable.
(2015, 1999, 97, 95)

Sol. Let us consider a constant function [(x) =k, ¥ x € [a, b} is bounded
over [a@, b]land P ={a =x5 ,%_x,,...,%,_y, x; = b} be the partition of [a, b].

Then, M,=lub{fx):xe[x,_i, 2} =k
and my=glb{f(x):xelx,_;,x1}=k
Therefore, L(f, P) = imkﬁk =k Zﬁk = k(b — a)
. k=1 k=1
and Uf, P)= D My =2 5, = k(b - )
k=1 k=1

for every partition P of [a, b].
Thus, we have

ij = glb of the set of all U(f, P) = k(b - a)
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anad { f: f = 1ub of the set of all L(f, P) = k(b — @)
Hence, a constant function is R-integrable over [a, b]
and _[Z f=k(G-a) Hence proved.
Q@ 3. Prove that every monotonic function is Riemann-
integrable. (2006)
Or If f is monotonic on [q, b}, then show that f is
Riemann-integrable on [a, bl. (2017)

Sol. Let f be a monotonic increasing function for a positive integer £ >0
and partition P of [a, b] such that the length of each subintervals
%, 1,2,V B=1,2,...,nis less than

e -
F®) - f(@) 0

M, =lubof f(x)in (x;, ., X)) = f ()
and my, =glbof f(x)in (%, _1, %) = f(Xp_1)

Now, U(f, P) - L(f, P) = ich my) S
k=

(f (o) — flop_1)) [from Eq. ()]

; f(b)—f( )

Hence, f is R—lntegrable on [a b].
If f be a monotonic decreasing function, then the proof is similar as
above.

1, is rati | :
Q 4. If f(x)= when xfs Ta o.nal , then show that f(x) is not
0, when x is irrational
R-integrable. (2005)

Or Let f(x) be defined in [0, 1] as follows
1, when x is rational . Show that f is not

X)) =
£ {0, when x is irrational

Riemann- integrable on {0, 1]. (2017)
Sol. Here, f(x) =1, when xis rational and 0 when xis irrational

fjf(x)dx= Zn:Mkﬁkﬂ-(b-a):(b—a) ...
k=1
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and [P F@) dxe= > m8, =0-(b—a)=0 o)
= k=1

From Egs. (i) and (ii), we get
b b
f,f@ de= [ f() dx
Hence, f is not R-integrable.

@ 5. Prove that the necessary and sufficient condition for
R-integrability of a bounded function f :[a, b] - R on[a, b]
is that V ¢ >0, there exists a partition P of [a, b] such that

U, f)—L(P, f)<s. (2015, 14, 1998)
Sol. If f is R-integrable on fa, b], then
b b
[f=].f
By Darboux’s theorem, for ¢ > 0, there is a partition P of [a, b] such that P
and all its refinements

L(p, f)>j f——andU(P f)<j f+—

Then, U, f) — L(P f<e
Conversely, if for every £ > 0, there is a part1t1on P such that
U, f)— L(P, f) <sg then -

Lng(P,f)<L(P,f)+e<jzf+s

i, jzf—fz_f<a,\:fe>0f>fzfsj;’f
But I:fsj:fandthusj:f=f;f
Hence, fis R-ir:tegrable. - Hence proved.
Q 6. Evaluate Ja x* dx and show that f <R [0, d]. (2014)
Sol. 1et P= {—; P 1o P n}be a partition of [0, a]. Then,
k =£’:’ﬁfi2, M, = rZazz and §,, =—E.
Therefore, Lt Py = im!ﬁk = Z_(r_n)_zaz Z

3

_qé_ Z:(r—l)z-: (13 |:n(n—1) (2n—1)]

n 6
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£{6-2)¢-2)
6 n n
n n r2a2 a
and U Py= ZMkskz - —
k=1 k=1 1 n
3 n 3
" ol e n 6 , 6 n n
o 3 i 1 a3
=1 = —|1-= - =
-[Qf n%ﬂL(f’P) hm 6 ( n} [ n] 3
a a® 1 % a®
and _[Of llilllm U(f,P)= lnn —6~[1+ n) [24-;]“?
Thus, Jof = o
3
Therefore, f € B [0, a] and j.;‘ = %- Hence proved.
Q 7. A function f is defined on [0, 1] by
L o
2rx, wh XS = = ——
£l = X erer_l_1 x - =12
0, otherwise
Prove that f R [0, 1] and evaluate I; f(x) dx. (2013)
Sol. Since, f[l ~ ) = lim 27 [l - J =
r o0 r
and f[1+0)=lim2(r—1)(~l~+h)=2—g—
r h—0 r r

. ’ . i i
~. f is discontinuous at x = —, Where e (.
r

However, f(1)=2and f(1 —0) = hrn 2(1 — h) =2, which shows that f is

continuous at x= 1.

