Chapter Seven

CALCULUS OF
VARIATIONS

¢ Important Points from the Chapter

1. Normed Linear Space A linear space Vis said to be normed, if each
element x of Vis assigned a non-negative real number || x|, called the
norm of x such that

AHxll=0=x=0

@ laxll=lclllxll, where a is any scalar.
@ lx+ yll<sllxll+ 1yl Vx,yeV

e.g. Consider the linear space C(a, ) consisting of all continuous
functions y(x) defined on [a,b]. Norm C(a,b) is defined as the
maximum of the absolute value, i.e. || y| lo = a@gi;b [y |. .

2. Functional A functional is a correspondence which assigns a definite
number to each function belonging to some class. Thus, we say that a
functional is a kind of function, where the independent variable is
itself a functions.

e.g. Consider the set of all rectifiable plane curves. A definite real
number is associated with each such curve, namely, its length. Thus,
the length of the curve is a functional defined on the set of rectifiable
curves.

3. Continuity of Functional The function o [v]is said to be continuous
at point yof linear space Vif for any & > 0, there exists a § > O such that

|/ [¥] — [¥] | < e provided that | (y — 3) | < 8.

4. Linear Funectional Given a normed linear space V, let each element
h €V be assigned a number ¢ [h], i.e. let ¢ [2] be a functional defined on
V. Then, ¢ [A] is said to be a linear functional, if

() ¢far] = o ¢[A], ¥ h €V and a is any scalar.

(@) ¢[7y + hol = ¢lhy] + ¢lhol, V¥ Ay, By eV,

e.g. The integral ¢[A] = E: o.(x) h(x) dx, where o (x)1s a fixed function in
C(a, b), defines a linear functional on C(a, b). (2018, 13, 10, 08)
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5. Variation of a Functional Let J [¥]be a functional defined on some
normed linear space, and let A J [A] = J v+ A]-J[y]

be its inctement, corresponding to the increment A — h{x) in the
function y = y(x). If y is fixed, AJ [~] is a functional of A, in general, a
non-linear functional.
Suppose that AJ [h] = ¢ [h] + ell 2 ]|, where ¢ [A]is a linear functional
and £—>0 as [|A]|-> 0. Then, the functional J [¥] is said to be
differentiable, and the principal linear part of the increment AJ[R], i.e.
the linear functional ¢ [#], which differs from A J [2] by an infinitesimal
- of order higher than one relative to 1 A1, 1s called the variation (or
differential% of J[h] and is denoted by &/ [A].

6. Fixed End Point Problem Let J [y] be a functional of the form
f: F(x,y,y')dx, defined on the set of functions y{(x) which have

continuous ﬁrst. derivatives in [a,b] and satisfy the boundary
conditions y(a) = 4, y(b) = B. Then, the necessary condition for J [y] to
have an extremum for a given function ¥(x) is that y(x) satisfies Euler’s

equation F,, — a F,. =0.
dx (2016, 13, 07)

7. Variable End Point Problem Among all curves whose end points lie
on two giveh vertical lines x = @ and x = b, find the curve for which the

a b 5 r
functional o [y] = L F(x,y,y") dchas an extremum. (2008)

8. Brachisto¢hrone (Shortest Time) Problem Starting from the point
P(a, A), a heavy particle slides down a curve in the vertical plane, to

find the curve such that the particle reaches the vertical linex= b (= q)
in the shortest time. (2011, 07)



(E)Very Short Answer Questidhs

Q 1. Find the first integral of Euler’s equation when the integrand
does not depend on x explicitly. (2008, 06)

Sol. 1f the intégrand does not depend on %, i.e. if

b d < _ !
J ] =_fa F(y,y') dx, then F, ~ 2 By =y~ Fyy v < Fyy

On multiplying this by y’, we get’
d r r 2 I d !
(Fy _?&Fy']y =Fy ' = Fyy v = Fpyy'y = & -y F,)
Thus, if F does not involve x explicitly, a first integral of Euler’s equation
is F - y'F, =C, where Cis a constant.
b
Q 2. If a(x) is continuous in [a, b} and L a.(x) h(x) dx =0 for every
function h(x) eC(q, b) such that h(a)=h(b) =0, then prove
that « (x)=0, ¥V x [q, b]. (2007)
Sol. Suppose the function o (x) is non-zero, say positive, at some point
Xg 1n [a, b]. Then, a(x)is also positive in some interval [% — & x5 + €]
contained in [a, b]. Let this neighbourhood of x, be denoted by I.
If the set h(x) = 0 outside I and A(x) = [(x - %,)* — £%]? inside¢ I, then h(x)
satisfies t§1e conditions of the given problem. However, in this case, the
integral L o (x) h(x) dxreduces to an integral over I and i obviously
positive, as the integrand D itself is positive.
This contradicts the fact that j.: a(x) h(x) dx =0 for every function

h(x) eC(a, b) such that h(a) = () = 0. This contradiction proves the
result.

