Chapter Eight

IMPROPER
INTEGRALS

(M Important Points from the Chapter

. Improper Integrals If the function f becomes unbounded (gn [a, b]or
the Iimits of integration become infinite, then the integral L f(x) dx is

called improper integral.

. Singular Point If{ f(x) | » o for x = ¢. Then, ¢is called a singular point
of the function f(x). We say that f has infinite discontinuity at x=c

. Integral with Finite Range If a is the ornly singular point in [a, b]
the improper integral of f(x) over (@, &) is defined by the equation

-[i f) dx= Iirrbjz+ g fix) dx

and & is the only singular point in [¢, &], then
_[bf(x) dx = limjb_'5 F(x) dx
a >0

If the improper integral over [a, b] exists, we say that the integral over
@, 6] 1s convergent.

. Principal and General Values of Improper Integrals Let f is
bounded at all points of {a, b] except at ¢. Again, let the point clies in
the interval (¢ — g, ¢ + 8) , where € and 8 are arbitrary positive numbers
and independent to each other.

Then, | ® F() dac = Tim [C°f@ dx+ lim [°_f@) dxprovided both the
a e—>0DYa §—0 ~“c+ 8

limits exists. This value is called the general value of the integral.

(@) If the general value exists, then we can say that the integral
converges.

(1) If £ = §, the value of above limit is called the principal value of the
integral. .

. Integral with Infinite Limits If the function f is bounded and
integrable for x > g, then

[7 @ de=1im [ e ax
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20 5 e
and J'_m )y dy= Eh_};rb I_ s f(x) dx.
50

If the above limits exists and has finite value, then the integrals are
called convergent integral.

6. Absolute Convergence of Infinite Integrals If I:I fix) [ d
converges, then the integral I: F(x) dx1s called absolutely convergent

integral.
7. Tests for Convergence of Integral _[: f(x) dx

(i) Comparison Test
(2) If 0 < f(») < g(x) for all x> a and _[: g(x) dx is convergent, then

I: f(x) dxis also convergent.
(b) If f(x) = g(x) =0 for all x> and _[: g(x) dx is divergent, then
_[: f(x) dxis also divergent.

(i) p-Test
(@) If &*f(x) is bounded for x>a and p >1, then J': f{x) dx is

absolutely convergent. (2000)
(b) If 2 f(x) is always of the same sign (not zero) for p <1, then
I: f (%) dx does not converge.

(iil) Abel’s Test If j: F(x) dx converges and ¢(x) is bounded and

monotonic for x > a, then _[a f(x) ¢(x) dx1is convergent. (2014)

Gv) Dirichlet Test Ig $(x) is bounded and monotonic for x= a and
lim ¢(x) =0 and J'a f(x) dx is bounded as b takes all finite values,

X —>»oQ

then J.: f(x) $(x) dx converges. (20186, 05)
8. Test for the Convergence of the Improper Integral J-:: f(x) dx

Q) Comparison Test
(a2) If0< f(x) < g{x) for a<x< b and E g(x) dx is convergent, then

_[2 f(x) dxis also convergent.



B.Sc. (Second Year) : MATHEMATICS Paper 2 107

b) If f(x)=g(x)=z0 for a <x<b and _[j g(x) dx is divergent, then
|* £@) dais also divergent.

(i) u-Test Suppose f(x) be unbounded at a¢ and integrable in the
arbitrary interval [a + &, b], where0 < e < b —a. If thereisa number

i between 0 and 1 such that Iim (x a)¥ f(x)exists, then J f(x) dx

x—>a+ 0

converges absolutely. If there is a number u =1 such that

Em (x a) f(x) exists and is not zero, then I f(x) dxdiverges and
x—>a+ 0

the same is true, if lim (x alP fx) ==+ oo.
x—=>a+ 0

(iii) Abel’s Test If L f(x) dxconverges and ¢(x) is bounded monotonic in
(a, b), then J:: f(x) d(x) dx converges.
(iv) Dirichlet Test If _{: s f(x) dx is bounded and $(x) is bounded and

.. b
monotonic in (@, b) converges to zero as x— a, then L f{x) dp(x) dx

converges.

