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Chapter Seven

RIEMANN-STIELTJES
INTEGRALS

d Important Points from the Chapter

Riemann-Stieltjes Sum Let f be a bounded function and
P={a=2x5,%,%,...,%, = b} be a partition of [a, b).

Again, let m,, =glb{f(x):xex;, 2]} My, =lub {f(x):x e [x,_,, 2,1}
and g be monotonically non-decreasing bounded function on [a, b 1.
Since, g(a) and g(b) both are finite, we write Sy, = 8Oe)— g0, 1)
Then, Sy, > 0.

We write the following two sums
L{f,g Py 2 m8, andU(f, g, P)= > M5,
k=1 E=1

These sums are respectively called lower and upper Riemann-Stieltjes
sums {(or simply lower and upper RS-sums). ' . (2012)

. Lower and Upper RS-Integrals Let f be a bounded function on

[¢,b] and g is a monotonically non-decreasing function on [a, b ]
Now, let P be the class of all partition of [a, b }- Then,

[*f dg = 1ub{L(f, &, P): P < P} and ['f dg=glb{U(f, g, P): P <P}
These integrals are respectively called the lower and upper

RS-integrals of relative to gover [a, b]. T (2012, 07)

Riemann-Stieltjes Integrable A bounded function f:[a, 8] — Ris
sald to be Riemann-Stieltjes integrable (or RS-integrable) relative to a

monotonically non-decreasing function gon [, b, if j: fdg = I: fdgand
the common value is called the RS-integral of f relative to gover g, b]
and it is denoted by (R.S) I: fdgor (S) _[: fdg.

The function f is called the integrand and g is called integer.

The class of all RS-integrable functions relative to g over [a, b] is
denoted by RS([a, 8], g)or RS(g).

m Note The statement “_[:fdg exists” means that the function f is bounded and g is
monotonically non-decreasing and f is integrable relative to g over [a, b]
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4. Mean Value Theorem Let f e RS(g)on {a, b]. Then,
m [g®) - g(@)] < )|, f dg < Mg(®) - g@)]

where, m and M are the bounds of fon [a, b]. (2007)

(!) Very Short Answer Questions

@ 1. Show that Riemann-Stieltjes integral is generalisation of

Riemann-integral. (2014)
Or Define Riemann-Stieltjes integral. 'Show that Riemann
integral is particular case of it. : (2012)

Sol. Part I Riemann-Stieltjes Integral A bounded function
f:[a,b]— Ris said to be Riemann-Stieltjes integrable (or RS-integrable)
relative to a monotonically non-decreasing function g on [a,b], if

_[: fdg = JZ fdg and the common value is called the RS-integral of f relative
to g over [a, ] and it is denoted by (&S) [ f dgor () [ f dg.

The function f is called the intergrand and g is called integer.
The class of all RS-integrable functions relative to g over [«, b] is
denoted by BRS([a, &], g) or RS(g).

Part II If f(x) be a bounded function and g(x) be a monotonic
non-decreasing function on [a, b]. Then, f(x) is called RS-integrable on
[a, &] relative to g(x), if

f;f dg(x) = I:—f dg(x) i)

Now, if we replace g(x) by x, then Eq. {i)_becomes
[} fax= [’ faz

which is R-integral.
Hence, RS-integral is the generalisation of Riemann-integral. .

@ 2. Prove that the lower RS-sum for a partition is always less
than or equal to the upper RS-sum for any partition.
Sol. Let B, be a partition of {a, 4], which is a refinement of both £, and P,
Then, L (f,g P)<IL;{(f,g F) and Us(f, 8, B)<Uy(f, g, P)
But. LS(fagsPQ.)gU?)(f:gsRB)
Hence’ Ll(f’ 8, -F.l) = L3 (f! g:-PS)SU:S(f& & ‘P:‘?p) £U2(f: & P?.)
i.e. Ll(f: g’ﬂ)SUZ(fs g’P.‘?.)
Similarly, we can show that
L.(f, g, %) <U,(f, g, B). Hence proved
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<§) Short Answer Questions

@ 1. Prove that for a bounded function, the upper RS-integral is

never less than the lower RS-integral. (2016)
Or Define upper and lower RS-integrals. Prove that the lower
RS-integral cannot exceed the upper RS-integral. (2010)

Sol. Partl Lower and Upper RS-integrals Let f be a bounded function
on [a, &] and gis a monotonically non-decreasing function on [a, b].