@ 3. If $[h]is a linear functional and lfldl’glhi]l — 0 as||h|| - 0, then

prove that $[h] =0.
Sol. Suppose, ¢ [Ay] =0 for some hy, 0.
oLl
1 g [
We see that || &, || - 0as n— « but

h
@[,f] b o)

lim Slh,] = lim ——=lim &
noo|lh, [| now _’3’2 By 1”]10“
n

n

On putting A, = E”—, we get A =
n
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i Uil

. =k£0
n—o nl|lhyll

which contradicts the hypothesis that ;1; ][:zf]’ —>0,as||A]l— 0. This

contradiction proves the result.

@ 4. Find the stationary value (extremal) of the functional

X1 y"z
. =5 ax.
X0 X (2019, 16)
y .o
Sol. Let f = = which is independent of y, i.e. Fws 0.
5 4
d (of d (23”} x‘ay"-y’sz] 2
A]_,_____:____Zz =——-x”~—3'
T [6y’J dx \ 2 A st
_ ) ) d [ of
Therefore, Euler’s equation reduces to — =0
dx \ oy’

= 2 @-3y)=0 » ¥ .8
x vy x

On integrating, we get
j e dy=3_[ d dx + log C
v x
B log y'=31log x+ log C, y' = C¥*

. ) Cx*
On integrating, we get y = -Tf— + C

@ 5. Find outhuler’s equation, corresponding to the integral
Jyl =L F(y,y')dx. (2018, 14)

Seol. If the integrand does not depend on x, i.e. if
b
J [y] =L F(y,y') dx, then

d t "
Fy_'&_xFy‘:Fy_Fy'yy = Fyyy

On multiplying this by y’, we get

d : ' 2 Foag
I:Fy_apy’:ly =Fy'=F,,y ~Fyy 3y

d
e F“‘ IF'
dx( ' )

Thus, if F does not involve x explicitly, then first integral of Euler’s
equation is F — y' F,, = C, where C is constant.
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@ 6. Obtain Euler’s equation to determine the extremals of the

integral J: (y'% + k®cos y) dx. (2012)
Sol.let f=y?+Fklcosy ..
Then, —ai:—-kzsi_n y,—iz=2y'

oy oy’

Now, Kuler’s equation

a—f—i ﬁt :Oreducedto~kzsiny——d~(2y'}:0
gy dx\ay dx
ie. —k%sin y-2y"=0
29"+ k%sin y=0
2 8%y 1
— 2y"=-k“sin y=> —==-—gin
d I W g Y
2 .
On integrating, we get%\—!=—k Szmy-x+ C,
X

Again, on integrating, we get
2
e M-Tsin y+Cix+C,
Q@ 7. If a(x) is continuous on (g, b) and if E a(x) ' (x) dx =0, for
every function h(x) e D,(q, b) such that h(a) = h(b) =0, then

prove that o(x) =¢, V x €[a, b], where c is constant.
(2015, 13, 11)

Sol. We have, 0 = j: a (@) A’ () dx = [ou(x) hEP, - jz o' (%) hix) dx

=[] @' hix) dx [+ ki) = h(5) =0]
Thus, f: a'(x) h(x) dx =0 for every function h(x) € D, (a, b) such that

h(a)= h(b)=0.
Hence, from Q. 2, o' (x) =0, V x € [a, b], which implies that

a(x)=c¢ V xela,b], where ¢ is a constant.