(E_) Very Short Answer Questions

@ 1. Evaluate the integral f_mw z _,(_13;2' (2011)
» dx .. jls 1 1 ~1 ,qlte
Sol. We have, | T2 31_};:(1)__1,5 e dx = s11_1;1[%}[1::111 x]0s
50 &0

@ 2. Evaluate the integral I; _j_.:_c (2010)
x

Sol. Since, 2 s e s 0, then
r7: |

vzt ;
[P L do=lim [0 22— tim | £ | = lim x23
1./2 a 8§50

=2 lim{1 -8Y*]=2{1-0]=2
3—0
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@ 3. Testthe convergence of Jd i : (2006)

4] x1/3(1 5, x2)

1 7
Sol. Here, f(x) = A D) then p = - 0
1 : " i 1

Now, hmx“f(x) xh_r)r:gx x”3(1+x2)_x]g%o[l )_0+1_
=g
x>

=Z>1
3
1 dx ;
Hence, 0B L D) is convergent.
@ 4. Test the convergence of the integral _[ \/*_ (2016, 15, 12)
x” +1 )

Sol. Since, f(x) = —1—-—, therefore we take g(x) = ——;,-5
J2 +1 s

12
Im — fa = lim —xa——= Lm 1 =T—1-,:
x—a»oog(x) x>0 fxﬂ_!_.l x-—>mJ1+_-]__ J]_+{)
2
o0 w 1 . ; ; i
But L g{x) dx = Il ;-3;,—2‘; dx is convergent, therefore the given integral is
" convergent.
Q 5. Test the convergence of j' L5 X dx.. (2012, 09, 07, 06, 02)
1+ x
Sol. We have, f(x) = cosx
&) 1+ %
i} cos x '
Let x) = ——, then <
&) 1 422 1+22f L+a®
© dr b 1 g = g 7T
Also, = lim Hm {tan™  x] =—
01422 bowdd]y® =gt ] 2

ae ...
So, j 5 1s convergent.
0 1+x

; © COSX .
Hence, by comparison test, Jo 1————“2— is convergent.
X

@ 6. Show that J: e “dx convergénf. (2017)

0 . ]’_,'8 . s
Sol. We have, I e *dx= lim € “dx=1lim[l—e ”8] =1
0 5->070 8 -0

Hence, the integral is convergent and converge to 1.
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LE) Short Answer Questions

Q@ 1. Find (;:xhe general and principal values of the integral

J-3
0 (x-1)%
Sol. Since, the function T is infinite at x = 1, then we have
x et
8 dx . 1-e dx 3 dx
O (x—1) e—0°C¢ (x-—1) 1+8(x—1)

|
jo—
=

l-¢ 3
> 1 . 1
=lim| ————— +lim| ————
e—>0[~2(x— 1)“]0 5—*0|:——2(x— 1) :L+a

" El 1 . 1 1]
=lim|[=-— |+ lIm|——=
Sol8 285 5>0125% 8

£
Eo D o g i
2 8 £-5092g2 550 2852
This limit does not exist, because it is of the form co — .
So, the general value does not exist. '
But the principal value exists, which is
T . .. I
——=t+hml——-—sl==
2 8 &—-0\2¢ 2¢ 8

@ 2. Show that s _

—— dxconverges if and only ifn <1 (2013)
@(x—a)

Sol. If n =1, then

b d i
[, ———=Dog (x—a)]i+.;=1og( “J
e — ]

him [0 %%

ge—=2>0"a¢+tesx —Q@q

= o0

So, the integral is divergent for n = 1.
b

If n =1, then !b+ Z_,_‘,iﬁ)_n z[
atel{x—aqa

o P -n+1
T }

1 1 1
1— 72 (b_a)n-—l En-—l
Now, if n > 1, then

: b dx . 1. 1 1
hmj o R | ), - o)
es0rate(x—q)t £501-n|(B-a)*"! 7°

Thus, the given integral is also divergent for n > 1.
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If n <1, then
3 b dx 1
lim .[ n = n—1
E—>0°2+ € (x — @) Ad-n)y®-a)
Hence, Jb——1-——— dx, converges for n < 1.

