Chapter Nine

INFINITE SERIES

(> Important Points from the Chapter

1. Series A series is an expression of the form u, + Ug+ Ug + ...+ U, + ...
in which every term is followed by another according to some definite
law. If in a series the number of terms are infinite, then it is called an
infinite series, otherwise it is called finite series. -

The series u; + uy + uy + ... + u, + ... is symbolically written as > u,or
lim s, o
L —rcC
2. Types of Series There are following three types of series,
(1) Convergent series An infinite series Zu, is said to be convergent,
if S, the sum of its first n terms, tends to a finite limit sas 7 — o and

written as s= lim s,,.
>0

(i) Divergent series If 5, — * o as n — oo, the series Zu, is said to be
divergent. )
(iii) Oscillatory series If s, does not tend to a finite limit or to + o or
— o0, the series is called oscillatory.
3. Some Important Results
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Gv) im |1 + —-J =1, where p is a finite number.
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(vi) lim — =0, where xis any number.
n—wo nl
4. Comparison Test

(D) IfZv, and X, are two series of position terms and Zuv, is convergent,
then Xu, is convergent if &, < v,V n € N and Su,, is divergent if Zu,
is divergent, and u, > v,, V n € N.
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(1) ¥ Zu, and Ty, are two series of positive terms, then
{(a) Eu w111 be convergent, if from and after some fixed terms

lim 22 ig fimte (including zero). Then, T v, is convergent.
R>w U, _

(b} Zu,, will be dlvergent if from and after some fixed terms, lim e

n->w U,
is some finite number greater than zero or infinite. Then, Zuv,, is
divergent. (1995, 93)

5. Auxiliary Series The infinite series 11p + ;p + 31p + ... 18 convergent,
if p>1 and divergentif p <1 (2006, 1995)

6. D’ Alembert’s Ratio Test (Ratio Test) Suppose Zu,, be a positive term
series such that

@) lim o it AN I, then the series is
n—>o W,

(a) convergent, if I < 1. (b) divergent, if I> 1.
(c) test fail if, I=1 '

i
(D) If lim —2*% — o0, thenZu,, is divergent. (2002, 01, 1998, 92)

n—swo W,

7. Raabe’s Test Let Zu, be the series of positive terms and

lim{n( % o )}:l. Then,
LU ul’l-i—l

(1) the series is convergent, if I > 1.
(11) the series is divergent, if I < 1.
(iii) test fail, if 7= 1. ’ (2014)
=» Note This test is used when D' Alembert's ratio test fails.
8. Cauchy’s Root Test SupposeZu, be series of positive terms such that
lim 2" = [, then
(M Zu, is convergent, if I <1.  @Gi) Zu, is divergent, if > 1.

(i11) Test fails, if I = 1. (1998, 96, 94)
9. Logarithmic Test Let 2z, be the series of the positive terms and
lim [n log—= ) = I. Then,
Meree Upni

(1) the series is convergent, if I > 1. (ii} the series is divergent, if I < 1.
(iil) test fails, if I = 1. (2007, 1994)
10. Cauchy’s Condensation Test If the function f(x) is positive for all
positive integral values of n and monotonically decreasing as »n
increasing, then the two infinite series £f(n) and Za”f(a¢™) converge or
diverge together, ‘@’ being a positive integer greater than unity.

»
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11. De-Morgan’s and Bertrand’s Test Suppose Zu, is the series of

positive terms and lim {n( Wi ., 1]} log nJ = E./__ hen,

7n—> 0 \Up1

N ¥

/ :
(1) the series is convergent, if I > 1. (1) the series is divergent, if I < 1.

(iii) test fails, if { = 1. ' '

12. Second Logarithmic Ratio Test (Alternative to Bertrand’s Test) Let

n—x i

Zu, be the series of positive terms and lim {(n log o ]log n}: L

n+1

Then,
(1) the series is convergent, if { > 1. (i1) the series is divergent, if < 1.
(111) test fails, if [ =1. 7
13. Absolute Convergence

(1) Absolute convergent series Let the series be U, =+ Uy + ...
t..+ U, +..., in which any term may be either positive or
negative. Let| «,, [ denote the absolute value of tig.le.| u, |=u,ifu
is positive and | u,, | = — u,, if &, is negative. ‘
Then,Z |u, |=lu; |+ lugl+lug |+ ..+ lu, |+ ...
The series Zu,, is said to be absolutely convergent, if the series
2|z, | 1s convergent.