Li)Short Answer Questions

@ 1. Determine the function ¥(x), which minimizes the integral
J = E (1 - y'%) dx such that y(©0)=0,y(1) =1 (2014)

Sol. Since, the integrand F =1 — ¥ does not contain v explicitly, then
we have

Fy’ = c¢(constant) = —-2y'=Cor yfzqg

On integrating, we get y = — g x+ C; ...(1)

where, C and C, are constants to be determined by the given condition
¥0) =0, y1) =1.
On putting x=0, y=01in Eq. (1), we get

C]. :0
On puttingx=1, y=1in Eq. (i), we get
2

which on putting C, =0, gives C = -2,
Hence, y = xis the required value of y(x),

@ 2. Define a linear functional and illustrate jt with an example.
Also, prove that the differential of a differentiable function is

unique. (2018, 13, 10, 08, 06)
Or Show that the differential of a differentiable functional is
unique. (2009)

Sol. Part I Linear Functional Given a normed linear space V, let

each element /& <V be assigned a number ¢ [2],1.e.let ¢ [R] be a

functional defined on V. Then, ¢ [A] is said to be a linear functional, if
@) ¢ [ah] = ad [2], V h €V and a is any scalar.

() ¢ [h + Ayl =¢ ]+ ¢ [hs), ¥ by, hyeV.
e.g. The integx:al o[R] = J-:: o (x) h(x) dx, where a (x)is a fixed function in

C(a, b), defines a linear functional on C(a, b).

Part IT Suppose, the differential of the functional J [y] is not uniquely
defined, so that

Ad [h]l =g [h] + & [ A,
A [h] = gq[n] + g5 11 R 1],

where ¢, [2] and ¢5[A] are linear functionals, and §,8—=>0as|lhl|— 0.
is implies that '
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¢y [R] - $o[R] = (gg — gl Al
Q-]
7] ’
hl - dolh
Now, ¢, [2] - ¢o[R] is a linear functional and hl |]| 7 ﬁg[ ] — O as
[1 2 11— 0, therefore ¢, [k] — ¢,[A] =0, i.e. & [A] = do[A].
Hence, the differential of a differentiable functional is unique.

)

@ 3. Use the calculus of variables to find the shortest distance
between the line y = x and parabola yi=x-1 (2014)

Sol. Let A(x, y) and B(x,, y,) be the two given points and S the length
of the arc joining these points, then

= x dy\’ T .
8=J-:dS:>S= ? 1+(§§] dx=_f:\/1—*y2dx -.()

B

where, y(x;) = y; = x and ¥e) =y =.Jx~1.
If S satisfies the Euler’s equation, then it will be minimum.

L LA =0 (ii)
oy dx\oy’

Here, from Eq. (i), we get f = {1 +—3j§

I _gana L1
oy dy' 2

1
g, | '
Q+y?)2 2y=2L__
V45"
From Eq. (i), we have
0- 2|2 1
dx 1+ ylg

On integrating, we get

!

—2’;‘-?- =C, > y?=Cx1+ y?)
\/;+ y
2 2 5 i Ct 2 '
= Y (1_01):013:}" ="_“‘_2‘“=Cz :’_}’:Cz
1-C;
Again, integrating, we get
y=Cox+ Cy ...(1i1)
Y(x;) =% and ¥(xp) = \[xz -1

% =Cox; + Cy ..(1v)

and V2 ~1=Cyux +'C; . (v)

Using transversality condition, we have
[+ =) 2+ @x—y')y @+ y2)y VY, . =0
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and [+ "2+ 0-y)y a+ y2y ¥, _, =0
[(1+ CH? + @x — Cy) (Col + CH V2 =0
= 1+ CZ+2xCy-C2=0
1
2%,Cy =—1 =——
= ) = N 2C,
and [A+CHZ+ 1-CCo(1 + CHY V2 =g
.:".:1:_‘351‘."03 = CS =2x1:>% =‘q1'"3"‘
-"x2—1=‘"x2+03
Cy=—1, thenx, ==
: 03_1
Now, %y - 1=C2Z + CE 4 2C,Cyx,
= X-l=x+1-20,=22 30, +2=0
= x2(x2—2)-1(x2—-2):-0

So, I= j J_dxandj' fdx \/_[x]m

and V2 [x]2 :x@[l ug} and V2 [2 - 1]

I=£and\f2_, I=—-1-—~and~/§
2 J2

Hence, the shortest distance between the line ¥ =xand parabola

2 .1
=x-118—,
d N5

@ 4. Use Euler’s equation, find the extremal of the functional
Jyl= J‘11/z x*y'2 dx subject to the conditions y G‘EJ =1,

Y} =2, y =y(x). (2012, 10, 07)
Sol. Let F(u, 3, y') = 2%y (i)
The Euler’s equation F, - E%c F, =0 may written as
F,, 3; B (0l Yol .G
From Eq. (1), we get
V= =2x2y’ F,=0
—2x2, Fyy —4x’y ,F”
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Therefore, Eq. (ii), becomes
d’y : y ., y" 2
2x2———§+4xy =0= x—=+2y'=0=2_ 1+ 2.9
dx dx® ¥yoox

On integratiﬁg, we get
log y'+2log x=log C = Pl %, where Cis constant.