Since, the set{l l,l
2°8 4

limiting point viz. 0.
Hence, f e R [0, 1].

Now, E,n+ ) dx= J.:rzf * .[ .[ : jlf(:+ 1) f
- ; .[1;(;-+1)

S } of points of discontinuity of f has only one
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Y(r+1)

s 1 1 1 1 1 i i X
Aeld @ dem1 (35 =) r2 (G- ) + 3 (g 5)

1/r ¥Vr 1 1
and e f(x) dx= j 2rxdx=r [—2 - —m]

1
St Il Ais
e (n + 1)> =re A+ 1/n)®

Therefore, as n — oo,
1 @ 1 2 1{'2
Iof(x} dx':[rzzlﬁ] —0=—6**
@ 8. Show that f(x) = x? is R-integrable in [0, al. Also, find the
value of integral. (2012, 1998)

Sol. Let f(x) = +*,V x € [0, a] is continuous on {0, a].
4
Further, if F(x) = % for x [0, al

Then, F' () =2 = f(x) for x € [0, a]
Hence, by the fundamental theorem of integral calculus,
4 4
a a a
onadme(a) -l 0=t
If P={0 =2y, x,, %9, ..., X,, = @} be the partition of [0, a] into n congruent
: a—-0 a
subintervals, then §; = = —
n n
Since, f is increasing on [0, al.
Then, mk:glb{f(x):xe[xh_l,xk]}:fk_l
and M, =Tub{f(x):xe[x_q,x]} =22

LU, Py= 3 mi8e = 3.(E_, -8,
k=1 k=1

3 BB 3 .3 133 .3
:(03+as+2a+3a+m+(n 1)aJ<_1_
n

7 n3 n,3 n3
a 4

4
n

(% 59% 4804 .8 G—T)

Il
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]
T nt 2 4 n

and U, Py= 3. M8, = 3 (48,
k=1 k=1

e a® +23a3 s Ba® o " n®a® a
n® n® n n n
P ,
=—2@%*+2° +3% + ...+ 1%
n
=a4 [n(n+1))2=a_4(1+_1_)2
_ nt 2 4 n
Now, J:f = lub of the set of all L{f, P)
4 2 4
=1ub|:-g'—-[l—l] :|=~95—~, as||Pll-»0orn— «
4 n 4
and jff = glb of the set of allU(f, P)
at 1 =
=glb| — 1+ —
B [4 [ n)
at

I

Tasi{PlI%Oor 7 > €O

Consequently, j: o= j: i

aé

4 Hence proved.

Hence, f is R-integrable and _[: f=

Q9. If f(x)=x, V x [0, 1], then show that f is R-integrable on

1 1
[0, 11, and jﬂ flxydx=_.
1 2 r—1 r n ] o
Sol. LetP={0,—,=,..., , —,...,—=1}be the partition of [0, 1].
n n n n o)
Then,mr=r_l,M,.=~£and8r-—-lforrzl,z,...,n
n n n :
Therefore, L(f, P) = imr8r= Zr_l-l=—}—2- > (r—-1
r=1 r=1 T2 i n oyt

=%{1+2+3+.-.+(n—1)}

1 (n—l)n=n-1
n? 2 2n
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and U(f,P)= Y. M,5, = Z.’;i
r= rzln n’
-—"~—1§ rz-%—'(l 2+3+
T n
__':{__.n(n+1)___(n+1)__1_[1 _1_)
n 2 "~ 2n 2
1 . - il 1 i
Therefore,f xdx= lim L(f,P)=lim =|1—-—I|=—
0 Pll—0 n—sw 2 n 2
and J.lxdx— 11m U(f,P)z 11m (l-l- 1] )
0 o 2 n 2

2@ dx=[ £ d

Hence, f(x)is R-integrable and the value of j'; f() dx= %, Y xel0, 1]

Q 10. Calculate the value of upper and lower integrals for the

function f defined on [0, 2] as follows.
2 . .
£020) :{ x + x°, when x is rational

x? + x°, when x is irrational (1996)

Sol. We have, (x+ 52 — o2 + ) =x— % =x(l — 2%
Thus, x + x> x> + % in (0, 1) and x+ 2 <x*+ 2 in (1, 2)
Now, for every k& with usual notations,

my, =2+, Vxe0,)=x+ P,V xed,2)
and M,=x+x5,Vxe@, 1=+, Vxe(,2)
Hence, [ () du=[ (*+2)dx+ [ @+ xdx

[x':‘ x4]1 [x2 xs]z
=l—+—]| +|—+—=
3 4 i 3 i

0
11 4 8) (1.1Y] 53 ,5
] =[(§ z]“”“”} [(2+3) (5*5)} 12 %18
Also, Iz(f)x dx = jl e+ o2 dx + j‘f 2+ B )dx
2 P B AT d 8 16) (1
[‘;f*E“L*“[?‘“Z]f{[z*g)""*")}*[(a*ﬂ [5*

Ht
0 11
1 f2X

)
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& 11. Prove that a continuous fum:tmn is Riemann-integrable on
{a bl. (2013, 10, 09, 07)

Sol. Let us consider a function f(x) is continuous on [a, &] is bounded in
[, b), and P = {a = x5, X;,, X9, ... » X3, _1, X = b} is the partition of [a, bl.