(i) Semi-convergent or conditionally convergent series If the
series 2, is convergent but the series | U, |1s divergent, then the
series Xu, is said to be semi-convergent.

l

éeVery Short Answer Questions

@ 1. Test the convergence of the series whose general term is
2
mn

n
— (20186)
1+n)"
n2 1 n2
Sol. 1et u,=—2= e
A + n)* 1+1/n

; ], " 1
1 e Tim] —— | = i e =
im (z,,) im (I ey ) m

n—»0

T~rra the series is convergent.
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! = n
@@ 2. Test the convergence of the series Z ;/— (2005)
-3_ n—1\ N 1
Sol. We have, - .
__m._ 1 (1Y
T e
Let we choose v, = —5
2237
-
(1 22)
=W o
: 373 s <
Then, Hm %2 = lim 2 Sl = lim (1 + -—15)
ns>w U, 72~ 0 L n—co 7
2372

=1 (Finite non-zero number)
Since, v, is convergent by the auxiliary series.
Hence, X, is also convergent.

Q@ 3. Test the convergent of the series whose nth term is

o)

n+k
Sol. We have, u, =[(n 54 1) — (n = 1)

: n+l ~n/n
Now, lim (ur,,,)”n = lim [(n 53 1) — [n . ]]
nt—> oG n I

(2003)

e e n+l - e—1 -
G
n n

Hence, the given series is convergent.

Q@ 4. Discuss the nature of the series »_sin 2, (2014, 1390)
n=1 n
.1 i 3 R 1. 1
Sol. Letn, =sin—="—w— g — o
H ‘'n n 3tn® BIR°

Suppose v, = %, then the auxiliary series Xv, = E—:;’— is divergent.
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1 11 s S
m & n B
Now, lim -2 = lim =2 Y m
n—>w© U, n—>w _]:
n
. 1 1 1 1
= ] B ey Bt s
nl**n‘i"[ 31 72 "Bl nt ] 1
which is finite and non-zero. /

Hence, by comparison test, the series is divergént.

¥4
Q;./If the series Zan is convergem;; then show that lim a, =0,

oc
n=1 n—

!

.

but its converse is not true. i (2013)

Sol. Lets,=a, +a,+a; +...+ a,_; +a,be a series of non-negative

terms. Then, s, =Xu,,. ) o
o Sn_1=al+(12+a3 +...+an_l
8y — 81 =Gy

Now, lim @, = lim (s, -s,_;)= lim s, —-jlm Sp_1

=—>rx n—rw n—rs

Since, £a, is convergent, therefore lim s, and lim s, -3 both have same
finite value as n — « and hence, lim a, =0.

n—oo
To prove that its converse is not true, we consider the example
1 1 i |
Ta,=1+=—+=—+..+—+..®
2 3 o
2
Here, a, =—
Iim a, =0

n—>o0

But the series Za,, is not convergent.

@ 6. If Zu, is convergent series, show that lim u, =0. -
L S (2010)
Sol. See the solution of Q. 5.
No need to show that the converse part in this question.

Show that the series 1 — l .-} + ... is absolutely

Q\,/ i 21 3t
convergent. : (2017)
Sol. The term of the given series are alternately positive and negative.

Each term is numerically less than preceding term
1

s 1\}3 :0
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. . 1 ’ il
lim |u,l= lim | (-1)" —|= iim — =0
Ll n—w nt n—rwo 1l

Hence, the given series is absolutely convergent.

ci) Shqrt Answer Questions

: Zlog n
___.- ) l_ . L
Q@ 1. Test the convergence of the series 2 - ek ‘
3 log (n 1 1)
(2014, 1994)

1 nZ logn
Sol. We have, ©, ={ ol -EL }

log (n + 1)‘
| nlogn
Therefore, lim (,)Y" = lim _."-E_‘f..‘__ :
n—eo n-»oc| log (n + 1)
nlogn nlogn

= lim log n : = T llog n :

ki logn+10g[1+—.) " logn + — — —5 + ...