Again integrating, we get

y=—%+C' «..(ii)

where, C'is a constant.

2 1
On putting x = 5 y=1, we get

1=-2C+C" (V)
Onputtingx=1,y=2, weget2=—C+C' (V)
On solving Egs. (iv) and (v), wegetC=1,C"=3

Thus, from Eq. (iii), it follows that the external of the functional ig

y=—l+&
x

@ 5. With the help of Euler’s equation, show that the solution of

f t2
the functional J(y) = _[12 ~£1—1—J dx subject to the
x

conditions y(1) =0, y(2) =1is equal to (y-2%+x%=5
(2016, 15, 11, 08, 06)
Or Find the stationary value (extremal) of the functional

f 2
Lz —(lﬂ-—) dx, where y (1) =0 and y(2) =1 (2016)
x
Or Using Euler’s equation, find the extremal of the functional

J(y) = .[12 L ;yrz

y(2)=1 ; (2017)

dx subject to the conditions y(1)=0,

. YL+ 2 .
Sol. Since, the mtegrand F(x, y, y') = Ly—-—) does not ¢ontain ¥y
%

explicitly, therefore the first integral of Euler’s equation is F,, = C.

Yy
Thus, — 2 . 8o that y*PA-CH)=C% = y'= Cx

x@A+ y?) (1 -C%?
On taking the positive square root, we get
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dy Cx

dx [ - C%)

! i Cx
On integrating, we get y = I ————=dx + C}
Ja-cid

— y:——é—w)(l—ﬂczxz)+cl
= -+ =

Thus, the solutipn is a circle with its centre on the Y-axis. From the given
conditions y(1) =0, y@2) =1, we find that C = 3%"’ =

Hence, the final solution is 2 + (y - 2)® =5,

Q@ 6. Among all curves of length I in the upper half plane passing
through the point (-q,0) and (q 0), find the one which
together with the interval [-q, a] encloses the largest area.

(2018, 14, 12,09)

Or In the family of all curves of length [ in the upper half plane
passing through the points (-a,0) and (a,0). Find the one
which together with the interval [—q, a] encloses the largest
area. (2011)

Sol. We are looking for the function y = y(x) for which the integral
I=]" ydx
takes the largest value subject to the conditions
Yea)=¥@ =0, Kyl =" 1+ y? dx=1

Thus, we are deqling with an isoperimetric problem.
We form the functional

T4 2K =" (+ay1+yP)dx

and write the corresponding Euler equation

d i
1-A— —=———=0
dx Hl + yr2
which on integrdtion gives x — A, " (S C,;
| 1+ y7?)
5N @-Cp)y=—2Y

@x-Ci W1+ y'2 = Ay

- CF + y2 (= C,)? = 22y "2
¥ - (x-C)A = (x - C))?

J

Ul
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s o x-C;
J2 - - C?

On integrating, we get y - C, =~ /(2 — (x— C,)%

= (- C )+ (y-Cp)? =2

which is the equation of a family of circles.

The values of C,, C 5 and X are then determined from the conditions
ya)=y(a)=0,K[y]=1

Now, y(=a)=0
= (@+C)*+C2=»2
and y(a)=0
=5 (@-Cy)*+CZ=32
Here, Egs. (i) and (iii) gives
C,=0,a"+C2=

a x2 a
R

a
=23 [sin*1 f] =2rsint 2
A g A
!
A =a cosec —
22
From Eq. (iv) and (v), we get C,=a cot 2 l?t
Hence, from Eq. (i), the required curve is
2
«Z + (y*- a cot ——l~] — a2 cosec? -
2A L
=5 2%+ 32— Z2ay cot EZX = &% where ) is given by Eg. (v).
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@)

..()

..(1ii)

...(1v)

(V)

Q 7. Prove mathematically that the shortest distance between two
points in a plane is a straight line. (2015, 13, 09)

Sol. Let A(x,, ) and B(x,, ¥9) be two points in XY-plane and let S be the

length of the arc joining these points.
Then, S=["ds
x

(@)

[',‘%'S—:\/I-{- ¥% = dS=41+ y? dx}
x

yn) =y and y(x) = v,
To find the shortest distance between thege points, we use Euler’s
equation, we have
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oF _d [aF} -0 i)
oy dy\ady’
Let F=(1+ y?)y2

Then, Eq. (ii), we get 0 — a E—-——y~—] =0

ey

On integrating, we get __y__2 =C
1/1 + y'

YA

r

A (x4, yq)
. —-X
= y2=C2(1 + y?)
= y'2=1?22 =m?* (say)
= y'2=m2 =y'=m
= | -g%=m:> dy=m dx

On integrating, we get
y=mx+ C, where C is constant.

which show that the shortest distance between two points in a plane is a
straight line.