= 1 dx -
Q \3//ﬁrove that | ——= is convergent. (2017)
g s comee

Sol. Since, the integrand ——ﬁ — watx=1.
-

Il——dx = lim Ia L =1lim {sin™* x]3
Syl S e R

= lim [sin* 8§ —sin™! 0]
51

2 § : T
Hence, the given integral is convergent and converge to —.

Zm

Q 4. Examine the convergence of I Y dx. (2015, 13)
+ x
. a 2" o2
Sol. We have, | ——— dx+ | ———- dx, wherea >0
'[0 1+ 22" 074 22" 6 142 0
x2m
Here, f(x) = —]-___—;_._—xﬁ
m n+2m
Now, ]1m xt f(x)= Iim ———— # % = lim ~jf—=1, ifu + 2m =2n

x—w] +;|‘;2’z X —>w© 1+x2n

~u>lLifn>mandp <1, if n <m for m and n are positive integers.
m

Then, if n > 1, i.e. n > m, then g A

H J-G 1+ 228

n < m then the integral is divergent.

Also, I +2:2

given integral is convergent if n > m and divergent if n <m.

QP./ Test the convergence of 1:?
s

g ‘ : 1
Sol. [Tore, the integrand i x>0
x

dxis convergent and ifp <1, i.e.

is not an infinite integral and so convergent. Hence, the

(2011)
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r L —ldrn.rj_8 g + lim . o

= UmBx?12f + lim 321}
g—0 50
~ lim(- 3" + 3) + im@ - 338"%) =6
£—=0 5—0
Hence, the given integral is convérgent.

Q@ 6. Test the convergence of the following integrals.
b
(i) Lx“ “1e=* dx,n>0

Q) L‘” __dx
v x> +1 (2010)

Sol.
i 4
(1) We have, f(x) = \/—f__—-#—
x®+ 1
Let g(x)} = E]}E, then
. f . K212 , 1 3
lim —< = lim ————== lim = 2=
oo gl) o [P 1 =0 JH_L J1+0
A
Since, J.:’ g(x) dx= I:D -fg% is convergent for n = g -
Hence, j:o J—;ﬁd—_i_#}— is convergent.

(ii) We have, x =0 is singular point, forO<n <1.
Hm 2 f() = lim[* * " .e*] =1, ifp+n=1
x—0 x —0

Hence, by the p-test, the given integral is convergent ifl—-n<l,
i.e. n >0 and divergent if n <0.

@ 7. Discuss the convergence of _[; x" " llog x dx. (2001)

Sol. Since, lin})x‘" log x =0, where r >0. So, the integrand f(x) = 2 llogx
X ~> L)

has no infinite discontinuity at x=0for n —1 >0, i.e. n > L.

Thus, the given integral is convergent for n > 1.
If n =1, then

1 = - 1 _ 4 1
on" logx dx= -fo logx dx= shj»% L log x dx
= lin})[xlogx— xL .

_ i1 —stloge—1J] =—1

e —>0
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Hence, the integral is convergent, if n = 1.

If n <1, then lir%[x"f(x)]z lin})[x“ +2-1 Jog o ={0, ifp>1l-n ..@Q)
X — x>

o, f p<1-—-n ..G3G1)
Hence, when 0 < # < 1, we can choose n between 0 and 1 and satisfying
Eq. (3). The integral is therefore convergent by p-test when 0 < n < 1,
Again, when n <0, we can take u =1 and satisfying Eq. (ii). Hence, by
p-test the integral is divergent, when n <0.

Thus, the given integral is convergent if n > 0 and divergent if n < 0.

@ 8. Explain p-test and hence test the convergence of integral

jm e (2012)
1 xl;’?»(l + xl/Z) *

Sol. )
(1) If " f(x) is bounded for x> g and p > 1, then J': f(x) dxis absolutely
convergent.
(1) If x* f(x) is always of the same sign (not zero) for p <1, then
I: f(x) dxis divergent.
7 |

Here,  f(x)= A T

S|

then p =-g~—0=

. 1
R S S _
:cl—ly]%ox f(x) xl_).to D(.st(1+xvz) 361];>°° (11’)’:1/2*{‘1) 01 :

: 5 4 ’ -
Since, it = E < 1, then the given integral is divergent.