A n n 2n
yrlogn

= lim 1108” : >

. logn|1l+ - 5 B s

1 nlogn 2n°logn )
nlogn
p 1
= g . i 1
* = 5 + ...
nlogn 2n°logn
nlogn
. 3 |
Let y= lim
7t ==y <D 1 l
1+ T

nlogn - 2nZlogn
Taking log on both sides, we get

log y= lim (—rlogn)log |1+ . - 21 -4 ..o
' 7> nlogn 2n logn

=5 log y= lm [—1+—1—]
: n—w 2n
= logy=~-1 = y=e"1=1<1
e

Hence, the given series is convergent.
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Q 2. Test the convergence of the series E—l— sin -1-

n n
Sol We have, u -——s1n—=-jl[l-_1§._1_+_1_..1__ .
n n nin »n® 3! n® 5!
el By L L ]
n® n® 3! nt 5!
Now, we choose v, = —%
n
iy ' 1 1 I L /
T S ey T T T raa
ben,  Jim 2= tim|1- ot o]

=1 (Finite non-zero numbex)
Since, v, is convergent by auxiliary senes.,
Hence, Zu,, is convergent series. -

@ 3. Test the convergence of the series
L e B ok (2n-1J
1-2.3 2.3.4 3.4.5 n(n+1) (n+2)

X
2n -1 o 2(1—%)
n(n+1) (n+ 2) nz(l +_1_J [1+_?_]

7, n

(2007)

Sol. We have, u, =

Now, let v, = —1—2-

2[1._.3_)
2n

Then, lim “n — 1im . = Hm
n—>c0 vn n > 1 n—>o 1 1 2
| —3 fo= I £ =

= 2 (Finite non-zero number)
Since, v, is convergent by the auxiliary series.
Hence, Zx,, is convergent series.

4n+1 o
n+3

(2001)

Q \}/ Test the convergent of infinite series Z

_4n+1 ,

" 4n+3
4n+5 5.4

L A T

Sol. We have, u

74
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‘nowu,, , nox@n +3) 4n+5) x

: 25 o | . 2
Hence, the given series is convergent, if = > 1 or x < 1 and divergent, if
X

xis L,

If x =1, then lim —2 1.

e Up by

So, the test fails.
4n + 1

In this case, u, = ————0
4n + 3

fim. s, = Tig S0t = lim >— 4% J

n—wx n~>0 (4?1— + 3) n - ( ]

Hence, the given serles is divergent at x'=

< 2x 3%x?
@ 5. Test the convergence of the series 1 + o aee s

! 3! (2005, 01)

3 (nx)n-—l
- n!
_(n+1)*x"
n+1t
n—1

Then, lim i hm—mn—-—— —(n+ 1)
ok
+

nsoy, ., n=e{n+ 1)t x
_> [
E

. 1 !
x X

n—x 2 =L
(1 » }_] [1 " l) e(]. + 0)
i n

: B —_— 1 .
Hence, the given series is convergent, if — > 1 or x < = and divergent,

Sol. We have, u

n

n+1

1

[

1
ex

ex e
if x> 1
e
1 T :
If x==, then lim = 1, test fails
e n—>w ff .

n41
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Then, lim nlog—22 .= lm n log e
n-»w Upy1 N 1
o
K L ] )
= lim n[loge-'— (n-1)log [1 + }—)’
n—w n
N S WEE WY W
7 n 2n 3t
- lim[n— (n—1)+ -l -?'_21 +]
1w 2n I 3n
= kim| 1+ [1— . ]—[ s = 12}4-...]
n—ow \2 2n/) \3n 3n
=1+1=§>0
2 2
Hence, the given series is convergent at x = 1
e
Q 6. Test the convergen;:e of the series
2 2 432 2
(log 2) M (log 3) N (10324) " (log n) o

B 32 4 n?
Sol. Since, log1 =0, so we may take the first term of the given series as

2
(Qog1)” without affecting the sum.

2
Hence, the nth term of the given series is f(n) = __.._._(IOg ;’)

» logm™® (nlogm)® nZ(logm)

Now, m*fm™) =m ) = — = >1
2 2
Le. 2, =¥ n_(lg_g;_zn)_’ then
m
2 2 n+1
b - B Ty DGR mR
n— L, . q n-—>cw m” (n+1) (logm)
2
= lim m[ L j
n—w n+1
= lim D R
n—-)w( 1)
1+ —
n

Hence, the given series is convergent.
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Q@ 7. Prove that the series Y (—1)"[yn®+1 —n] is convergent.