Q 8. IfJiy] is the functional of the form JIy] =J: F(x,y,y')dx

where the curves y =y(x) are continuous and possess
continuous derivatives of the first order in [a,b] and y(a)=A
and y(b) = B. Then, show that a necessary condition for J[y]
to be extremum is that y(x) satisfies the Euler’s equation

d
F, -—[F,1=0.

Or Establish the necessary condition for jj f(x ¥,y )dx to be
maximum or minimum (extremal). (2018, 16)

Sol. Suppose, we give y(x) an increment (x). Then, in order for the

function y(x) + A(x) to continue to satisfy the boundary conditions, we
must have

y@)+ h(a) = A, y(b) + h(b)=B
- (ey=hiv)=0 [+ ¥@) = 4, y(b) = B]
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The corresponding increment of the functional is given by
AJ=¢£[;V+ h] - J [yl

=L Fl,y+h,y' +h') dx —_E Fx,y,5") dx
=L [Pl y+ by + h)— Fs, 3, 9] dx
Using Taylor’s theorem to expand F (x, ¥+ h, ¥ + h'), we find that
A = [y 5,y) h+ E(x, 5, 9)-h'] dx+... ..G)

where, the subscripts denote partial derivatives with-respect to the
corresponding arguments, and the dots denote terms of order higher
than one relative to & and 4’.

The integral on the right hand side of Eq. (i) represents the principal linear
part of the increment AJ, and hence the variation of J{y] is given by

b
8 = [, 1y 3,5)-ht By 3,5')-h] d

A necessary condition for [¥] to have an extremum for Y = ¥(x) is that

8= [ F,-h+Fy-h)dx=0 (i)
for all admissible .
The Eq. (ii) implies that
d d
== F,=F, = F, - T F,=0 ..(111)

Here, Eq. (1) is known as Euler’s equation.
Thus, J[y] is extremum for the curve which satisfies Euler's equation.
Note Or Same do as above and a replace by x; and b replace by x, respectively.

Q 9. Prove that the sphere is the solid revolution, which for a given
surface area, has maximum volume, (2016, 13, 12, 10, 08)

Sol. Let the surface of revolution is obtained by the revolution of the
curve y = y(x) about X-axis between the points (-a,0) and (¢, 0). Then, the

volume of revolution is J [y] = _[_aa wy’dx :
Now, we have to find the maximum of J [¥] subject to the conditions
y(ha) = yc(;a) = 0?
K[y]= La 2ry /1 + ¥y =8 (surface area)

Thus, we are cleaning with an isoperimetric problem. We have the
functional

J[y]=+mK[y]=nJi 2ny /1 + y'* dx

Here, integrand is F = 3% + 2my 41 + y'2

which does not involve x explicitly.
Euler’s equation is F — y' F,. = C, where C is a constant.
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d 2
So,y* + 2ny1f1+ y'? — y2my —y-w_zﬁ =C=y*+ —«—ﬂy—g =C
N1+ -Jl+y’

But y(-a) = y(a) =0 and /1 + y'* %0, therefore ¢ = 0 and the

— 4r?
Eq. () gives y+ =0 = —27 __ 2
1+ y'? L+y
41:2 9 47_:2__},2
= 1+"}”23~—~ == y’ = e
¥ y*
V4t - 5 y
- y'= = dy = dx
On integrating, we get I S - dy =_[ dx+C'
A — 2
X
g 9 —dt
Put 45 -y =f=*—2ydy=dt:>ydy=—§—~
—dt /2 —
= =x+C'= -t =x+C"'
==
—an? Y =x+ O
= 4n2hy2=(x+ Cr)z

From the condition y(-a) = y(a) =0, we get
an’ = (a + C")? and 47? = (—a+C)?
which gives C'=0,4n% = g2
. Eq. (i) becomes x* + y% = a2 which is equation of a cirele.