Now, let P be the class of all partition of [, &]. Then,
j fdg=1ub{L(f, g,P): Pe P} and j fdg=glb{U(f, g, P): Pc P}

These integrals are respectively called the lower and upper RS-zntegrals
of relative to gover [«, 61.

Parxt IT Let f be a bounded function on [«¢, ] and g is monotonic
non—deci'easing function onfa, b].

Since, j.: /dg = glb of the set of upper RS-sums, we choose an upper
RS-sum s(f, g, P) for a partition P of [a, b] such that
[ fag>s, e P - >, forz>0

Similarly, Jj f dg = Iub of the set of lower RS sums, we choose a lower
RS-sum s(f, g, P) such that
ji’fdg<S(f, g, P+ § for >0

[tde-[ rig>U(, 8 P)~ L, g, Py~ ¢
ButU{f, g, P) L(f, g, P) 20, therefore
I fdg— _[ fdg>—g i.e. f fdg<_f fdg+ e
Since, € > 0 is arbitrary, then
fj fdg < J'j fdg Hence proved.

Q@ 2. Let f be continuous and g be monotonic, non-decreasing on
[a, b], then f e RS on ([a b], g). ' (2014)
Sol. Since, f is continuous on [a, b], so it is bounded on [a, b] and attains

its glb and lub on [a, 8] and on every closed subintervals of it. Also, f is
uniform continuous on [a, b].

Then, for £ > 0, there exists a positive number 8 > 0 such that

| Ffx')y—Ffx”)I< 8 yfor|x'—x" <8, Va,a"e lu, bl
5 P g(®) — gla)
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b—a

Now, [a, b] divided in n equal parts such that n >

We denote this partition by P.

Let m, =glb{f(x):xelx;, 1, 2,1}

and M, =lub{f(x):xe[x,_, 2]}

Next, we put f(x}) =m, and f(x}) = M,. Then,

W £
kTS - g(a)

AU, 2 P)— L(f, g, P) = i‘, B, — my) (8Ctx) — £, 1)

=

Folxy —x51<8]

§ e &6~ £
2 5) = g( 5 Z(g'(x;.z)-g(xk ~1))
e
- b)Y — g(a)) =
provaprml GORECRE
Hence, f is BES-integrable on ([, b], g) . Hence proved.

Q 3. If f is bounded function on [a,b] and o is monotonic

increasing function, then f ¢ R(a) iff for every ¢ >0, there
exists a partition P such thatU(p, f, «) -L(P, f, a) <e.

(2012, 068)
Sol. Necessary condition Let f be RS-integrable relative to a over [a, b].
b 5 g
Then, jg fda = fda )
Since, J: fda = sui:: L(P, f, o) over all partitions P, there exists a
partition P such that _y
[.fda<L@,f.a)+ 2, >0 ...()
Similarly, [ 7 do = inf U P, , )
Therefore, U(Pp, foa)< I:f do + g, >0 ...(11)
Let P = B « P, Then, P is the common refinement of P, and P,
Therefore, from Egs. (ii) and (i), '
{0 fdo <L @, f,0)+ z (V)
b e |
and U@, fa)<| fdg+— (V)
, 2
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On adding Egs. (iv) and (v), we get ~
[“fdg+U®@, f,a)< L, f,0) + [ Fdo+e . (iv)

From Egq. (i), we get

UP, f,a)<L(P, f,a)+ &
= UWP, f,o)—L(P, f,a)<¢
Hence, the condition 1s necessary.

Sufficient condition Let for a positive integer £ >0, there exists a
partition P of [a, &] such that

U@, f,a)~ L@, f,o)<s ... (vid)
By definition, we get _

§°f do =inf U@, f, o) ... (viii)
and I:f do.=sup LIP,.F, o) ...(1x)
Therefore |, [*fda<U®@, f, o) (X
- : [7fdoz L, f,0) o ()
Hende L@, f0)< [ fdas< [ fda<U®@, f, o)

. [0fda - fda <U@, foo)—L(®, f,a)<e
_— | D<j:fda—jzfda<e .. i)
Since, £is arbitrary, then we_have

[°f do =[*r do o

Hence, f is RS-integrable relative to o over [a, b} Hence proved.

Q@ 4. Let f be monotonic and g be continuous and monotonic
non-decreasing on [a, bl. Then, prove that f is RS-integrable
relative to g on[a, b].

Sol. Let f is monotonic non-decreasing, then f(b) > f(a).
Again, let € > 0.

Since, g is continuous in [e, &), then takes all the values between g(a)
and g(b).