=t (2001)
Sol. We have, u, = ﬁ/ n+1-n
1 -
. Up=n,J1+— —7n
e
= U, = n{l ! }— n
= on? 8n*
= 1 3
) " 2n 8n?
and U = ! - 1
"1 7 o9n+ 1) 8(n + 1)
NDW e — ml __._1_.__l _.]; _ﬁm}____,..._._]l. -J-
2 n+1 n 2 (n + 1) n- 8 - (n e 1)" '_13 - e
1 -1 1| = (n 41y
= i T Yo T i el | T +
2| n{n+1) 81 n'{(n+ 1y
:> un+ 1 - un < 0
= Up,q<upand lim u, =0
n—>cc oa
Hence, by Leibnitz’s theorem, z (- 1" Wn?+ 1 — n]is convergent.
n=1

Hence proved.

Q 8. Show that the series whose nth term is[Vn® +1 —n] is

divergent. (1992)
12
Sol. We have, u, =n”+1 ~n= n(l - EIEJ -n
/1 5
1 1 22 1
=yl & =ik T+ et
2 n 21 n
11
2n  8n°
Therefore, the approximate value of u,, = o
n
Now, let v, = 2
n
lim £2 = lim [}- - —}—2 + . ] = . (A finite non-zero number)
n—yeo U, now] 2 Kn 2

Hence, u, is divergent, because Zv, is divergent by auxiliary series.
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@ 9. Discuss the convergence of the series ):—1—1;. d (2003)
n
1 1 1 1 . : ,
Or Prove that — = — + — + — +... is convergent Wwhen p >1
n? 1 27 3F
and divergent when p <1. (2006)
Sol. Case 1l When p>1
2_1,=1+_1_+_1_+_1H+___
n? gr 3P 42
A i 5 | 1. £ 1 3 il
= Z—— gl 4 lmet— +L + + + +
n? g g 4P 4P 4P 4°
1 2 4 1 1 1
= E;?<1+§+T+ :3’-2;};<1+2p__1+(22)p_1+
= E—-}—<1+ 1_-+ : s
nP 2Pt @PTH?
= E——L<A
np
geometric series whose common ratio 2;‘_1 <1,
Hence, Z e, is convergent.
nP
Case 11 When p=1
NI WSO . gy o
n n 2 3 4
= Z—}—-.—:E}—=1+1+[}—+l]+(}—+1+—1—+1]+
n n 2 3 4 5 6 7 8
=> E——]-L—=Zi>1+l+(l+-1—]+[}-+1+1+}~)+...
n n 2 4 4 8 8 8 8
Ees zinzl>1+l+l+1+.
e n 2 22
— 2—1— =E»}— > A divergent series
n n
Hence, T — is divergent. -
9 ®
Case III When p <1
E-»—1-—=1+i+—1-+.-.. :>E-1—>1+~1—+£+...
n? 28 3P n? 2 8
= z -1—p- > A divergent series
g2
Hence, Z jfo‘ is a divergent series.

n
Thus, for p<1, 2 —15 is convergent and for p= 1, % —1}; is divergent.
n n

Hence proved.
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; . — n
Q 10. Discuss the nature of the series .x™. (2016, 15, 1995)

Sy R |

n n
n2+1-x
n+1 n+l
(n+1)2+1x
n -x”x(n+1)2+1- 1

& i .
Now, lim —2-=lim ——r e
nsoy, ; n3on 41 (n+1) x

. n(r%2+2n+2) 1
ot llm 5 i
nso(n“+1)(n+1) x

n? (l + g + %)
- n n
= lim

e nz[l 4 «}-2-) n[l 3 —1—]
n n

If = > 1or x < 1, then the series is convergent.
x

Sol. We have, u, =

Up+1 =

—

1
x

®iX

If L <1 or x>1, then the series is divergent.
L
n L

Ifx=1, then u,=— =
neEd n(1+-}—)

n2

1

1
1 u n[l * 7] 1
Let v, = —, then lim —% = lim it ——=1
1 7L —> o0 Un, =y _I; n—>w (1 + 1 )

But the auxiliary series Zv,, is divergent.
Hence, Zu, is divergent when n = 1.