Y

-..(21)

Hence, the volume of revolution is sphere, which has maximum volume

of revolution for given surface area.

@ 10. Among all the curves joining two given points (x,, y,) and

(x, y,), find the one which generates the surface of minimum
area when rotated about the X-axis. (2018, 17, 15, 11, 09, 07)

Sol. The area of the surface of revolution generated by rotating the

curve y = y(x) about the X-axis is equal to
gt 2
2?‘5.LO yJ(T+y ) dx
So, we want to find that curve for which the functional

I] _*_._‘-,2 .
LG ¥y @+ ¥™) dxis extremum.

Since, the integrand does not depend explicitly on x.
The Euler’s equationis F - y "F,=C

- l‘2
= J’\f(l*-"y’z)—yﬂy—::fz )
{d+2")
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= y=Cy@+y?)

[.2 2 22
— y'=__y_2_C_C__,—_>fgz= 4 _2.. C

= dx=

ax C JOP-C?

On integrating, we get x + C; =C cosh™ {_g,) = y=C cosh (x-::,CI)

dy

Hence, the required curve is a catenary passing through the two given
points.

@ 11. Prove that invariance of Euler’s equation under

transformation of coordinates. (2013, 09)
Or Explain the invariance of Euler’s equation under
transformation of coordinates. (2016, 06)

Sol. Suppose, that instead of the rectangular plane coordinates x and y,
we introduce curvilinear coordinates z and v, where x = x(u, v), y = y(u, v)

o(x, y) 0 (@
o(u, v)

Then, the curve given by the equation ¥ = y(x)1in the XY-plane corresponds
to the curve given by some equation v = v(w) in the UV- bl:-.me. When we
make the change of variables Eq. (i), the functional J [v] = i Fx, y,v") dx

and

goes into the functional

by ¥y, + yv’ by
. = F » Uy , U), “H—t— "Ydu= F ,vv')d
[l = [ {x(u ), (u u)xuwv,](mxuv) u=[" Fi,vv)du

where, Fy(u,v,v")=F {x(u, v), y(u, v), &tlﬁ:r] (x5, + xv")
X, + 5,0

We now prove that if y = y(x) satisfies the Euler’s equation

oF _d oF =0 ..(i1)
dy dx 8y
corresponding to 3}11?8 original functional J [y], then v = v(x) satisfies the
Euler’s equati L_ L=0
uler's equation v  du Bu (111)

corresponding to the new functional J, [v]

To prove this, we use the concept of the variational derivative. Let Ac
denotes the area bounded by the curves y=yx)and ¥y = y(x) + ~A(x), and
let Aoy denote the area bounded by the corresponding curves v = v() and
v=v(w) + 1 (x) in the UV-plane. By the standard formula for the

: .. A
transformation of areas, the limit as Ao, Ac; — 0 of the ratio 29 tends to

Aoy
o (x, )
u,v

the Jacobian which by hypothesis is non-zero.
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Therefore, if lim 22+ -Jb1_ & 6, thep
Ao —0 Ac As >0 Ao
5 lim J='1{U+ "r[]—~Jl[L-’]= lim Ad, ~ lim Ady AJ Ac ~0
Aoy =0 Ao‘l Acy =0 A.c:r1 Aq =20 AJ Ao A@l

Thus, v(u) satisfies Eq. (iii), if y(x) satisfies Eq. (i1).
In other words, whether or not a curve is an extremal is a property which
1s independent of the choice of the coordinate system.

Q@ 12. Among all curves whose end points lie on two given vertical
lines x =ba and x =b, find the curve for which the functional
Jiyl= L F(x,y,y')dx has an extremum. Also, indicate the
natural boundary conditions. (2008, 06)
Sol. Wehave, J[yl=[’ Fix,y,y")dx D)
The increment in the functional corresponding to an increment h(x)in
¥(x) is given by AdJ = J{y + h] — J[y]
[ Fey+hy v h)de- [ Fay,y) dx

[ Fiwy+h oy + h'y-Fx 3,5} do
By using Taylor’s theorem, we get
b
A = [ {F,(59,5")-h+ Fy(x, 3, 5')-h '} dx+ .

where, the dots deniote terms of order higher than one relative to  and 4",
The variation 8./ of the functional Eq.b(i), being the principal linear part
of the increment A is given by 8 = L (Fh+ F h') dx

Here, unlike the fiked end point problem, 4(x) need no longer vanish at
the points ¢ and b, so that integration by parts, we get

b d -
5 =[! (- L1, ) by ax + e

= .[: (Fy - % Fy{) h(x) dx+ [F, ], _p h(b) - Fyleq @) ...(0)

First of all, we consider functions A(x) such that h(a) = h(b) =0. Then, as
in the fixed end point problem, the condition 5 =0 implies that

F, —é—i; F,=0 ...(i11)
Therefore, in order for the curve y = y(x) to be a solution of the variable
end point problem, y must be an extremal, that is a solution of Euler’s
equation.