[x. 1, %]1is a subinterval, where 2 =1,2, ...

Suppose that the oscillation of f(x) in each of such intervals is less than
, for ¢ > 0 and small.

b~-c

Now, U(f, Py = D M3, L(f, PY= 2 m;5,;
k=1 =1

and U(f, P) — L(f, P) = fj M, — my) 5,

n

2.5

(ba

k=
(&6 —a)
(b - a)
<eg
Therefore, the function f(x)is R-integrable. Hence proved.,

Q 12. State and prove Fundamental theorem of integral calculus.
(2005)

Sol. Statement Let f be a continuous function on [a, 8] and let ¢ be a
differentiable function on [a, b] such that ¢' (x) = f(x),¥ a <x<b. Then,

[} @ dt = ) - 8.

Proof Since, f is continuous on [a, &], then the integral function ¥ of f
defined by

Fw=[ f@dt,x<la,b]

is differentiable and

F'(x)=f()xela, b] ---(D)
But we have ¢' (x) = f(x), x € [a, b] sl B
From Egs. (1) and (ii), we get
F' (x)=¢ @V xela, bl
Frix)—¢'x)=0,Vxela, b]

2 F@) - @] =0,V x<la, b]
dx
F(x) - $(x) = C, where C is constant.

F@=¢@+C
F@)=¢@)+ Cand F(by=¢(d)+ C

R R
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= F(b) — F(@) =6 () — d(a) .. .(iii)
But C F®)={ @ de
and F@=[ f®)di=0
Fb) - Fl@)=[ @) di~0={ ft) dt (V)
From Egs. (iil) and (iv), we get
Cfodi=e®-o@ Hence proved.

Q 13. 1f f is R-integrable on [a, b] and ¢ € (q, b), then prove that f
is R-integrable on both [q, ¢] and [ ¢, b] and _[: f= J': f + f ; i

(2015, 1998)

Sol. fis bounded on [, ¢] and [c, b] iff f is bounded on [a, b]. Suppose
f € Ra, 6]. Then, for a real number & > 0, there exists a partition P of
la, &] such that

Uf,P)-L({(f,P)<se
Let P* = PU{c} be a refinement of P, then
U, P¥ - L(f,PY<U(f, P)— L(f,P) < s
Let us divide partition P * of [¢, b] into B, of [¢, ¢] and P, of [c, b].
Then, U(f, P*) — L(f, P*)={U(f, B) + U(f, P} — {L(f, B) + L(f, Py)}
={U(f, R) - L, A} + U, B) — L(f, B}
<g

Since, U(f, B) - L{f, B)20and U{f, P)— L(f,P) =0.
Also, each of these €.

Therefore, f e R [a,cland f € R [c, b]
Since, U, P+ U, B)=U(f, P¥
glb [U{f, )] + glb [U(f, By)] =glb [U(f, P*)]
Jor=Lr+l 7
Conversely, if f € R [a, c] and f € R[c, b], the partition P, on {a, ¢] and
partition 2, on [¢, b] are such that
U(f,P)— L(f,P) <&/2,U(f, P) ~ L(f, Py) < &/2
Let P =P, U P, then P is-a partition on [a, ] and
U(f,P)-L(f,P)=U(, B)+ U{f, P} —{L(f, B) + L(f, B)}
={U(,B)—-L{f, P~ U, B) - L{f, B} <se
Hence, f is R-integrable on [a, b] Hence proved,
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(,IE) Short Answer Questions

Q1. If f:[a, b} —> R is continuous on [q, b] and F(x) = I:f(t) dt,

then prove that F(x) always possess a derivative F' (x) and
moreover F' = f on[a, b]. (2015, 05)
Sol. Let x, (x+ &) € [a, b]. Then, - '

Fa+ ) -F@=[""r@yda-[r@odr=["""fwy de + [ f@) az

= F@+h-F@=[""f@dt (@)

x

But f is a continuous function, so [~ Y £ dt = hF(O) i)

where, ce[x, x+ Al < [a, bl.
From Eqgs. (i} and (ii), we get
Fx+ h)— F(x)= hf(c)
im Fx+ h)—F(x) _

: 2{40 3 = }}):1;110 fc) = 3:2;1; f(o [-if A — O, then ¢— ]
= f(x) [ f is continuous]
Hence, F' (x) = f(x) Hence proved.