Q 11. Discuss the nature of the geometric series
1+x+x2+...+ x"’1+... . (2015)

Sol.

(1) When x <1, then, s, =

1-2" 1 x™
1—x 1—

<

ot
I

R

Therefore, lim s, = lim LI
1-x 1

n—>o f!.--—)OO

But asn — o, x” — Ofor x < 1.
Hence, the series is convergent.
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_ n
(ii) When x> 1, then s, = " —1 X 1
x—1 x—1 x-1
A ] R ; xn 1
Therefore, lim s, = lnn[ — ]
T TR now|lx—1 x-—1

Butasn— o0, x" > o ,forx>1

Iim s, =0
n -3

Hence, the series is divergent.
@(Gii) Whenx=1,s,=1+1+1+...+1tontimes=n

Therefore, lim s, =«
n-—>ce

Hence, the series is divergent. -

(Gv) When x= -1, then series becomel —1+1—-1+...,which is
oscillates, hence the series is oscillating or periodic.

@ 12. Define Raabe’s test and investigate convergence of the series
x 1 x* 1-3 x° ,1.3'5 x"

— + -
1 2 3 2-4 5 2-4-6 7 (2014)
Sol. Part I Raabe’s Test Let Sz, be the series of positive terms and

Iim n[ - J = 1. Then,
Berel L ¥nad .

(i) the series is convergent, if > 1.
(ii) the series is divergent, if I < 1.
(1il) test fail, if I =1.

Part II We have, u, =

1-3-5...Qn -3 x™ 1
2:4:6...Cn-2) 2n-1
" _1-35..@n-8)-@n-1) !
17 9.4.6...2n—2)-@Cn) 2n+1

Now, lim —22 = Hm B 1) —lg
nowi,, , noe@nrn-—1)@nr-1) x

1
2n-2n(1+§;ﬂ 1 B 1

"’"‘”2:{1 ,_i) Zn(l . —l-J &
2n 2n

Hence, if —j—z > 1, i.e. % < 1, the series is convergent and if x% > 1, then the

series is divergent.
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2n-2n-[1+——1—)
2n

T 2;{1 —3—)-2:1,[1 “_1_)
2n 2n

=1

So, the test fails.
Now, applving Raabe’s test,

im n| 22 _1|= lim n{2282+ 1D _,
n—rco Uy, 1 T3==¥00 (2n—1)
2
= hm n 42n i -1
- ne i4n®—4n+1

; 6n —1
= lim n .
n—» A4n° —-4n + 1

1
557 g =
. "’[ GnJ 6 3
= lim 1 1 =—=—>1
n——)m4n2[1*—+ ) 4 2

n  4n®
Hence, the series is convergent.

@ 13. State and prove Cauchy’s nth root test for the convergence of
a series of positive terms. (2013, 03, 01)
Sol. Statement Suppose Zu, be series of positive terms such that
lim (,)Y" = I, then
(1) Zu,, is convergent, if /< 1. (il) Zu,, is divergent, if I > 1.
(a11) test fails, if I = 1.
Proof Let us suppose Tim ()" =1

Let 0 < €< {, so that ! — ¢£is positive.
Hence, there exists a natural number m such that
| e, )™ —ll< g for all n > m
i.e. l-g< (un)y" <l+egforalln=>m
i.e. (- <u, <+ foralin>m s kL)
Now, we consider the following cases
Case I When /> 1, then we choose ¢ >0such that 7 —e> 1,
set I —e=p, so that p> 1,
Hence, from the Eq. (i), we have p” < u,, for all n > m,

ie. P
m+ 1

-------------------

-------------------
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On adding above inegualities, we get
m+ 1 m+ 2

P+ p + p Fiwin K Uy F U 4 F Uy 2 F 1o
ie. Uy + U g + Uppygt - > P+ PP PP 2
Since, the common ratio p is greater than 1
Zu, >1

Hence, Zu, is divergent, when {> 1.
Case Il When I <1, then we choose e >0such thatl{<1+e<1
setl+e=g sothat0<s< 1. ’

Hence, from Eq. (3), we have
u,<s, forallnzm
i.e. : Bl 8T
: + 1
um+ 1 = sm 2
Uny < i

On adding above inequalities, we get
B U F U ot sis SETEAY w0 d o,
Since, the common ratio sis less than 1.