Also, g is monotonic non-decreasing, we can choose a partition
P={a=1x, %, Xa, ..., X, = b} of {@, b] such that

g®) — g@) fork=1,2,...,n

1

B, = glxp) — 8@ _1) =
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180 - g@} {f(@) - f@)

€
Let M, =lub{f(x):xeclx,_ 1,1 and my =glb{f{x):xelx, _, 23]}
Then, Mk = f(xk), my = f(x}z_ll

Thus, U, f, ) — L(P, f, g)= X (M), —mp){g(x) — g, 1)}

and

k=1

= i{f(xk) ~ £l D} g() — ga)
k=1 -
_if®) - F@)}{g®) - @)}

n

<&
Hence, f is RS-integrable relative to g over [a, b]. Hence proved.

Q 5. If f «eRS(g)onfa, b] and cis a real number, then prove that
b b
cJ eRS(g)on[a b] and chdg = c_fa'f dg.

Sol. Since, fis RS—integrablé on [a, b], ﬁ: fdg= _l:: f dgand f1is bounded on

[c, 8]. Then, fef i =|cll f = ¢f is bounded on [ea, b].

Let P={a = x,, % s X3, - .- , X, = b} be a partition of [a, b] and M, m,, be the
lub and glb of f on{x;,_,, x. 1. Then, cM,; and cm;, are the bounds of ¢f on
[, — 15 22 )

Again, let Sgk = glx,) — 8(xp_1)

Now, let ¢> 0.

Then, Ib cfdg = lub { Zn: cmkﬁgk}m club { kaSgk }
- =1 Py

b b 4
= ¢y, |, fdg=c| fdg - .. G)
[ fis RS-integrable]

n n
= cglb{ ZMkSgk}:: gib{ ZchSgk}
k=1 k=1

b ..
=chdg : ...{i1)
Hence, ¢f is RS-integrable on [a, b] and in view of Egs. (1) and (1), we get
b b
Lc fdg= cfafdg

For ¢ =0, the result is obvious.

Suppose ¢ < 0. In this case ¢M; and ¢m,, are respectively denote the glb
and lub of ¢f of [x;, _; — 1, %]
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Thus, IZC f dg =lub { >, cMBg, }2 c- glb { ZMkagk} (- e<0]
- fo=1 k=1
— c]'b fdg =c- lub{ kaSgk}= glb{ Z cﬁfktigk} Fre<0]
= o | -
*fzc'fdg ... (iid)

Hence, ¢f is RS-integrable on [, b] and in view of Eq. (iii).
b b
[efdg=c| rdg
which completes the proof of this theorem.
Q 6. If f =sRS(g;)onlq bl and f « RS(g,)on [a, b}, then prove that
b b b
f ERS(gl + gz) and J-a fd(gl -+ gz) = ,Lfdgl =fs ..‘afdgzu (2007)

Sol. Since, f e RS(g;)on [a, b}, for given & > 0, there exists a partition P, of
[a, ] such that

U f.8)~ LB, 8) <5

Similarly, there exists a partition P, of [a, 8] such that
€
U@y, f, 82) — L (P, [, 82) <“2‘

Let P=DB P, ={a =2y, %, Xg,:.. , X, = b}
Then, P is a common refinement of P, and P, therefore

U, f,g)- L&, f,8) <§-

and U@, f,8)—-LP,f, 8 <~§

Let M, and m;, are lub and glb of fin [x; _;, 2]
Then, 8,, =g (x)— 804 1) and 5y, = 8olxp) — 8olxp 1)
Let g=g; + g5 Then, &, =38,, + 9y,

and > (M), —my) 8, = 2, (M —my)8,, + 2 (M —my) 8,
=1 k=1

k=1
= U(P=f=g)_L(P:fag)=[(J(P:f!gl}_L(Psfsgl)]
+ U@, f, 80— L(P, f, 8] <¢
f e RS(g)
Since,  U(P,f,8)= 3 Mydeu+ > Msgy,
=il A=1

“_'U(Psflgl)_U(P!f,gZ)
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* 5 nglb[U(P’{;agl)'*“U(P:f:gz)]
[[fdg=[ fde +{ fdg, ),
Similarly, L(P, f, g)= L&, f, g,) + L(P, f, g,) implies that

lub [Z(P, f, )] =lub {L(P, f, g1+ L(P, f, g,)]
<lub [L(P, f, £)] + lub [L(P, f, g,)]

b b b 3
L fdg S.L fdg, + L fdgs ‘ ...(ii)

From KEqgs. (i) and (ii), we have
E fdg = ,[: fdg + I:fdgz - Hence proved.