But if y is an extremal, the integral in Eq. (ii) for 8. vanishes, and then
the condition §J =0 takes the form
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[Fy']:czb h(b) - [Fy’}:c =a h(a) =0
Since, h(x) is arbitrary, therefore [Fle=a =0, [Fy]eop =0 v (1V)
Thus, to solve the variable end point problem, we must first find a
general integral of Euler’s Eq. (ifi), and then use the conditions (iv) to

determine the values of the arbitrary constants. Also, the condition (iv)
are often called the natural boundary conditions. :

Q 13. Find the extremals of the functional

2
Iy =[* Vg, @017
'
dx
Sol. We have, J{y()} = [* 1*32 dx )
xp F

4
Here, F is dependent on y and y'alone, sothat F = F{y,y') ie. Fis

mdependent of x, so that %— =0. Euler’s equation is given by

x
—c'g- F‘*-_‘y"aF ——@E:O ...(ii)
dx oy'} ox .
- a F_yf_@_E_ =0 l:ff___o]
dx ay’J ox
: . oF
On integrating, we get F — y’a—y—'=01 ...(H1)
2
Now, F=1+‘2y , then 85':—2(14:3}'2)
A oy y

On putting these values in Eq. (iii), we get ‘
1+ 92 1+ 5° 1+ ¥+ 2 (1L + 52
& y ¥
5 3(+y)=Cy? = V3(1+y%) =[C, y'= Coy' [+ 4[C; =Cy, say]
- J3a+y}=c, -gi
£3
On seperating the variables, we have
dx dy 1. 1

E;%'J3(1+yz) V3 1+ 52

On integrating, we get

?a& Cy =sinh™ y = C,x+ C; ~sinh? ¥ {*.'E@:C‘l,sayil
2 2

dy

y=sinh (Cyx+ C;)
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(f)Long Answer Questions

Q 1. Find the curve connecting two points (not on a vertical
line), such that a particle sliding down this curve under
gravity (in absence of resistance) from one point to
another reaches in the shortest time. (2017)

Sol. Let the particle slide on the curve OA from O with zero velocity.
Again, let OP = sand the time taken from O to P = ¢,

By the law of conservation of energy, we have
K.E. at P - K.E. at O = Potential energy at P

O : > X
Pix, y)
A
1 (X'FIY'I)
Y
1 5 9
— 5 mv° —0=mgh
1 ds\® ds
= —m|—| = = — =42
2™ [/dt) TR VB
Time taken by the particle to move from O to A,
7 m ds 1 mds 1 pmol+y?
T=||dt= = = dx
J 0 28y 2g k Jy g k Vy
[ 2
Here, f = Ly o

, which is independent of x, i.e. = =0
e p % ie —

o 1  2y" ¥
&' 2y J1+y2 Jyyl+y2
The solution of Euler’s equation is

of A1+ y’_z_

f—y'— =constant c=> Y — _ _

' Pt
, ug =€
0y Wy ﬁ1{1+y’2

2
= fl_l_yrQ_ Y 2=ciy:$1+y:2_~y!2=:.f1+y12 fy
N1+ y'

= l=cyyd+y?)

and
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dy |1 — ye?
- di | ye
= ‘ [i =q (say)]
Jy & '
= e N

Put y = asin®6= dy = 2a sin 8 cos 0 d0

-2 -
X = ° —M 2asin Bcos O dO = ° Smgx2asinlﬂcosﬂd9
2
¢ Yla-asin“0 0 cos6
il

=_|'9 2asin28d6=a'fe (1r—cos29)d9=a[9——1~sin26jl
o 0 2 1

= x= g; (20-—5in26) and y = asinzﬁzg(l —c0s26)

Again, putg?- =Aand20=¢
x=A(d-sin¢)and y= A (1 —cos ¢), which is a cydloid.