=) Zu, <1
Hence, S, is convergent, when [ < 1. Hence proved.
@ 14. State and prove Logarithmic test. (2007, 03, 02, 2000)

Sol. Statement Let Zu,, be the series of the positive terms and

lim [n log “n J =
Reesht Uns1
Then,

(i) the series is convergent, if 7> 1.

(ii) the series is divergent, if / < 1.
(ii1) test fails, if =1,
Proof Case I When [ > 1, Zu, is convergent, if
u, (n + l)p

> s P

un+1
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=5 lim[nlog Yn J2p>1

Yoo Mn+1

So, Zu,, is convergent.
_Case ITI When I < 1, then the series is divergent, if

2
i, <[n+1) ]
Uns1

if log Un <plog(n+1J
u’n+1 n
. i B

if lim nlog[ Un J5p<1

17—

So, Zu,, is divergent. Hence proved.

I >
& Long Answer Questions

Q 1. Iivestigate the convergence and divergence of the
12 12.32  1%2.3%.5°
series + + + ... + and also write
22 22_42 22'42‘62 .
the statements of all the test you are using in it.  (2016)
12.32.52,.. @n - 1)°
22.42 .., @n)?
12.32.52_. @n —1)® @n + 1)”
2%.42 . ©@n)° @n + 2)°
2 2
Un  _ lim @n + 2)2 — Ty 4n2+ 8n + 4
n—>w U, 4 n—>wo (2n+1) n—ax4n“+4n + 1

4n2[1 . P -1“5]
= Jim L. =]

e 4n2(1 + E + ———12)
n  4n

Sol. We have, u, =

Upal

So, the ratio test fails.

Now, applying Raabe’s test, lim n[ Hn 1}

n—== Wi



134

: (4n2%+8n+4
- = lim n = -1

noe 1 4n”+4n+1

3

i 1+ —

= Bim nf—t2 | fin an_ g
n—»o0 _.4‘”’ +4n+1 n—o 1+_l_+ 1
n 4n?

So, Raabe’s test fails. Now, applying De-Morgan’s and Bertrand’s test,

Hm[n(l% - ]—1}hgn
n > un+1

; 4n + 3
= lim| n 5 —~1|lognrn
n—swol {4n“+4n+1

- Iimr —(n+1)
n—+wL4n,2+ 4n + 1 |

logn

— 2 E
_ lim 2(n + n) _logn
n->wl 4n +4n+1 n

M i logn

= m —
n— o k 1 n--)a:
1+4~+—

/ n 4?12
1

=—=x0=0<«1
4

Hence, the series is divergent,

Here, we apply three tests, such as Ratio test, Raabe’s test and
De-Morgan’s and Bertrand’s test. For the statements of these tests, see
the synopsis part.

Q 2. Investigate the convergence of the following series.

JC4

1 X
(i) + + +
2/1 3J2 4J3 5.4
2252 33x3 44x* 55x°

(ii) x + T + + S
2! 3! 41 5!

+oaes (2013)

(2013, 06, 1997)
Sol. (i) On neglecting the first term, we have
' =
(n+2)./(n+1)

x2n+2

el i Jnr 2y

i, =
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1/2
o n[1+§] nﬂ2[1+—2—] 1 1
Now, Hm —2— = Iim —! L L o

12 2
LTS P PR S
7 n

L slorsf<land divergent, if x> > 1.

x°
If x2 = 1, then series become -~ + k + 5 o
241 342 443
1 1

(n+1Vn nm(l % _];ﬂ]

n

Hence, the series is convergent, if

Therefore, u

1
Let v, =—
n =3l

Then, Im —2 =11 z =1 (Non-zero and finite value)
n—w U, nRO® ( 1 1 )

]

It

But the auxiliary series Zu, = 5}3”_2 is convergent.
n

Hence, Zu,, 1s convergent, if =1

n
(i) We have, u,, = 2 3‘:“
5 n.
(n+ 1)11.-1—1 xn-t-l
Up1 =
(n + 1)!
Now, lim Un = 1im u._.!'__;;l-__:l.l
n-»o .. g n—o [1_;.1‘.) X e x
¢

" e L 1 ; ; 1
Hence, the series is convergent, if — > 1l or x < ~ and divergent, if x > =,
ex e e

Tnm e e T ~ 20

e e g e

=1, test fails.