= Note Since, derivability = continuity, the integral function, F is continuous on [a, bl

Q@ 2. Let f be defined on{aq, b] such that

F(x) = 1 -, where x is a rational number
"~ 13/2, where x is a irrational number
Show that f is not Riemann-integrable on [qa, b]. (2008)
Seol. Let the subinterval (x, _1,%,), VR=1,2,3,..., nfor any partition P

of [a, b] contains both rational and irrational numbers.

Hence, in each subintervals (x; _,, x;), the upper bound M, = g and the

lower bound m;, = 1.

Then, ff(x) dx=glb {U(f, Py= glb}{
k

F£

M S lBr S Bl s B )
1 k=12 | 2

and j; F(x) dx=1ub {L{f, P)}=1lub {k§1mk6k}: lub {kgl . Sk} ={&-a)

jff(x} dx #jz f(x) dx

l{ence, f{x)is not R-integrable on [a, b]. Hence proved.
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Q@ 3. Prove that a necessary and sufficient condition for
Riemann-integrability of a bounded function f :[q, b] - R on
[a b] is that V £ >0, there exists a partition P of [a, b] such
that U(P, f)—L(P, f) <e. Also, prove that every continuous
function is R-integrable on [a, b]. (2015),

Sol. Part I See the solution of Q. 5. of Very Short Answer Questions.
Part II See the Q. 11 of Very Short Answer Questions.

q? Long Answer Questions

@ 1. Show that the mean value of a continuous function i
an interval belong to the range of the function, also

evaluates I;xz dx by Riemann-integration. (2016]

Sol. Pai‘t 1 Since, f(x) is continuous on [a, b], therefore f € B[ a, b].

Let M and m be the bounds of f on [a, 5] and
letm = f(y),V yela, bland M = f(2), vz < {a, b].
Then, m < f(x) <M,V x € [a, b]

b
Also, (b —a) f) =] f)dx<(b~a)f(@)
Now, we consider the following cases

Case 11 (b —a) f() = [ f(9) dx

Then, there exists c € [a, b] such that | f() dx= (6 - @) f(©)
Case I If || () dx = (b - &)f @)

Then, there exists ¢ e [a, b] such that | f(x) dx=(b—a) f(©
Case II1 1If (b — a) f(3) < jz £ dx < (b ~a) f(2)

1 b
[ f@dx<f@
) & b
' d
T | e dx
Then, f(¥) <X < F(2) and hence by intermediate value theorem, there
exists a point ¢ € [y, 2] ¢ [a, b] such that f(x) = A.
Part II See the solution of Q. 6 of Vertv Short Answer Questions.

Le. f(y) <

LetA=
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Q@ 2. Show that the function

n n+l n
Fea)= 1/2", wherel/2 <x<1/2 i

, where x=0
R-integrable and also prove that [ f(x) dx = %

{2008, 1996)

Sol. Given function is

1
FGy=427"’ wiere B Bl 2% ¥ n=0,1,238,.

0, where x=0

f(x):l,if%<xslatn=0

g s I 1
=S if-Z<x<satn=1
Fog=gi ity o DU

-------------------------------------------
------------------------------------------

------------------------------------------

and f(0O)=0atx=0
Hence, | f(x) |1,V x [0, 1]
Thus, f(x)is bounded on [0, 1] with sup (f(x)) =1 and inf (f(x)) 0.

B 1 1 1 1
Here, f(z_"’] = *é';‘- and f{x) 2 \?’x < [gm' ,‘é‘;{i‘

(e e ()
2?!. 2?!
So, f{x)1s continuous at x = 515 on the left hand side.

Moreover, f(x) = zni—-l Vxe [...1_ ’_1_]

2n 2n-»1

{1 1 [ 1] 1
— 40| = #fl—|=-—
ftzn J 233—1 f 2:3/ on

So, f(x)is discontinuous at x = .L%’; on the right hand side.

Thus, f(x)is discontinuous at x = Qin



—%,i ,...}, which is a
2?‘&

94
G : z g i A |
-. The set of discontinuous points of f(x) is {1,5 i §§ i

infinite set with O limit point.
Hence, f(x)is R-integrable.

X, 2? 1 12 ver

Now, go J’u_ g F@dx=[  fe)dx+ '[M fEdat ... + [ . Fedx+...

5 1 1
=lim [ ... fe)dx= j'o Fxo)dx
/2" 1 dx

re» o
Thus, j; fx)dx = ng“ I::’:‘l F@)dx= ngo Iﬂzn+1 on

0
= 1 d 1 1 1 1
= o D]
n,go 2?1. [2?! 2?:—!—1) 2 2 23

1 11 2

3