Q 9. State and prove Abel’s test and hence test the convergence of

w© e
L 18 2) geA X dx, where a > 0. (2015)
x

Or If ¢ is bounded monotonic in [a, ], $(x) is convergent as
x —co and _[: f(x) is convergent, Vx> a, then prove that

_f: SF(x) ¢(x) dx is convergent.

Sol. Statement J: f{x) dx converges and ¢(x) is bounded and monotonic

for x > @, then J: f()d(x) dxis convergent.

Proof Since, ¢(x) is bounded and monotonic for x > a, therefore ¢ is
integrable in [a, b], where 6 is any number = a.
By second mean value theorem, we have

[,5F@ 46 d= 60 [} 1@ dx+ 0| £6) dx ..

where, a < by << b,
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Again, since §(x) is bounded, there exists a number A > 0 such that
[ B I< Aand | d(by) I < A

Also, since I:z f(x) dxis convergent, then there exists a number b, such
that .

| [2f @) dx | < K for by, by = by
where, K > 0is only arbitrary number.

Since, b; < &€ < by, therefore £ b,.

|I f(x)dxl<Kand|fb?’f(x}dx|<K

Hence, from Eq. (1), we get
| 727 6@ dx|<1¢(bl)|’f Fo dx |+ 16021 [ £ x|

< AK + AK
<2AK
where 2AK is an arbitrary positive number.

Hence, I: f(x) ¢(x) dxis convergent at co. Hence proved.

COS X

Let f(x)=- =2

Then, ¢(x) is bounded and monotonic increasing for x> a and
J~oo cos x dx<!m9}§
o 2 =la 2

and ¢$(x) =1 — e ~.

X o dx . W 3 ® COS X
Since, L — is convergent (i =2), by comparision test I 5
x A

convergent.

" Hence, by Abel’s test, j: 1 —-e™)

dxis

Cos X

x*

@ 10. Define Abel’s test for convergence of improper integral and

co(l e *)sin x

x3

dx is convergent.

hence test the convergence of dx, where
g

a>0. (2014)
Sol. Part 1 Abel’'s Test If j: f(x) dx converges and ¢(x) is bounded

monotonic in {a, ), then IZ f{x) $(x) dx converges.

sSin X
o

monotonic increasing for x>a, and I

Part II Let f(x) =

and ¢(x) = (1 — ¢ *) dx, then ¢(x) is bounded and

© sin x

o«

dxsfj%
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: dx . ) -
Since, f;o s is convergent (n = 3), therefore by comparis on test, .L 311: L
x

=< BT Yy ;
is convergent. Hence, by Abel’s test, I sl E)Sln * dxis convergent.
a

@ 11. Define Dirichlet test for the convergence of improper integral

—ax SIN X
and show that _f: e
x

dx, a > 0 is convergent. (2016)

Sol. Part I Dirichlet Test If Iz+ . f(®) dxis bounded and ¢(x) is bounded

and monotonic in (g, b) converges to zero as x—> a, then f:: () d(x) dx

converges.
®w .. 8inx @ _,.Sinx & _ . BNnx
Part IT We have, _[ e® ——Zdx= I & dx+J' e dx,
for a > 0.
) @ _ g 8INX 4 N y — seBin
Obviocusly, I g = dx is proper integral for lim ¢ % =1,
6 X x>0 x
sin x

Let Px) =€ " and f(x) =

Then, ¢(x) is bounded and monotonic decreasing function for all positive
values of x and for ¢ > 0.

Also, Iim f(x)= lim

{(x —co)} {(x—>x) =x

Hence, I:; f(x) dxis bounded, when b — co.

sin x
=0

sinx
x

dx

Thus, by Dirichlet’s theorem, the integral j: () ¢ dx = f:’ i

is convergent,

o dx '
Q \{g/ﬁ'rove that J' ———— diverges. (2017)
2 2
Vx* -1

Sol. Here, f(x) =

_ 1
V-1 mf1-1/7
Take £(x) =i

We have, 1im —t@ = lim & =1, which is finite and non-zero.
x— g(x) X—5 00 fl_lle

Therefore, _[: f{x)dxand j: g(x)dx either both converge or both diverge.