Now, we apply Logarithmic test, we have %n . = 5

Unia (1 . }_)n
n

lim »log - Zn — lim nlog———r
n—som Uy, BO® g 1)

n

= 1iva n{loge— 7 log (1 + l)}
n—»ox n
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" i  § 1
= lim 2l —n| — — 5 e g
n—>® 7 2Zn 3n
= lim 7 1-—-(1—-1—~+-—1-—2~+...]
7 —>oC 2n 37’!.

: { 1 i }
= llm n Tt -__-‘__-3 pes . e
- 1n—3c 21 3n~ ;

i
o
g
f——"“——\
| =
!
|H
i
e —
Il
| =
A
-

Hence, the given series is divergent.
& 3. Investigate the convergence of the following series.
x 1 x3 1 3 x 1-3-5 x’
(i) — + — + . + ...
1 2 3 2 4 5 2:-4-6 7

X 2 x3 x4
(ii) -+ +...
1 2 2. 3 3-4 4.5 (2012)
Sol. (i) See the solution of Q. 12 of Short Answer Questions.
(i) We have, u, = -5(_:-—:5
xn +1

u’le(n+l)(n+2)

Now, Iim Yn =1im[1+~%)-}-=}~

n—o U, .1 5 —w 7t

3 o : B - g
Hence, the given series is convergent, if — > 1 or x < 1 and divergent,
%

T 0 vl A
Ifx=1, then lim Yn_ - lim (1 + ~2-—) =1, test fails.
i n—»o I, 1 nR—> o n
Therefore, u;, = - = 2 o (1———1-—+—-1—2——]-'?T+...J
n n n

n(n + 1) n2[1+ 1) n?
el

Taking By =iy
n
i
Now, Iim o< O hm(l-v—l—-b—}—i——g-ﬂ- )
n-—»w U n—>w l F4 2

= 1 (Non-zero finite value)
But v, is convergent by auxiliary series.
Hence, Xu,, is convergent.



B.Sc. (Second Year) : MATHEMATICS Papcr2 137

@ 4. Discuss the convergence of the following series.

2n
— (%)
A EXWn*+1 -yn*t-1) Gz ks (2017)
en
Sol.
v2 Ve
@G) We have, u, = n* (1 + ”}&‘) —n2 (l H-}EJ
n n

1 1 i 1 1

B n2{1+-§ 7% 8 7% 16ni® }

.._.?32{1._1._.:_1;___1. 1 e 1 + }
2 nt' 8 n® 16n'?

n
11 N
nZ2 8 'pl0 -’

i
Let v, = ’_;l@ thenZp, =% ~gie convergent.

Now, Iim o RO (Non-zero finite quantity)
7 —> 0 ]')n
Hence, Zu,, is convergent.
1 2n
(i) We have, 1, =>~—22

2n
I,
= lim u, = lim - ) =2 =0xe?=0

e’ n->w n—>oo e e®
[ €]
2n
i
Hence, Z u, =X vw—-n—n— is convergent.
e
Q@ 5. (i) State and prove the comparison test for the
convergence of a series. (2010, 1995)
» - w 1
(ii) Test the convergence of the series Z (xz" G )
n-—>w e
(2010)
Sol.
(1) Statement
(&) IfZv, and Zu, are two series of positive terms niul Xe, in
convergent, then Zu, is convergent, if 1, ~ v,V e N unld Y, 1

divergent, if Zv,is divergent, whenr, .~ v,V u e« N
(b) If Zwx,, and Zv, are two sories of positive Loy, Huan
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* Xu, will be convergent, if from and after some fixed terms

lim —*% is finite (including zero). Then, Zv, is convergent.
n—>ow Un

* Zu, will be divergent, if from and after some fixed terms, lim “n
n>w U,

is some finite number greater than zero or infinite, then Su,, is
divergent.
Proof

(a) If Zv, is convergent, we have lim Zu, =S, where S is a finite
n—» oo

number, since u, < v,, we have Zu, <Zuv,.
Therefore, lim %y, < lim Su,
n—>o n —> 0
But Zv, is convergent.
Hence, Xu, is convergent.