Q7. Iff € RS(g) on|[aq, b], then prove that| f |  RS(g) on[a, b] and
<[’I f1ag.

Sol. If f e RS(g) on [a, b], there exists & >0 such that
(f) <k, Vxela, b]
Therefore, | f | is bounded on [a, b].
Let - g>0
Then, there exists a partition P ={a = x;, 57, %s,..., %,, = b}of [a, ] such that
UP.f,8)-LP,f,g)<g ie 2 (M, —my)d, <=

k=1
where, M; and m; are lub and glb respectively, of f on [x _1, %] and
S, = 800) — 8l 4) > 0.
Let M}, and m}, are Jub and glb of | flon [, 5, %] and x”, x" € [x; 4, 2]
Then, 11" )~ fa™) s fE&)—Ff")]
Sothat UP,[f1,8) - LP, I fl,e)sU@P,f, &)~ LP,f, g <¢
Therefore, | f | € BRS(g)

il 1

Now, let f; =5 A7+ f2=§(| fl-9

Then, for every x e [a, b], fi(x), fo{x) 20 and £, f, € RS(g).
Thus, we have _[: f1dg =20, Iz fodg =0

Furthermore, we have
]fl=f1+f2s f=ﬁl"f2
|7 dg|=|[. nids- [, fude |<| 2 hae |+ | [ e |

- E fide + _[: fgdg=le fldg  Hence proved.
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Q 8. Let f and g be defined on [0, 2] by

_ _]0, if0=<x<1
F(x)=g(x) “{1, ifleox<d’ then prove that both the

integrals L: f dg and and Lz f dg exist but the integral I: fdg
does not exist. .
Sol. Since, g = 0 (constant) on [0, 1], then E f dg =1, so the value exists.

Again, since f is constant on [1, 2], then Lz fdg exists and has the value
g2)-g)=1-0=1

2
To investigate the existence of Iﬂ fdg, let P={0=1x,, %, %9,..., %, =2} be a

partition of [0, 2], which does not include the point 1.
Let for some r, x,_; <1 <x,. Then, §, =gx,) - gx,_1)=1~-0=1
and 8, =0 fork=r ’

n n
Now, D> M8, =M, =M, =1 and 2 ms, =m,3, =m, =0.
k=1 k=1

j'ffdg = Land jffdg -0

2 ;
Hence, jo f dg does not exist. Hence proved.

(] g &
&b Long Answer Questions

@ 1. (i) Prove that, if f;, f, < RS(g) for[a, b], then

fi + fo €RS(g) for [a, bl. (2011)
(ii) Prove that a continuous function f is RS-integrable
with respect to g increasing on[a, b]. (2011)

Sol. (1) See the solution of Q. 6 of Short Answer Questions.
(i) See the solution of Q. 2 of Short Answer Questions.

@ 2. Define lower and upper RS-integrals. If f is
RS-integrable on [a, b] with respeect to a increasing on
[a, b] and m = inf f(x) andM = sup f(x) on [a, b}, then
prove that mia(b) —a(a)] < J’ fdo < M [a(b) —a(a)].

(2007)



104

Sol. Part I Lower and Upper RS-intergrals Let f be a bounded
function on [a, ] and g is a monotonically non-decreasing function on

{a,b].
Now, let P be the class of all partition of { &, & ]. Then,

_[;fdgz Wub{L(f, g, P): P < P}

and jff dg=glb{U(f, g, P): PcP}

These integrals are respectively called the lower and upper RS-integrals
of relative to gover [a, b].

Part II Let P ={x,, %, , %s,..-,%,} be any partition of [a, b). Let m, and M,
be the infimum and supremum of f(x) in the subinterval [x. ;,x,}. Then,
we havem <m, <M _<M

= m do., <mdo, < Mda, <M da,
n n 72 n
= ZmEicx,.sZm,SarSZM,SOL,SZMSGL,.
r=1 r=1 o r=1 r=1
= mo®-a@lI<L@P, f,a)<U P, f,o)sM[ad)-a@)] ...Q
Also, we know that, ~
L@ fo)s|, fleydes| flyda<UP,f, o) e

Frqm Egs. (1) and (ii), we have ~
A jaf flo) do. < j: flo) de< M [0.(d) - @)} ...l
and jab flo) do < j'f fla) do = j: f(o) do ...Gv

From Hqgs. (iii) and (iv), we get
mla®) - a@] <[ f@)do <M [o@®) - a@]

Hence proved