But I: gx)dx = j: Ezf is divergent because here, n = 1. Hence, _[: f(x)dx,

: o 1
Le. j —p=—— dxis also divergent.
jz vaZ-1
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ci) Long Answer Quesiions

@ 1. Test the convergence of following integrals.

1 o
(1) .'[0 x™ 11 —x"Ddx (2oo2) (i) .[o gc“‘le"‘dx (2005)

Sol.
(i) When m, n 2 1, then the integrand is finite for each value of x, where
O<a<]l, . T

Hence, the given integral is convergent.

When m, n <1 then the integrand has infinites at x=0and x=1,
these points are the points of infinite discontinuity.

Let a €{0, 1), then we have

[t a-ade= [0 " @ -0 dxr [ 20— 0" e
At x=0 - '
First, we consider _[; - dxhas infinite discontinuity when
m<1.

Let f()=2""1(1-%)"" = ‘(‘1“}2*—
and $(x) = ?1:5
(1 v x)nwl
NOW, llm f( ) lim xl_m - liIIIG (1__~x)n—1

x—0 (b(x) x>0 1/x™

Hence, I: f(x) dx = I: 11~ x)"1dx is convergent forO <m < 1.

dx is convergentifl—m <1, ie.m >0.

Atx=1 .
The integral J-i 11 - )" 1 dx has infinite discontinuity when n < 1.
= 1
Let f) =" 1-x)"1=—= —— and I . S
@ = A = and 40 =
" :ﬁn—l
1-n
Now, lim bae)] = lim L8 2 lHm & =
x—-1 $x) =x—1 L x -1
(1 — x)lun

— dxis convergent if 1 —n <1, i.e. n >0,

Butj (%) dx = j’

x)l ~-n
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Hence, integral L (L —x)" is convergent if O < n& 1.
Therefore, the given integral is convergent for m, 7#>0.
(i) When n <1, then the point x =0 is a point of infinite discontinuity of
f() = e=x"
So, J' e x" Ldx = j ¢ e " ldx+ I ® e *x"ldx, where ¢ < (0, ©)
(4] 0 o

At x = 0 First, we consider J‘{? e x" dx

Let f(x) = ¢ *x™ by p-test,
lim 2 f() = m s e*x" 1 =1, forp=1—-n
x>0 x—0

Hence, I: e *x"'dxis convergent ifp <1 and n > 0.

At x = oo Now, we consider j: e x" dx

We know that, € > 4™,V >0
R i iz
xX

But I —g dx is convergent;

Hence, Io e *x" Ldxis also convergent for all n > 0.

@ 2. (i) State and prove Dirichlet test. " (2005)
(ii) Show that the integral I: g—ox BULX dx,a=>0is
x
convergent. : (2000)
Sol.

(i) Statement If ¢(x) is bounded and monotonic for x > a and
hm $(x) =0 and I fx)dxis bounded as b takes all finite Values,

then L f(x) d(x) dx is convergent.

Proof Since, ¢(x) is bounded and monotonic for x > ¢, therefore ¢(x)
1s integrable in (@, b), where b is any number greater than «.

Now, using second mean value theorem, we get

jff FO) b dx=9®) [ f@) dx+ 9(0a) [ @) dx, .. )

where a<b sn=<by<b
Allso, }f;’ f(x)dx]sA, vbza

. o ; & '.
where, A is any positive number, since L f(x) dxis bounded for b > a.

Thus, | [ f@ax|=|[ r@dx- {7 re)dx|
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1M e dxt+ 1|7 f@) dxl

<A+ A
=24

=24

L: £(%) dx

In the similar way, _[:2 fodx|<2A

Again, lim ¢(x) =0, there exists bo 11 §(x) | < K when x 2 by,
X =3 0

where KX is any positive number.
New, if by £ by, by < by, ¢ (B <K andid(by)] = K
Hence, from Eq. (i), we get

‘f;z (0 d(x) dx! $|¢(b1)]lj: f () dx|+| (g,z)l

<K.-24A+ K-2A
=4KA
where, 4KA is arbitrary positive nimber.

Hence, _[: f(x) & (x) dxis convergent at co.

[ reax]

(i1) See the solution of Q. 11 of Short Answer Questions.