Again, if Ty, is divergent, we have lim Zu, =«
n—»w

Since, u,, = v,

Therefore, lim Zu, > lim Zv,
b e - ) n—> o

Hence, 2, is divergent. Hence proved.

(b)  Let lim 2z -} (say), then for a given &> 0, there exists m such
n—r® Y,

that (I - eu, < u, <+ gy, for n > m.
Now, u, < (I+ &) v, for n > m and Zv, is convergent, hence Zu,, is
also convergent.
If lim —2 =0, then for a given £ > 0, there exists m such that
n—w P,
u
O-e<—"2<0+sgfornzm = -sv,<u,<ey,fornzm
UJ!
Since, Zv, is convergent, hence X, is convergent.

e Let lim %z - { (A finite number > 0)

no® Y,
- ; u
Then for given & > 0, there exists m such that I — e < —2 < [ + g, for
uﬂ
nzm
or u, >l —-¢g)vy, for n 2m.

Since, Zv, is divergent, therefore Zu, is divergent.

If lim 22 = o , then &, > kv,, for any number k.
n—ow U,

Hence, Zu, is divergent. Hence proved.
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= 4n
(ii) We have, ©,, - ¥ i i 1

x e
and u B x4(n+ 1) ares] 3 x4n.+4 +1
n+l = =
x:?,_(n-r 1) x2n+2
) i, . oxrp1 xR , 2+ a2 1
Iim = lim g = lim o =—5 > 1
n% U, .q A x +1 n-—wo(x +1) =x

Hence, the given series is convergent for x? < 1 and divergent for x® > 1.

If ¥ =1, then </ T 1, ratio test fails.
Upi1

Now, forx=1, u,=1+1=2
o <0 1 . )
Therefore, > u,= 2, (xz" + ?;J is convergent.

7n—0  n=0 x

@ 6. (i) State and prove the D’ Alembert’s ratio test for the

convergence of the series. (2011, 09, 08, 02)
(ii) Test the convergence of the series
x x? x5
+ -+ ) i (2011, 1995)
1-2 34 5-6
Sol.
(i) Statement Suppose Zu, be a positive terms series such that
lim 22— I, then
st s s

(a) the series is convergent, 1f /> 1.

(b) the series is divergent, if I < 1.

(c) test fails, if [=1.

Proof Let the series beginning from the fixed term be
Uy + Ug+ Ug + Uy + oo+ ©

and let 22 > lorﬁ<l = k (say), where B <1
1225 tq l

u u u
Sothat, 2 <k -2 <k—2L <k, ...
ty Uz U
Now, Zu, =11, + Ug+ Uy + ...+ ©
u 72
e g L. B 4+...+co}
L. Yy ¥ W

u 73 tha Us At
PP N T W B R L 2-;r...+<>o]
a1 g Uy Uz Ug U

<u 1+ k+ R+ E + ... o]



140

U
1-%
Hence, the given series is convergent.

Il <1, P2 gy, 28 <y,

<

(A fixed number)

g U3 R4

5 oo U Ef/ I

je =251 23] 45 .
iy g lg

ifug 2wy, ug 2 uy, ug > ug, ..
Then, the sum of nth terms is given by
S,=Uj + Ug+ Uy + ...+ Uy,
> Uy + Uy + Uy + Uy + ... (n terms)

Z Ry
lim s, =00
n—>o0
Hence, the given series is divergent. Hence proved.
(i1) We have, ¢, = x
@n —1) 2n)
s 3 xn-t-l ’
1T Gn+ 1) Cn o+ 2)
Now: Yim Un_ _ Yim @Grn+1)@2r+2) 1

n>ol, ;1 n-oo 2n-1)2n) i

(1 = -—*-1 ) [1 + _1-]

o I 2n n

= him 1 -
2R

; o o | ;
Hence, the given series is convergent, if — > 1 or x < 1 and divergent,
%

!
x X

ifx>1.
If x=1, then lim Yn =1, test fails.
RO Upaa
Letun=2 12‘= : :
2n —-1)2n 4n2[1—-«]
n
1
and we choose v, = —;, then
W n
1

i U 5
lim & = lim — ,
O R T 13

ir (A non-zero finite value)

i