Q 2. Find the curve connecting two points (not on a vertical
line) such that a particle sliding down this curve under
gravity (in absence of resistance) from one point to
another reaches in the shortest time. (2011)

Or State and prove Brachistochrone problem. (2017)

Sol. Statement Starting from the point P(a, 4), where y = y(x) and

y(a) = A, a heavy particle slides down a curve - -

in the vertical plane to find the eurve such i X
that the particle reaches the vertical line PR—
x = b (# @) n the shortest time.

Proof With respect to the fixed coordinate axes
Ox and Oy, the starting point P has eoordinates
(a, A). Let us choose the point P as new origin
and PX, PY as new coordinate axes, which are
parallel to old ones, then we have

x=X+a :
...{i)
y=Y+ A
where, (x, y) and (X,Y) are the coordinates of the same variable point @
with respect to the coordinate axes Oxy and PXY, respectively.
The velocity of the particle at @, after sliding an arc sin time ¢, is given by
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r ! Y;Z 3
U=is=_£d_X= (1+Yf2)ﬁ:> dtzw(i_i—)dX ...()
dt dX dit dt v
But the velocity v is the particle after falling a distance Y is given by
¥ =2gY ...(iii)

Using Eq. (iii) in Eq. (i), we get
g YA
N2gY

Thus, the total time T'is given by
th - a (]. + Y'z) :
T =j a S ) S

We have to find the curve for which 7 is minimum.

JA+Y?)

Here, F(x, y,y") = Tz_g}?_’ which does not contain X explicitly.

dt = aX

' So, the first integral of Euler’s equation is F — V" Fp=C

Ja+y?) Y'
= — -Y’ _ —=C
v2gY 227 1 +Y7)
1 1
= = =C =41+Y"?%=
V28Y |+ Y2 C\2gy
On squaring both the sides, we get
1+4Y72= i = Y= ; -1
2C“gY . 2C°gY
2
= Y'2=}—:—¥£:>Y'2=—K—£, where K = 12
2C°gY Y 2C*g
dy\* K-y
Now, i 8
o (E'f] Y
iy J&-¥) = dX:——Jz——dY
dX VY JE-Y)
On integrating, we get
X**Clz_l' \/? dyzj-\/f_{smB2Ksmecosed9

K-Y VK cos 0

[putY = K sin? 6]
=K [@sin®0)d6 = K [ (1 - cos26) do =K[e—sm29]

=£2{—-(29—sin29)=§(¢—sin¢) - [put26=¢]
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Thus, X- 5; 6 —sin ¢)-C, ¥

and Y = K sin? 9=—;£ (1 — cos 20) =¥I2£ (1 —cos ¢) --.(vi)

Initially, when X =0, then we have Y =0,
ButY =0, then8=0—> ¢=0,
On putting X =0, =0 in the Eq. (v), we get C;, =0
Thus, Egs. (v) and (vi), becomes

X=£ (b —sin ¢)
and IL; (Vi)
Y= ry (1 - cos ¢)

The boundary condition is [Fy ]y _s ., =0, which gives
Y’ - dy
" =0=Y'=0=—-—"-=0
V28Y (1 +Y'2) dX
which shows that the tangent to the curve at X = b — a i parallel to the
X-axis and hence g=nat X =b — q.

This is obvious from the fact that d¥ = aY /d¢ = = ¢:
dX dX/dp 1-cos¢

Thus, Eq. (vii) gives

b-a=£§(ar-0) x o e

T

On putting value of —gg in Eq. (vii), we get

X=222 4 _sin¢)
and ST (vi)
Y=-—"(1-cos ¢)
T

Eq. (viii) represents an inverted cycloid with its base along X-axis and its
cusp at P. Referred to the original axes, the Eq. (vii) becomes

x—a=b_a (¢ —sin ¢)
and b
y—A=———(-cos ¢)
T

which is the required equations of the curve.

@ 3. Prove that inveriance of Euler’s equation under the
transformation of Coordinates. (2019)

Sol. For solution refer to Q.11 (S.A.).
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@ 4. Prove that the sphere is the solid revolution, which for a
given surface area, has maximum volume. (2019)

Sol. For solution refer to Q.9 (S.A).

@ 5. Establish neécessary condition for .[:2 f(x,y, y')dx to be
1

maximum or minimum (Extremal) (2019)
Sol. For solution refer to Q. 8 (S.A.).

@ 6. Find the stationary value (Extremal) of the functional

2 (147 )1/2
L UTY ) dxwhere y@)=0,y@) =1
x (2019)

Sol. For solution tefer to Q.5 (S.A).



